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1. Introduction :

Given a bounded interval | =[t,,t, + p] in connected set R for some fixed t,, pe R with p>0.

Consider the initial value problems for perturbed hybrid differential equations (in short PHDE),

d | x(t)—g(t, x((t)) | _
E{ f(t, x((1)) }Q(tix(n(t))) aetel (L1

X(t,)=% <R

Where f:IxR—>R, —{0},9,9:IxR—>Rand n:l —>1.

By a solution of PHDE (1.1) we mean a function x € C(l,R) such that

x—g(t, x(n(®)))
f(t, x(n(t))

i) x satisfies the equations in (1.1)

i) the function t —» is absolutely continuous function for each x € R, and

The significance of the study of Hybrid differential equation lies in the fact that they cover diverse
dynamic systems as a special cases. The forethought of Hybrid Differential equations is absolute in the
work of Krasnoselskii[3] and extensively treated in the various papers on Hybrid differential equations
with different perturbations. See Burton[4], Bellale[7] and the references therein. This class of Hybrid
differential equations includes the perturbations of original differential equations in different ways. In
this paper, we commence the new results in the theory of perturbed differential and integral equations
with non-linearity conditions and prove the basic results such as existence theorem, maximal and
minimal solutions etc.

We pretense that the results of this paper are new and important contribution to the theory of non-linear

ordinary differential equations.

JETIR1905R92 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org 620


http://www.jetir.org/

© 2019 JETIR May 2019, Volume 6, Issue 5 www.jetir.org (ISSN-2349-5162)

2. Strict and Non-Strict Inequalities :

We need regularly the following hypothesis in what follows:
x—g(t, x(n(t)))
f(t,x(n(1)))
We begin by proving the basic results dealing with hybrid differential inequalities.

(Ao) The function x — isincreasinginR forall tel .

Theorem 2.1 : Assume that hypothesis (Ao) hold. Suppose that there exist y,z € C(I,R) such that

d [y -gtt ymm))
dt]  f(t, y(m())

~—+

}SQ(t.y(n(t))) aetel (21)

and

d[z()-g(t z(n))

}Zq(t,z(n(t))) aetel (2.2

dt|  f(t,z()
If one of the inequalities (2.1) and (2.2) is strict and
y(t,) < z(t) (2.3)
Then y(t) < z(t) (2.9)

Foralltel.
Proof:- We prove this result by contradiction method.
Suppose that the inequality (2.4) is false. Then the set Z* defined by
Z*={tel\Z|y(t)>z(t)} (2.5)
Is non-empty, when Z is a set of measure zero in |.
Denote t, =inf Z*.

Without loss of generality we may assume that y(t,) =z(t,) and y(t) <z(t) forallt<t,.
Assume that

d {Z(t)—g(t,Z(n(t)))

}>q(t,z(n(t))) forall tel.

dt|  f(tz(n()
Denote
Y- [ y® -9t Y(n(t)))}
f(t, y(n(t)))
and

Z(t){z(t)‘g(t’z(”(t)»} foralltel.
f(t,z(n(t)))

Now by definition of continuity of y and z together with the inequality (2.3) implies that, there exists a point
t, > 1, such that

y(t) =z(t) and y(t) <z(t) (2.6)
forall t, <t <t
As hypothesis (Ao) holds, it follows frgm (2.5) that

Y(t)- [ y(t) - g(t, y(n(®)))
f(t,y(n®))

_ { 2(t) - g(t, 2(n(t) |

f(t,z(n(®)))

Y(t)=2(). {t>t}

and
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Y- { y®-g(t, y(n(t)))}
f(t, y(n(®))
- { z(t)-g(t, Z(n(t)))}
f(t,z(n(1)))
Y(t)<Z(t) (2.7)
forallt, <t <t,.
The above relation (2.7) further yields

Y(tLh)-Y(L) 2 +h)-Z(t)

h h
For small h<0. Taking the limitas h — 0, we obtain
Y ()= Z'(h). (2.8)

Hence, from (2.7) and (2.8), we get
g, y(n®)) =Y '(t) = Z2't) > g, z(n(t))).
This is a contradiction and the proof is complete.
The next result deals with the nonstrict inequality for the PHDE (1.1) on | which requires a one

sided Lipschitz condition.
Theorem 2.2 :- Assume that the hypotheses of Theorem 2.1 hold. Suppose that there exists a real number L>0

B y(s)=g(s, y(n(t))) z(s)—g(s, z(n(t)))
such thatq(t, y(n(t))) —q(t, z(n(t))) < L:»ggg[ ) s, () } (2.9)
Whenever
y(s) > z(s),t, <gq<t.Then,
y(t) <z(ty) (2.10)
implies y(t) <z(t) (211
foralltel.

Proof:- Let €> 0 and let a real number L > 0 be given. Set
2.0~ 9 2(M) _ 20 -96200) | _ ey (51

f(t,z.(n(1))) f(t, z(n(t)))
So that
z.®-9(tz.®)) _ 2O -9t z((®))
f(t,z.(n(1))) f(t, z(n(t)))
Define
7 (1) = 220-9C200) 4y 5 20-9E20n®)
f(t,z.(n(1))) f(t, z(n(t)))
fortel.

Now using the one-sided Lipschitz condition (2.9), we obtain
qt, z. () —a(t, z(1)) <L Sup[Z_(s) - Z(s)] = L e >,
ty<s<t
Now,
Z.(t)=Z'(t)+2Lee?t®
> q(t, z(n(t))) + 2L e -9
> q(t, 2 (()) + 2L € -1 — L g 200
=q(t, 2. () + L e )
>q(t, z.(n(1))
Forall t € |. Also, we have

Also we have Z_(t,) > Z(t,) =Y (t,).
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Now we apply Theorem 2.1 with z =z_to yield
Y() <Z.(1)
Forall t € I.0On taking €— 0 in the above inequality, we get
Y (t) <Z(t)
Which is in view of hypothesis (Ao) implies that (2.11) holds on I. This completes the proof.
Remark 2.1 The conclusion of Theorem 2.1 and 2.2 also remain true if we replace the derivatives

X0 -9t X))
LX)

e

in the inequalities (2.1) and (2.2) by Dini-derivative D_ of the function
bounded interval I.

3. Existence Result:
In this part we give a proof of an existence result for the perturbed hybrid differential equation (1.1)

on a closed and bounded interval | =[t,,t,+ p] under the mixed Lipschitz and Compactness

conditions on the nonlinearities involved in it.

We put the perturbed hybrid differential equation (1.1) in the space C(I,R) of continuous real valued

functions defined on [t,, t, + p].first we define a supremum norm | O in C(I,R) as
x| = sup e

and a multiplication . “ in C(I,R) by
(x- y)(©) = (xy)(t) = x(©) y(t)
for x,y € C(I,R) .Clearly C(l,R) is a Banach algebra with respect to the above supremum norm
and Multiplication in it. By L(I,R) we denote the space of Lebesgue integrable real valued
functions on I equipped with the norm | - || . defined by

th+p

o= [x)s.

| x

We prove the existence of solutions for the PHDE (1.1) via the following hybrid fixed point

theorem in the Banach algebras [7].

Theorem 3.1 Suppose that V is closed, convex and bounded subset of the Banach algebra E and let
A C:E—E and B:V — E be three operators such that

a) A and C are Lipschitz with Lipschitz constants o.and B respectively,

b) B is compact and continuous,

c) x=AxBy+Cx for all yeV =xeV,and
d) oM +pB <1, where M =|B(V)|| =sup{|BX||: x eV}.

Then the operator equation AxBy +Cx = x has a solution in V.
We consider the following hypothesis in what follows.

(A1)  There exists a constant L, >0and L, >0 such that
[F60- Fty) <L x|
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and
9t ) —9(t y)| <L [x-Y]
forall tel and x,y eR.
(A2)  There exists a continuous function he L'(1,R) such that |q(t, x)| <h(t) tel,

forall xeR.
To prove the theorem the following lemma is useful which is step by step discussed.

Lemma 3.1 Assume that hypothesis (Ao) holds. Then for any continuous function h e L'(1,R,), the
function x e C(1,R,) is a solution of the PHDE
i|: X(t) B g(tv X(n(t)))j| — h(t) aetel
dt|  f(tx(n())
X(0)=x,€R
if and only if x satisfies the perturbed hybrid integral equation(PHIE)
t
X(O) = 9 X)) + £ x| 22 X) Thgyas [tel (32)
flt %)
Proof :- Let hel'(l,R,).First suppose that x satisfy the PHDE (3.1). Then by definition,
x(t) —g(t, x(17()))
f(t, x(n (1))

everywhere differentiable there, whence %{

(3.1)

is almost everywhere continuous on the interval | =[t,,t,+ p) and so almost

x(6) — gt x(7 (1))
F (& x(7(0)

} is integrable on 1.

Integrating (3.1) from to to t, we have
ji{ Xt -g(t X(n(t)))} ot =] (et
vl TEx@o) | ]

After simplifying we obtain

X(t,) —g(ty, X(17(t,))) _ X%~ 9(ty, %)
f (ty, x(n(ty))) f(t), %)
Conversely suppose that x satisfies

() = 9t X)) + (6 X V) {Mﬁh(s)ds],t el

on I.

F(ty: %)

Differentiating above equation we get i[ X -k, X(n(t)))} =h(t) aetel
de|  f(t x(n(t)))

Now substituting t=t, in (3.2) ,we get
X(t)) — 9ty X(17(ty))) _X - gty %) .

f(ty, x(17(t))) f(t, %)
Since the mapping X — %(t)x) is an increasing in R almost everywhere for t € | . Also the mapping
, X
X—g(t,,x) . . _
> % is one -one in R, Whence x(t,) = X, .This completes the proof of the lemma.
0!

Now we are going to discuss the following existence theorem for the PHDE (1.1) on the interval I.
Theorem 3.2 : Assume that the hypothesis (Ao) — (A2) hold. Further, if

X, = 9(ty, %)

———=2" 2% +|h||, [+L, <1 3.3

L{ o) | e+t &)
then the PHDE (1.1) has a solution defined on 1.

Proof : Set E=C(I,R) and define a subset V of E defined by
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V={xeE|x|<N} (3.4)

(e e
Where N = 0r70 ,
hl|, |-L
f(tO'XO) +|| “LJ 2

1_L1[‘X0_g(toaxo)
and F, =sup|f(t,0) and K, =sup|g(t,0)|.
tel tel

Clearly V is a closed, convex and bounded subset of the Banach algebra E.
Now using the hypotheses (Ao) and (Az) and application of lemma 3.1, it can be easily show that the
PHDE (1.1) is equivalent to the non-linear PHIE

X(O = 9t X O +[ ¢, x(n(t»)][w+ [as, xCr(sM)ds J (35)

f(ty, %,
fortel.
We define three operators A,C:E —-E and B:V —Eby
AX(t) = (t x(n(1)) tel (3.6)
t
Bx(t) =| =9 %) , [as.xms)ds | tet. (3.7)
flt %) ¢
and Cx(t) = g(t, x(m(t)),tel. (3.8)
Then the Hybrid integral equation (3.5) is transformed into an operator equation as
AX(t) + Bx(t) +Cx(t) = x(t) ,tel (3.9)

Our aim is to show that the operators A,B and C satisfy all the conditions of theorem (3.1).
i.e., we first show that A is a Lipschitz operator on E with the Lipschitz constant L.
Let X, y be any two members in E, then by hypothesis (A1)

|AX () = A )| =] f &, (1)) - T (L, y(r (D))
<L [x(m () - y(r(D)|
<L|x-y| for all tel.
Taking supremum over t, we obtain
|Ax=Ay| <L [x-v]
for all x,y e E .This shows that A is a Lipschitz operator on E with the Lipschitz constant L1 Similarly,

it can be shown that C is also a Lipschitz operator on E with the Lipschitz constant Lo.
Now we have to show that B is compact and continuous operator on V into E. First we prove, B is
continuous on V.

Let {x,} be a sequence in V converging to a point x €V.Then by dominated convergence theorem for
integration, we obtain

lim B, (1) = im £M+jq(s, ¥ (7(s))ds ]

f(ty, %
Xo_g(tO'XO) i t
TR mtfoq(s, X, (7(5)))ds

) W *ﬂ!'ﬂl a(s. x, (77(5)))} ds

- %“XX% Jatextriome
=Bx(t) , for tel.

Moreover, it can be shown as below that {Bx_}is an equicontinuous sequence of functions in X. Now,
following the arguments similar to that given in Granas et.al[2] , it is proved that B is a continuous
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operator on V.

Now we have to show B is compact operator on V.

To prove this it is sufficient to show that B(V) is a uniformly bounded and equicontinuous set in E.
Let xeV be an arbitrary element . Then by hypothesis (A2).

t
Br)|< 228020l Mg(s, xmsmps
f(tO'XO) ty
t
< % —9(, %) +'|.h(s)ds
f(ty, %) :
<%= 0la %)l 1y foral tel.
f(tO’XO)
Taking supremum over t,
X _g(t ’X)
Sup|Bx(t)| < Sup{ [>——22% + [h|| ,
o)< -0,y |
By <28 %)l gt o all eV
f (t, %)
This shows that B is uniformly bounded on V. Again let t,t, € | .then forany xeV,

we have

|Bx(t,) — Bx(t,)| =

[as, x(r(s))ds - [ a(s, x(n(s))ds

<

[ as, x((s)ds

<[p(t) - p(t,)|

t
Where p(t) =jh(s)ds. Since the function p is continuous on compact I, it is uniformly continuous.
t

Hence, for €> 0, there exists a 5 >0 such that |t, —t,| < 5 = |Bx(t,) — Bx(t,)| <
forall t,t, el and for all x €V.This shows that B(V) is an equicontinuous set in E.

Now the set B(V) being uniformly bounded and equicontinuous set in E, so it is compact by Arzela-
Ascoli theorem. This proves, B is a continuous and compact operator on V.
Now we have to show that hypothesis (c) of Theorem 3.1 is satisfied. Let xeEand y eV be

arbitrary such that x = AxBy +Cx Then, by assumption (A1) , we have
O0<e<e,.
Taking supremum over t,

Fo( X, —9(t;, %) +||h|| 1}_'_ K,
f(tO’XO) t
1—g(

Bl |-,

=N

X<

f (t, %)
This shows that hypothesis (c) of Theorem (3.1) is satisfied.
Finally we have to prove hypothesis (d) of Theorem (3.1) holds.

M =[B(V)| = Sup{[Bx|: x V< o 9loXo)l oy
f(t). %)
We have and so,
Xo — 9ty Xo)
LM +L £L1£°—+ h 1]+L <1.
i f (to, %) |+t

Thus all the conditions of theorem (3.1) are satisfied and hence the operator equation
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AxBY +Cx = x has a solution in V.As a result, the PHDE (1.1) has a solution defined on I. This
completes the proof.

4. Maximal and Minimal Solutions:
In this section we shall discuss the existence of maximal and minimal solutions for PHDE (1.1) on
I =[t,,t, + p].
Definition 4.1: - A solution r of the PHDE (1.1) is said to be Maximal if for any other solution x to
the PHDE (1.1) one has x(t) <r(t), for all t €1 .Again, a solution p of the PHDE (1.1) is said to be
minimal if p(t) < x(t), for all t € I, where x is any solution of the PHDE (1.1) existing on |.

We study the case of Maximal solutions only, as the case of minimal solution is similar and can be
proved with the suitable and appropriate modifications.

Given a arbitrary small real numbere> 0, consider the following I\VP of PHDE
d| x®-9, X(n(t)))}
— =q(t,x(n(t)))+e aetel
dt{ f(t, x(n(t))
X(t,) =%,+¢€
Where f eC(I xR,R\{0}),0,0C(I xR, R)and n:1 —> 1.

An existence theorem for the PHDE (1.1) can be stated as follows:
Theorem 4.1 Assume that the hypothesis (Ao)-(Az2) hold. Suppose also that the inequality (3.3) holds.
Then for every small numbere> 0, the PHDE (4.1) has a solution defined on I.
Proof :-By hypothesis , since

L1 X~ g(t0’ XO)
f(t). %)
There exists an €,> 0 such that

(4.1)

N\

+||h||L1J+ L, <1,

X+ e€—0(t,, %+ €)|+||h
f(ty, %ot+e) |

L

VN

| B p}+ L, <1 (4.2)
for all 0 <e<e, .Now rest of the proof is similar to Theorem (3.2)

Our main existence theorem for maximal solution for the PHDE(1.1) can be stated as
Theorem 4.2 Assume that the hypotheses (Ao)-(Az2) hold. Further if the condition (3.3) holds, then the
PHDE (1.1) has a maximal solution defined on I.

Proof:- Let{e,}, be a decreasing sequence of positive real numbers such that lim €,=<;,where <, is a

n—o

positive real number satisfying the inequality

{

The number e, exists in view of the inequality (3.3). Then for any solution u of the PHDE(1.1), by
Theorem 2.1,0ne has

Xt & _g(to’xo+€0)|+”h
fty Xt e) |

PR p]+ L, <1 (4.3

t,t, el (4.4)
For all te 1 and ne N U{0},where r(t,<,) is a solution of the PHDE,

d { x(t) — gt x(n(1)))

} =q(t, x(n®))+¢e, aetel

dt|  f(t,x(n(t))) (4.5)
X(t,) =%+¢<,€eR
Defined on I.
Since, by Theorem 3.1 and 3.2 ,{ r(t,<,) } is a decreasing sequence of positive real numbers, the
limit
rt) = Lm rit,e,) (4.6)
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exists. We show that the convergence in (4.6) is uniform on I. To finish ,it is enough to prove that the
sequence {r(t,€,) } is equicontinuous in C(I,R). Let t,t, € | be arbitrary. Then
|r(t1,en)—r(t2,en)|

= |g(tl’ r(tl'en)) - g(tZ’ r(tZ’ en))|

X0+ €,
f(t %t €,)

+ [f(tl,r(tl,en))][ +j‘q(s,r€" (s))dsﬁtj‘en ds]

-[ft,.rt,.e ))]{ +Iq(s r (s))ds+fe dsJ

f(ty, X+
<lg(t, r(t, €,) -9, Ir(tz,en))l

X+ €,
f(ty, %+ <,)

+ [f(tl,r(tl,en))]L +jq(s,r€" (s)ds + <, dsJ

X+ €,

[, r(tz,en))](m

+ tj' a(s,r_ (s))ds + Ten ds}

+[ &, r(t, e))][ﬁqq(s r (s))ds+je dsj—[f(t r(t,, e ))][f(t—+jq(s r (s))ds+je ds]

f

<|g(t,r(t, &) -9t 16, <))
+|[f(t1,r(t1,en))]—[f(t2,r(tz,en))]|u f(tXO:ine ] + ||| + <, pJ

+F[|p(t) - pt)|+t, -t,| €, (4.7)
where

F= sup |f(tx)|and p(t)= jh(s)ds

(t,x)elx[-N,N]

)

Since f and g are continuous on compact set | x[-N, N],they are uniformly continuous there.
Hence

[ft.rt ) ft.rit, <)) >0 as t -t
and

9t r(t, <) -9, it )| >0 as t -t

uniformly for all ne N.Similarly , since the function p is continuous on compact set 1, it is uniformly
continuous and hence

|p(t) - p(t,)| =0 as t —t,
uniformly for all t,t, 1.
Therefore, from the above inequality (4.7), it follows that

|r(t1’€n)_r(t2'€n)|_)o as tl_)tZ
uniformly for all ne N.Therefore,
rit,e,) >r() as n—»o

forall tel.
Next , we show that the function r(t) is a solution of the PHDE(3.1) defined on I.

Now, since r(t,<,) is a solution of the PHDE (4.5), we have
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r(t,en):[f(t,r(t,en))][ X+ €, )+]l'q(s,r€n(s))ds+.t[en dSJ

f(ty, X+ €, (4.8)
+9(t,r(t,s))
for all t 1. Taking the limit as n — oo in the above equation (4.8) yields

rt.e,) =gt r®) +[ f (¢ r(n(t)»]{%“;’m+ [ats, r(n(s)))ds}

for all t € I. Thus the function r is a solution of the PHDE(1.1) on I. Finally from the inequality (4.4) it
follows that
u(t) <r(t)
forall t e I. Hence the PHDE(1.1) has a maximal solution on 1. This completes the proof.
5. Comparison Theorems:

The main purpose of differential inequalities is to find the bound for the solution set for the
differential inequality related to the PHDE (1.1).In this section we prove that the maximal and minimal
solutions serve the bounds for the solutions of the related differential inequality to PHDE (1.1) on
I =[t,,t, + p].

Theorem 5.1 Assume that the hypotheses (Ao)-(A2) hold. Suppose that the condition (3.3) holds.

Further, if there exists a function u e C(l,R) such that

i{u(t)— g(t,u(x(t))

(5.1)

dt f (t,u(n(t))) } <q(t,u(n(t), tel

u(t,) <X,
Then, u(t) <r(t) (5.2)

for allt € I ,where r is a maximal solution of the PHDE (1.1) on I.

Proof:- Let >0 be arbitrary small real number. Then by theorem (4.2), r(t,e) is a Maximal solution
of the PHDE (4.1) and that the limit
r(t):Iirrg r(t,e) (5.3)

is uniform on I and the function r is a maximal solution of the PHDE (1.1) on I. Hence we obtain

d {r(t,a—g(t,r(n(t),e»

} =q(t, r(n(t),e)+e,tel

dt f(t,r(n(t),e) (5.4)
rt,,e)=x,+¢
From above inequality it follows that
d|rte)-g(trxn(),.e)
a{ FEro®.9) }> q(t,r(n(t),e)) aetel (5.5)

rt,,€) > X,
Now we apply theorem 2.1 to the inequalities (5.1) and (5.5) and conclude that
ut) <r(t,e (5.6)
For all t € 1. This further in view of limit (5.3) implies that inequality (5.2) holds on I.
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This completes the proof.
Theorem 5.2 Assume that the hypotheses (Ao)-(Az2) hold. Suppose that the condition (3.3) holds.

Further, if there exists a function ve C(I,R) such that

d | v(t)—g(t v(n®))
E{ V) }Zq(t,v(n(t))), aetel

v(t,) = X,.

(5.7)

Then, o) <v(t) (5.8)
for all t e 1, where pisa minimal solution of the PHDE (1.1)on I.

Note that, Theorem 5.1 is useful to prove the boundedness and uniqueness of the solutions for PHDE
(1.1) on LA result in this direction is
Theorem 5.3 : Assume that the hypotheses (Ao)-(Az) hold and let the condition (3.3) holds. Suppose

that there exists a function = G:IxR,_— R, such that

(x.(5)—9(s. % (n(s)))) (xz(s)—g(s,xz(n(s)»)q

f(s,%(7(5))) f(s, %) |

forall tel and x,x, € E. If identically zero function is the only solution of the differential equation

(5.9)

|9t % (7(1) - 9(t, %, ()| < G {t, max

sety,t]

m'(t)=G(t,m(t)) ae tel, m(,)=0, (5.10)
then the PHDE (1.1) has a unique solution defined on 1.
Proof:- By theorem 3.2, the non-linear PHDE (1.1) has a solution on 1.

Suppose that there are two solutions u, and u, of the PHDE (1.1) existing on 1.

Define a function m: 1 — R, by

m(t)za(ul(t)—g(t,ul(n(t»)_(uz(t)—g(t,uz(n(t»)§ 6.11)

f(tu,(7((1)) F(t,u, (17((1)))

As (|x(t)])' <[x'(t) | for t & I, we have that

m'(t) <

d {ul(o—g(t,ul(n(t»} d {uz(t)—ga,uz(n(t»}‘
dt|  ftu(() f(t,u, (7((1)))

dt
< (@)1 - (Qx,)®)|
SG[L 0, (1) - 9(t,u, (7)) Uz(t)—g(t,uz(n(t))q

F(tu, (7(() F(t,u, (((1)))
=G(t,m(t))

for all t € I; and that m(t,) =0
Now, we apply Theorem 5.1 with g=0, f =1to get that m(t)=0 for allt .
This gives

u, () = g (&, u, (1) _ U, (8) — g (t,u, (17(1))
f (&, (m((1)) f(t,u, (7((6)))

for all t € I.Finally, in view of hypothesis (Ao) we conclude that u, (t) =u,(t) on I. This completes the
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proof.

Remark 5.1 The hybrid differential equations is a rich area for variety of nonlinear ordinary as well as
partial differential equations. Here we have considered a very simple hybrid differential equation
involving three nonlinearities, however , a more complex hybrid differential equation can also be studied

on similar lines with suitable modifications.
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