
© 2019 JETIR May  2019, Volume 6, Issue 5                                                                            www.jetir.org (ISSN-2349-5162) 

JETIR1905X17 Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org 139 
 

OUTCOME OF A UNIQUE FIXED POINT 

THEOREM BY USING RATIOAL INEQUALITY 

S.K. Jain 

Professor, Dept. of Applied Mathematics, Ujjain Engineering College Ujjain (M.P.) India 

skjain63engg@gmail.com 

       

Abstract:  The motive of this paper is outcome of a unique fixed point theorem by using rational inequality and 

finally,  investigated  a unique fixed point theorem which is a generalization of many authors of fixed point 

theory.  
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1. Introduction And Preliminary 

      Obtained fixed point for self maps On metric space by altering distances between the points with use of 

certain continuous function was Khan, Swaleh and Sessa [6], then Sastry and Babu [10] discussed and 

established the existence of fixed points for the orbit of single self maps and pairs of self maps by using control 

function which is not monotonic with several examples to emphasize the importance of control function.  

Recently Babu and Ismail [1],Dosenvi et.al [4],Mihet [7]  Sayyed et.al. [11,12], Pourmoslemi et.al.[9] ,Gomicki 

[5] , Dolhare and Khanpate [3], Suhas and Dolhare [14], Mishra et. al. [8]  and many authors proved a fixed 

point theorem for self maps by altering distances between the points under more general conditions. 

 

       Delbosco [2] and Skof [13] have established fixed point theorems for selfmaps of complete metric spaces 

by altering the distances between the points with  the use of a function ɸ : R+ → R+ satisfying the following 

properties : 

 

           1. ɸ is continuous and strictly increasing in R+ ; 

           2. ɸ(t) = 0 if and only if t = 0 ; 

          3. ɸ(t) ≥ M tµ  for every t > 0 , where M > 0 , µ > 0 are constant 

For achieving result we shall refer the following theorems, 
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THEOREM1.1  Let T be continuous selfmap of a metric space (X,d). Such that for some x0 in X, the sequence 

{Tnx0}has a cluster point in z in X and there exist ɸ ∈ Φ such that  

ɸ(d(Tx , Ty)) < cɸ(d(x, y)) +
(1−𝑐)

2
[ɸ(d(x, Tx)) + ɸ(d(y, Ty))] for all distinct x, y in X,  

where 0 ≤ c < 1. Then z is the unique fixed point of T. 

 

THEOREM 1.2 Let T be a selfmap on a metric space (X, d). Suppose there exists a point x0 in X such that the 

orbit O(x0) = {Tnx0; n =0, 1, 2,.....} has a cluster point z in X. If T is orbitally continuous at z and Tz there exists 

a ɸ ∈ Φ such that ɸ(d(Tx, Ty)) < (d(x, y))  

for each x, y = Tx ∈ 𝑂(𝑥0), x≠y, then z is a fixed point of T. 

 

THEOREM1.3. Let T be a continuous self map of  a metric space (X, d) such that  for some x0 in X, the 

sequence {Tnx0}has a cluster point in z in X and there exist ɸ ∈ Φ such that 

ɸ(d(Tx , Ty)) < max { ɸ(d(x, y), ɸ(d(x, Tx), ɸ(d(y, Ty)} 

for all x,y in X, then z is a unique fixed point of T.  

 

THEOREM 1.4.  Sayyed et.al [7]. Let T be a selfmap on a metric space (X, d). Suppose there exists a point x0 

in X such that the orbit O(x0) = {Tnx0; n =0, 1, 2,.....} has a cluster point z in X. If T is orbitally continuous at z 

and Tz there exists a ɸ ∈ Φ such that 

ɸ(d(Tx , Ty)) ≤ 
𝛼 ɸ(𝑑(𝑥,𝑇𝑥))𝛷(𝑑(𝑥,𝑡𝑦))+ɸ(𝑑(𝑦,𝑇𝑦))ɸ(𝑑(𝑦,𝑇𝑥))

ɸ(𝑑(𝑥,𝑇𝑦))+ɸ(𝑑(𝑦,𝑇𝑥))
 + β ɸ(d(x,y)) 

For all x,y ∈ X and α and β are non negative with 0 ≤ α+β <1. Then z is a fixed point of T. 

 

 

2.MAIN RESULT 

 

    THEOREM 2.1 Let (X,d) be a metric space and V is a self map on X, then there exists a    point x0 ∈ X 

such that the orbit O(x0) = {Vnx0 ; n= 0,1,2,... }has a cluster point z in X. If  V is orbitally continuous at z 

and Vz and there exists ɸ ∈ Φ such that      

 

ɸ(d(Vx,Vy)) ≤ a1 
ɸ(𝑑(𝑥,𝑉𝑥))[1+ɸ(𝑑(𝑦,𝑉𝑦))]

1+ɸ(𝑑(𝑉𝑥,𝑉𝑦))
 + a2 

ɸ(𝑑(𝑦,𝑉𝑦))[1+ɸ(𝑑(𝑥,𝑉𝑥))]

1+ɸ(𝑑(𝑥,𝑦))  +  a3 ɸ (d(x,y))                              
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                       ___ ___ ___ A* 

For all x,y ∈ X and a1  , a2 and a3 are non negative with 0 ≤ a1 +a2+a3 ≤ 1. Then z is a fixed point of V. 

PROOF:   Defined the sequence {xn}by  xn=Vnx0, for n =1,2,... . If xn = xn+1 , for some n then xm    = xn 

for some m ≥ n so that z =  lim
𝑛→∞

 xm  and Vz = z by orbital continuity of  V. 

    Taking  xn ≠ xn+1 , if αn = ɸ(d(xn, xn+1)) then by A* it follows that  

      αn+1 = ɸ(d(xn+1,xn+2)) 

            = ɸ(d(Vxn,Vxn+1)) 

              ≤ a1 

ɸ(𝑑(𝑥𝑛 ,𝑉𝑥𝑛))[1+ɸ(𝑑(𝑉𝑥𝑛+1,𝑥𝑛+1))]

1+ɸ(𝑑(𝑉𝑥𝑛,𝑉𝑥𝑛+1))   + a2 
ɸ(𝑑(𝑥𝑛+1 ,𝑉𝑥𝑛+1))[1+ɸ(𝑑(𝑥𝑛 ,𝑉𝑥𝑛))]

1+ɸ(𝑑(𝑥𝑛 ,𝑥𝑛+1))
   

                   + a3 ɸ(d(xn,xn+1)) , 

i.e.    αn+1   = 

  𝑎1+𝑎3

1−𝑎2
  αn , so that {xn} is a strictly decreasing sequence of positive numbers and         hence 

converges, say to α ≥ 0.  

Let k(n) be a sequence of positive integers such that {xkn} converges to z. Then {αk(n)}converges to α. By the 

continuity of ɸ and orbital continuity of V at z. 

                    α =  lim
𝑛→∞

 ɸ(d(xk(n),xk(n)+1)) = ɸ(d(z, Vz)) 

It is enough to show that α = 0. We observe that z and Vz belong to 0(𝑥0)̅̅ ̅̅ ̅̅ ̅ . 

Suppose α ≠ 0 then by A* and the orbital continuity of V at z and Vz. 

0 ≠ α = lim
𝑛→∞

 αkn+1 = lim
𝑛→∞

 ɸ (d(xkn+1 ,xkn+2)) = ɸ (d(Vz ,V(Vz))) < ɸ(d(z,Vz)) = α . 

Which is a contradiction, hence α = 0. Since ɸ vanishes at zero it follows that Vz = z .  

 

COROLLARY 2.1: Let V be a continuous self map of a metric space (X,d) such that for some x0 inn X, the 

sequence {Vnxn} has a cluster point z in X and there exist  ɸ ∈ Φ such that    

   

ɸ(d(Vx,Vy)) ≤ a1 
ɸ(𝑑(𝑥,𝑉𝑥))[1+ɸ(𝑑(𝑦,𝑉𝑦))]

1+ɸ(𝑑(𝑉𝑥,𝑉𝑦))
 + a2 

ɸ(𝑑(𝑦,𝑉𝑦))[1+ɸ(𝑑(𝑥,𝑉𝑥))]

1+ɸ(𝑑(𝑥,𝑦))  +  a3 ɸ (d(x,y))   

 

For all x,y ∈ X and a1  , a2 and a3 are non negative with 0 ≤ a1 +a2+a3 ≤ 1. Then z is a unique fixed point of V. 
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3.CONCLUSION 

 
 In this paper,  proved a unique fixed point theorem by using contractive type ration inequality for self 

maps. These results can be extended to any directions and can also be extended to fixed point theory of multi-

valued mappings, compatible, weakly compatible, ordered and many mappings. 
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