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1. Introduction

In order to deal with uncertainties, the idea of fuzzy sets and fuzzy set operations was introduced by L. A. Zadeh [8]
in the year 1965. This inspired mathematician to fuzzify Mathematical Structures. The first notion of fuzzy topological
space had been defined by C. L. Chang in 1968 [2]. The fuzzy nowhere dense set were introduced and studied by the
authors in Dr. G. Thangaraj and Dr. G. Balasubramanian [7]. The fuzzy locally nowhere dense set were introduced and
studied by the authors in Dr. S. Anjalmose and A. Saravanan [1]. In this paper we introduce a new class of fuzzy gt-sets, (in
the name of Professor G. Thangaraj, simply gt) fuzzy gt-dense sets, fuzzy gt-nowhere dense sets. Several properties are also
discussed with suitable examples.

2. Preliminaries

Definition 2.1: [3]

By a fuzzy topological space a non - empty set X together with a fuzzy topology T (in the sense of Chang)
and denote it by (X, T).

Let A and p be any two fuzzy sets in (X, T). Then we define A v u: X — [0,1]and AA p: X — [0,1] as
follows: (Av ) (x) = Max{ A (x), p(x) } and (A Ap) (x) = Min{ A (x), n(x) }.
Let (X, T) be any fuzzy topological space and A be any fuzzy set in (X, T). We define CI(A) = A {p/A< p, 1-p e
T}andint (M) = v{p/p< A, pe T }. For any fuzzy set A in a fuzzy topological space (X, T).
Definition 2.2: [5]

A fuzzy set A in a fuzzy topological space (X, T) is called fuzzy Gs- set in (X, T) if A = Aiz1™ (i), where Aie T
foriel.
Definition 2.3: [5]

A fuzzy set A in a fuzzy topological space (X, T) is called fuzzy Fs- set in (X, T) if X = Aiz1” (i), where Aije T

foriel.
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Definition 2.4: [4]

A subset g of a fuzzy topological space X is called fuzzy locally closed set if 8 = a/Ad, where « is a fuzzy-
open set and § is fuzzy-closed set.

The complement of fuzzy-locally closed set is called fuzzy-locally open set.
Definition 2.5: [7]

A fuzzy set X in a fuzzy Topological space (X; T) is called fuzzy dense if there exists no fuzzy closed set in
(X; T)such that A< p < 1.
Definition 2.6: [6]

A fuzzy set A in a fuzzy topological space (X,T) is called fuzzy nowhere dense if there exists no non-zero
fuzzy open set u in (X,T) such that p < cl(A). That is, int cl(A) = 0.
Definition 2.7: [1]

A fuzzy set ) in a fuzzy topological space (X, T) is called fuzzy locally dense if there exists no fuzzy locally
closed set pin (X, T) suchthat A <p <1.
Definition 2.8: [1]

A fuzzy set A in a fuzzy topological space (X, T) is called fuzzy locally nowhere dense if there exists no non-

zero fuzzy locally-open set p in (X,T) such that pu < I-cl(A). That is, I-int I-cl(A) = 0.

3. Fuzzy gt-set.
A fuzzy set A in a fuzzy topological space (X, T) is called fuzzy gt-closed if A = pAy, where u is fuzzy closed and

vy is fuzzy locally open in (X, T). The complement of fuzzy gt-closed is fuzzy gt-open.

Example 3.1:
Let X = {a, b}. The fuzzy sets A, and p are defined on X as follows:

A: X —[0,1] defined as AM(a) =0.2; A(b ) = 0.7, u:X —[0,1] defined as p(a) =0.1; u(b) =0.5, Then T = {0, A, u, 1} is
a fuzzy topology on X.

The fuzzy sets Aa(1-1) = a (say), Aa(1l-p) = B (say), pa(l-A) = n (say), pa(l- n) = ¢ (say), therefore the fuzzy
sets a, B, n, ¢ are fuzzy locally closed sets.

Now the fuzzy sets (1-MA (1-a) = 1-A, (1-A (1-a) = 1-B, (1-pA (1- 1) = 1-p are fuzzy gt-closed sets, where
1-A, 1-p are fuzzy closed and 1-a, 1-B, 1- 1, 1- { are fuzzy locally open set in (X,T). The fuzzy sets A, B, 1 are fuzzy
gt-open sets in (X, T).

Proposition 3.1:

If X is a fuzzy gt-closed in a fuzzy topological space (X, T) then A is fuzzy locally open set in (X, T).
Converse need not be true.
Proof:

In example 3.1, 1-B is fuzzy gt-closed set in (X, T) and fuzzy locally open set in (X, T).

Converse need not be true. Consider the above example.
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In example 3.1, the fuzzy set 1-a is fuzzy locally open but not of fuzzy gt-closed set in (X, T).

Proposition 3.2:

If A is a fuzzy closed in a fuzzy topological space (X, T) then A is fuzzy gt-closed set in (X, T). Converse
need not be true.
Proof:

In above example 3.1, 1-A and 1-p are fuzzy closed set in (X, T) and fuzzy gt-closed setin (X, T).

Converse need not be true. Consider the above example.

In example 3.1, the fuzzy set 1-B is fuzzy gt-closed but not of fuzzy closed set in (X, T).

Proposition 3.3:
If A is a fuzzy open in a fuzzy topological space (X, T) then A is fuzzy gt-open set in (X, T). Converse need

not be true.

Proof:
In above example 3.1, A and p are fuzzy open set in (X, T) and fuzzy gt-open setin (X, T).
Converse need not be true. Consider the above example.

In example 3.1, the fuzzy set B is fuzzy gt-open but not of fuzzy open set in (X, T).

4. Fuzzy gt-Gs-set, Fuzzy gt-Fe-set.
A Fuzzy set A in a Fuzzy topological space (X; T) is called a Fuzzy gt-Gs-set in (X, T) if 2 = ai=1®(Ai) where A

‘s are fuzzy gt-open sets for i € I, Consider the following example.

Example 4.1

Let X = {a, b, c¢}. The fuzzy sets A, y, and y are defined on X as follows:

A X —[0,1] defined as AM(a) = 0.2; (b ) = 0.3, w:X —[0,1] defined as p(a) = 0.1; u(b) = 0.4.

Then T = {0, A, u, AV, Aap, 1} is a fuzzy topology on X.

Now the fuzzy sets Aa(1-A) =X, Aa(1-p) = A, Aa(1- AAp) = A, Aa(L- AV W) = A, pa(l-A) = Y, pa(l- w) = W, pa(l- Anap) =
H WAL= Avp) = W, (AAp) A(L-2) = AAp, (MAp) A(L- p) = AAp, AR) A(L-AaR) = AAp, AVIDA(T-L) = AVi, (AVp)A(T-H)
=Avp, AWVWAL-MP) = AV, (AV)A(L-AVH) = AV,

Therefore the fuzzy sets A, p, AAu, Avu are fuzzy locally closed sets, then 1-A, 1-y, 1-AAp, 1-Avpu are fuzzy locally
open sets.

Now (1-A)A(L1-2) = 1-A, (1-M)A(L-K) = 1-Avp, (1-0)A(L-AAR) = 1-4, (1-0)A(L-AVR), (1-p)A(L-L) = 1-AVy, (1-p)A(L-p) =
1-4, (-pa(@-AAp) = 1-p, (1-pa (1- Avp) = 1-Avu, 1-AAp) A(1-A) = 1-AAp)A(1-p) = 1-4, 1-AAp)A(L-Ap) = 1-AAY,
1-OAwA(L-AvVp) = 1-Avp, 1-Avp)a(l-r) = 1-avp, 1-Avp)a(l-p) = 1-avp, 1-Avp)a(l-Ap) = 1-Avp, 1-Avp)a(l-
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Avp) = 1-Avu. Therefore the fuzzy sets 1-A, 1-W, 1-AAp, 1-Avu are fuzzy gt-closed set in (X, T), Hence
[AAUARAAV )] = A is fuzzy gt-Gs-set in (X, T).
Proposition 4.1

A Fuzzy set 4 in a Fuzzy topological space (X, T) is called a Fuzzy gt-Fs-set in (X; T) if , A =Vi=1™(\i), where
Ai ‘s are fuzzy gt-closed sets for i € I, Consider the following example.
Proof:

In the above example 4.1, the fuzzy sets 1-A, 1-y, 1-AAp, 1-AVpu are fuzzy locally closed sets, then [(1-A)V(1-
WV(1-AAp)V(1-Avp)] = 1-Ap is fuzzy gt-Fs-set in - (X, T).

5. Fuzzy gt-dense sets.
A fuzzy set A in a fuzzy topological space (X, T) is called fuzzy gt-dense if there exists no fuzzy gt-closed set p in
(X, T)suchthat A <p<1.
Example 3.1:
Let X = {a, b}. The fuzzy sets A, and p are defined on X as follows:
A: X —[0,1] defined as A(a) =0.2; A(b ) = 0.7, w:X —[0,1] defined as p(a) = 0.1; p(b) = 0.5, Then T= {0, A, p, 1} is
a fuzzy topology on X.
The fuzzy sets Aa(1-A) = a (say), Aa(1-p) = B (say), pa(l-A) = n (say), pa(l- p) = ¢ (say), therefore the fuzzy
sets a, B, n, { are fuzzy locally closed sets.
Now the fuzzy sets (1-M)A (1-a) = 1-A, (1-A (1-a) = 1-B, (1-p)A (1-n) = 1-u are fuzzy gt-closed sets, where
1-A, 1-p are fuzzy closed and 1-a, 1-B, 1- 1, 1- { are fuzzy locally open set in (X,T). The fuzzy sets A, B, 1 are fuzzy
gt-open sets in (X, T). The fuzzy set A if fuzzy gt-dense in (X, T), since gt-cl(A) = 1.

Proposition 3.6:

If a fuzzy locally dense set in a fuzzy topological space (X, T) is need not be fuzzy gt-dense set in (X, T).
Consider the example.
Example 3.2:

Let X = {a, b, c}. The fuzzy sets A, u, and  are defined on X as follows:
A: X —[0,1] defined as A(a) = 0; A(b ) =0.2; A(c) = 0.5, u:X —[0,1] defined as p(a) =0.1; w(b)=0.2; wu(c)=0.7, p
: X —[ 0,1] defined as f(a) = 0.3; p(b) = 0.5; B(c) = 0.9.
Then T = {0, A, pu, B, 1} is a fuzzy topology on X.

Now the fuzzy sets Aa(1-L) = A, Aa(1-p) =y (say), Aa(1-B) = & (say), pa(1l-1) =n(say), pa(l- w)=¢(say), pa(l-
B) =x(say), Pa(1- L) = k(say), Pa(1- w) = v(say), Ba(l- B) = 1(say), therefore the fuzzy sets A, v, 6, 1, €, 1, x, v, L are
fuzzy locally closed sets. The fuzzy sets 1-A, 1-y, 1-6, 1-n, 1-C, 1- ¢, 1- , 1-v, 1-1 are fuzzy locally open sets,

Now since (1-M)A (1-1) = 1- A, (1-M)A (1-9) = 1- &, (1WA (1-8) = 1- &, (1-M)A (1-1) = 1- 7, (1-M)A (1- &) = 1-
n -VAA-9)=1-1, @-MAA-x)=1-1, A-DAA-v)=1-1, I-MWA(A-1Y)=1-1, (T-WA(1-X)=1-, (IT-pA(1-
y) = 1- 1, (T-pA (1-8) = 1- W, (T-A (1-m) = 1=, (A (1-8) = 1- 1, (T-A (1-) = 1- 1, (2-p)A (1- k) = a (say),
(I-wA (1-v) = a, (1A (1-1) =a, (1-B)A (1-2) =1-B, (1-B)A (1-v) =1- B, (1-B)A (1-8) = 1- B, (1-B)A (1-m) = 1-
B, A-PA(1-0) =1-B, A-PA(1-9)=1-B, (1-P)A(1-x)=1-B, (1-B)A (1-v) =1-B, (1-B)A (1-1) = 1- B. Therefore
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the fuzzy setsl- A, 1-n, 1- 1, 1- Y, a, 1- B, are fuzzy gt-closed, and then the fuzzy sets A, 1, 1, 4, 1- a, B are fuzzy gt-
open. The fuzzy set 1- 1 is fuzzy locally dense but not of fuzzy gt-dense in (X, T).

6. Fuzzy gt-nowhere dense sets.

A fuzzy set A in a fuzzy topological space (X, T) is called fuzzy gt-nowhere dense if there exists no non-zero
fuzzy gt-open set y in (X,T) such that p < gt-cl(A). That is, gt-int gt-cl(A) = 0.
Example 5.1:

Let X = {a, b}. The fuzzy sets A, and p are defined on X as follows:

A: X —[0,1] defined as A(a) =0.2; A(b ) = 0.7, w:X —[0,1] defined as p(a) =0.1; w(b) = 0.5, Then T= {0, A, u, 1} is
a fuzzy topology on X.

The fuzzy sets Aa(1-)) = a (say), Aa(1l-w) = B (say), pa(l-A) =n (say), pa(l- p) = ¢ (say), therefore the fuzzy
sets a, B, n, { are fuzzy locally closed sets.

Now the fuzzy sets (1-MA (1-a) = 1-A, (1-pA (1-a) = 1-B, (1-p)A (1-n) = 1-p are fuzzy gt-closed sets, where
1-A, 1-p are fuzzy closed and 1-a, 1-B, 1- n, 1- £ are fuzzy locally open set in (X,T). The fuzzy sets A, B, p are fuzzy
gt-open sets in (X, T). The fuzzy set 1- A, is fuzzy gt-nowhere dense set, since gt-int gt-cl(1-A) = 0. 1-B and 1-{ are
not of fuzzy gt-nowhere dense sets, since gt-int gt-cl(1-B) # 0 and gt-int gt-cl(1-W) # 0.
Proposition 5.1:

If A is fuzzy gt-nowhere dense set in (X, T), then gt-int(A) =0
Proof:

Let A is fuzzy gt-nowhere dense set in (X, T), therefore gt-int gt-cl(A) = 0. Now A < gt-cl(A) implies that gt-
int (\) < gt-int gt-cl(X). Hence gt-int (A) = 0.
Proposition 5.2:

If A is a fuzzy gt-nowhere dense set in (X, T), then (1-A) is fuzzy gt-dense set in (X, T).
Proof:

If A is a fuzzy gt-nowhere dense set in (X, T), By proposition 5.1, gt-int(A) = 0. Now gt-cl(1-A) = 1- gt-int(A) =
1-0=1. Hence 1- A is fuzzy gt-dense in (X, T).
Proposition 5.3:

If A and p are fuzzy gt-nowhere dense sets in a fuzzy topological space (X, T), then AAp is also a fuzzy gt-
nowhere dense set in (X, T).
Proof:

Let A and W is a Fuzzy gt-nowhere dense set in a fuzzy topological space (X; T). Then by proposition 5.1, gt-
int(A) = 0 and gt-int(u)=0. Now gt-int(AAp)= gt-int(A) A gt-int(n) =0 A 0 = 0. Hence A is fuzzy gt-nowhere dense
setin (X, T).
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Proposition 5.4

If L < p and p is a fuzzy gt-nowhere dense set in a fuzzy topological space (X, T), then A is also fuzzy gt-
nowhere dense set in (X, T).
Proof:

Now A < u implies that gt-int gt-cl(A) < gt-int gt-cl(w). Since W is a fuzzy gt-nowhere dense set, hence gt-int
gt-cl(p) = 0. Then gt-int gt-cl(A) = 0. Hence A is a fuzzy gt-nowhere dense setin (X, T).
Proposition 5.5

If A is a fuzzy gt-nowhere dense set and p is any fuzzy set in a fuzzy topological space (X, T), then (AAp) is a
fuzzy gt-nowhere dense set in (X, T).
Proof:

Let A be a fuzzy gt-nowhere dense set in (X,T), then gt-int gt-cl(A) = 0. Now (AAp) = gt-int gt-cl(AAp) = gt-int
gt-cl(d) A gt-int gt-cl(u) = 0 A L = 0. Hence (AAp) is fuzzy gt-nowhere dense set in (X, T).

Proposition 5.6:

If A is a fuzzy gt-nowhere dense set and fuzzy gt-closed in a fuzzy topological space (X, T), then 1 — gt-cl(A)
is a fuzzy gt-dense set in (X, T).
Proof

Let A be a fuzzy gt-nowhere dense set in (X, T). Now gt-cl(}) = A, since A is fuzzy gt-closed set. Therefore 1-
gt-cl(A) = 1- A. Hence by proposition 5.2, 1- A is fuzzy gt-dense setin (X, T).
Proposition 5.7:

If A is a fuzzy gt-closed set in a fuzzy topological space (X; T) with gt-int(A) = 0, then A is a fuzzy gt-nowhere
dense set in (X; T).
Proof

Let A be a fuzzy gt-closed and gt-int(A) = 0, then gt-cl(A) = A, therefore gt-int gt-cl(A) = gt-int(A) = 0. Hence A

be a fuzzy gt-nowhere dense setin (X, T).
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