© 2019 JETIR June 2019, Volume 6, Issue 6 www.jetir.org (ISSN-2349-5162)

Sum and Product Theorems on Growth Properties
of Bi-complex Entire Functions

*Pulakesh Sen
!Assistant Professor in Mathematics
!Department of Mathematics,
Sree Chaitanya Mahavidyalaya, P.O. Habra, Dist. North 24 Parganas, India

Abstract : Growth properties of entire functions have already been investigated by many authors in the field of advanced complex
analysis. Sum and product theorems on order and type of entire functions have been established and extended in many ways. In this
paper we wish to establish and extend some of the results over sum and product theorems on order and type of bi-complex entire
functions in the field of advanced bi-complex analysis.
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I. INTODUCTION

After the introduction of Bi-complex number by the eminent mathematician C. Segre [9] in 1892, a lot of research work has been
done and a huge improvement has been incorporated by the interested mathematicians afterwards. Some of the names of the
renowned mathematicians must be mentioned, such as, M. Futagawa [3], E. Hille [5], D. Riley [8], G. B. Price [7] who worked on the
improvement of bi-complex algebra and bi-complex analysis for a long time. Growth properties of entire functions related to order,
lower order, type, lower type, etc. are widely discussed in the study of advanced complex analysis since last few years. Several results
have been established and extended related to sum and product theorems on growth properties of entire functions also. In this paper
we have tried to establish and extend some results related to sum and product theorems on the growth properties, such as order and
type, relating to bi-complex entire functions in the bi-complex space.

Il.  DEFINITIONS AND NOTATIONS
We have used some useful definitions and notations as mentioned below in the field of bi-complex entire and meromorphic functions.

Definition 2.1 [9] Bi-complex number
A bi-complex number is defined asT ={z, +1,2,/2,,z, €C(i,)}, where the imaginary units i,,i, follow the rules

i; =i2 =-1ii, =i,i, = j, sayand j>=1, etc.
Another representation is: T ={w, + Wi, + W,i, + W, j/w; € R,i=0,12,3}

Definition 2.2 [9] Idempotent representation of a bi-complex number
Every bi-complex number (Z, +1,2,) has the following idempotent representation: Z, +1,2, =(z, —1,2,)€, +(z, +1,2,)e, ,

where e, :1+2|1|2 e, :1_;I2 :

Definition 2.3 [7] Bi-complex Entire functions

Let U be an open set of Tand W, €eU. Then f :U =T — T issaidtobeentirein Uif f'(w,)eT forall w, € U, where
lim W) — f(wo) _ f(w,).
W—>Wy W_W0

Definition 2.4 [7] Idempotent representation of a bi-complex function

Let X1, X, be open sets in C(ir) and T < C(i,). Then any bi-complex function f(w) = f(z, +i,z,): X, x, X, =T canbe
uniquely represented as follows:
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f(z, +1,2,)=1 (z,-1,2,)e, + f_(z, +i,z : .
(2, +1,2,) = 1, (2 —1z;)8, + T, (2, + 17 )8, for all Z,+1,Z, € X;xX,, where f, 1 X, ->C(i,) and

f,, 1 X, —>C(i,) are two different complex functions.

Definition 2.5 [8] Idempotent representation of a bi-complex entire function

Let X1, X, be open sets in CG) ad T cC(i,). Then a  bi-complex function
f(z, +1,2,) = f, (z, —i,2,)e, + f, (z, +1,2,)e, for all 2z, +i,2, € X, %, X,, is said to be entire if and only if
fo, 1 X, > C(ip) and f, : X, —>C(i,) areentire functionsand f'(z, +i,2,) = . (z, —i,2,)e, + f. (z, +1,2,)e,.
Definition 2.6 [7] Pole (Strong Pole) of a bi-complex function.

Let f : X > T be a bi-complex meromorphic function on the open set XcT. We can say that
w=(z, -i,z,)e, +(z, +i,z,)e, e X is a (strong) pole for the  bi-complex  meromorphic  function
f(w)= f(zl + izzz) = fel (21 - ilzz)el + fez (21 + ilzz)ez

if 2, —i,z, e B(X)and z, +i;Z, € P,(X) arepoles for f, 1B (X)—>C(i;) and f, 1P, (X)—>C(i;) respectively.
Proposition 2.1
Let f: X > T be a bi-complex meromorphic function on the open set X < T. If W, € X then wp is a pole of f, if and only if

lim| f (w)| = co.

W—W,

Definition 2.7 [8] Order of a bi-complex function.
The order p (F) of a bi-complex meromorphic function
F(w) = Fel (z,-1,2,)e, +(z, +1,2,)e, isdefinedas  p(F) = Max{qu ' PE,, }

loglogM, (r,, F,
where p_ = limsup 2919 i F)
o logr,

for i=1,2.

Remark 2.1

The lower order A(F) of a bi-complex meromorphic function is defined as A(F) = Min{A(F, ), A(F, ) }.

for i=12

loglogM, (r,, F,
where  1_ = liminf : gl (5. Fe)
R ogr,

Remark 2.2

The hyper order  p(F) (Hyper lower order A(F)) and the generalized order p™ (F) (generalized lower order A% (F) ) can
also be defined in a similar way.

Definition 2.8 [8] The type of F

The type o(F) of a bi-complex meromorphic function is defined as o(F) = Max{c(F, ),o(F,, )}

. log M (rj, Fe; ) _
where o(Fg; ) =lim sup—————— and 0<p. <oo fori=12.
fj >0 I’ipFei K
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Definition 2.9 [8] The lower type of F

The type o(F) of a bi-complex meromorphic function is defined as o(F) = Max{o(F, ),c(F, )}

logM; (1, F, )

rl—o Pry

f

where o (F, ) =liminf and 0<pp <oo fori=12.

I1. LEMMA
In this section we present some lemmas which will be needed in the proof of results.
Lemma 3.1 [11]
If f(z) be an entire function and a and B be such thata > 1 and 0 < 8 < a, then for all large value of r;
Mg (ar) > BMg(r)
Lemma 3.2 [10]
If f and g are any two entire functions then for all sufficiently large values of r;
Mpoq(r) > Mp(My(r))

Lemma 3.3 [2]
Let f(z) and g(z) be any two entire functions of order p, and p, respectively. Then

(D) preg =pg when pr <p,

and (ii) ps, < pg when pr < p, , respectively.

Lemma 3.4 [4]
Let f(z) and g(z) be any two entire functions of type o, and o, respectively. Then

) Ofig < 05 Wwhen oy < g,

and (ii) ps, < o + 0, , respectively.

IV. THEOREMS

In this section we present our main results of the paper.

Theorem 4.1 {[2], [4]}

If f(w) and g(w) be any two bi-complex entire functions of order pi and pq respectively and if pi < py, then the order p of F(w) =
Jfw)+g(w) is equal to py.

Proof.

Let us suppose that pg< oo.

Since, for any value of r <ro(g), given &> 0, we have
Ml(rl;ﬁzl + gel) =< M1(7'1ife1) + M1(T1ige1)

ie. My (133 fo, + Ge,) < explry e ™ + explr, ©0™)

i.e. M1(7'15]ce1 + gel) <2 eXp[7'1(pgel+£)]

o log[log{M;(E::e;gel)}] < s, + o(1)

o Pj{}o sup log[log{MiE:r;fe;gel)}] < .

i.e. p = Py, (4.1)
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Similarly, in the same way as above, we get P < py 4.2)
€z
Therefore, from (4.1) and (4.2) and using the definition (2.7), we get

p <pg (4.3)

On the other hand, given € > 0, there is a sequence of numbers r,, — o, such that

¢ )
Ml(rn; gel) > exp[n, Pge, ¢ 1
Therefore, M, (Tn e, + gel) > exp [rn(pgel—s)] _ exp[rn(pfelJrS)]
ie. M, (s fo, + ge,) = €xp [rn(pgel—s)] {1 — exp[r, e — rn(pgel—s)]}
; 1 (pg, —9) . .
i.e. M1(Tn:fe1 + gel) =7 exp [rn e1 ] ,provided ('Dfe +e) < (‘Dge — ¢) for that the chosen ¢ is very
1 1
small and n is sufficiently large.
. log[log{M (71;fe, +de, )11
i.e. o— > pge1 + 0(1)
. . log[log{M(71;fe; +9e, )}
e ll_rg sup logrs 2 9o,
ie. p=Zpg, (4.4)
Similarly, in the same way as above, we get p = Pg, (4.5)
2!
Therefore, from (4.4) and (4.5) and using the definition (2.7), we get
p = py (4.6)

Now, from (4.3) and (4.6), we have p=pg.
Hence the proof.
Remark 4.1 If p, — oo, then also p — oo and the proof is similar.
Remark 4.2 The above theorem does not hold good whenever ps = pg.
For an example, let f(w) =e" and g(w) = —e". Therefore, p, = p, =1 and ps,, = 0.
We have p; < p, implies p < p, here.
Corollary 4.1

If f(w) and g(w) be any two bi-complex entire functions of order p: and pg respectively and if pr < pq , then the order pr,, <
Max {ps, pg} -

Theorem 4.2 [4]

If f(w) and g(w) be any two bi-complex entire functions of order ps and pqy respectively and if py < p, , then the order p of F(w) =
f(w).g(w) is such that p < p,.

Proof.

If pg — oo, then the proof is obvious.

Let us suppose that p, < oo. Now we have,
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Ml(rli fel'gel) < Ml(rl;fel)' M1(r1ige1)
Now, for a given &> 0 and sufficiently large value of r, we have
. (pr, +e) (pg, +€)
I.e. M, (r; fel'gel) < exp [7'1 Tey ] exp[r e ]

. (pg, *+€)
ie. My (13 fo,-Ge,) < exp[2.1 e ]

log[log{M1(71; fe,-e,)}]

i.e. oz e < Pg,, + 0(1)

. . log[log{M(71; fe, gey )}

i.e. 11_{1510 sup = < Pg,,

ie. p =g, 4.7)

Similarly, in the same way as above, we get p =< Pg, (4.8)
2

Therefore, from (4.7) and (4.8) and using the definition (2.7), we get
P =pg-.
Hence the proof.
Corollary 4.2

If f(w) and g(w) be any two bi-complex entire functions of order pr and pq respectively and if p, < p, , then the order p of F(w) is
suchthat p < Max{pf, pg}.

Theorem 4.3 [2]

If f(w) and g(w) be any two bi-complex entire functions of type oi and aq respectively and if ot < oy, then the type o of F(w) =
Jfw)+g(w) is such that o < oy .

Proof.
Let us suppose that 6y< co.
Since, for a given € > 0, there is R(¢) > 0 such that

M, (715 fo, + Gey) < My(7i5 foy) + My (715 9,) for 7> R(e).
i.e. Ml(rl;fe1 + gel) < exp[crfe1 + €] rlpfe1 + exp [agel + e] rlpgel
i.e. Ml(rl;fe1 + gel) < 2.exp [agel + e] 'rlpgel

log{M; (rlifel t9eq )}

) < ; : : <
i.e. et S g, * 0(1), since ¢is arbitrary and py, .g, < Py,

. . log{My(r1;fes +9e, )}

.e. —a—— <

1. 11”1—1;1;10 sup rlpfel+gel - O-gel

i.e. Ofsg < 9, 4.9
Similarly, in the same way as above, we get Ofg < 0y, (4.10)
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Therefore, from (4.9) and (4.10) and using the definition (2.8), we get
Oprg <04 Le., 0 =<0, (4.11)

Hence the proof.
Remark 4.3 If g, — oo, then also o7, ; — oo and the proof is similar.
Corollary 4.3

If f(w) and g(w) be any two bi-complex entire functions of type or and oq respectively and if or < gy , then the type or,, < Max {0y,
a4} -

Theorem 4.4 [4]

If f(w) and g(w) be any two bi-complex entire functions of type ot and o4 respectively and if of < g, , then the type o of F(w) =
f(w).g(w) is such that o < o;+ay .

Proof.
Let us suppose that 6y< co.
Since, for a given € > 0, there is R(g) > 0 such that

M1(T1ife1-ge1) < M1(T1ife1)- M1(T1ige1) for r > R(e).

i.e. M1(T1ifel-ge1) < exp [afel + e] rlpfe1 . exp [agel + e] r1p9e1
i.e. My (11 £y 9o,) < €xp [afel +o,, + 26] 1y e Poey
i.e. mg{r%—'ﬁgffl)} < O, T, T o(1), since € is arbitrary.
1

i.e. lg?o supbgill\/’pl}g:—;ff}!i:“)} <o, + 9%,
i.e. Org < %, t 9, (4.12)
Similarly, in the same way as above, we get

Org < %, 1%, (4.13)

Therefore, from (4.12) and (24.13 and using the definition (2.8), we get
Org <0r+o, le, o0 <o0+0, (4.14)

Hence the proof.

Remark 4.4 If one of o or g, — oo, then also g7 ; — oo and the proof is similar.
Corollary 4.4

If f(w) and g(w) be any two bi-complex entire finctions of type o1 and oq respectively and if o1 < gy , then the type o7, , < Max {o,
ag} -

V. CONCLUSIONS

This field of bi-complex analysis can be developed and extended similarly in the light of advanced Complex analysis in future. The
above results can also be extended in case of bi-complex meromorphic functions also. Further results on several growth properties of
complex entire and meromorphic functions in the Value distribution theory can be developed and explained in terms of bi-complex
numbers also. Interested mathematicians and researchers in this field may be motivated to go through several books and research
papers already published around the world.
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