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I. INTODUCTION 

After the introduction of Bi-complex number by the eminent mathematician C. Segre [9] in 1892, a lot of research work has been 

done and a huge improvement has been incorporated by the interested mathematicians afterwards. Some of the names of the 

renowned mathematicians must be mentioned, such as, M. Futagawa [3], E. Hille [5], D. Riley [8], G. B. Price [7] who worked on the 

improvement of bi-complex algebra and bi-complex analysis for a long time. Growth properties of entire functions related to order, 

lower order, type, lower type, etc. are widely discussed in the study of advanced complex analysis since last few years. Several results 

have been established and extended related to sum and product theorems on growth properties of entire functions also. In this paper 
we have tried to establish and extend some results related to sum and product theorems on the growth properties, such as order and 

type, relating to bi-complex entire functions in the bi-complex space. 

II. DEFINITIONS AND NOTATIONS 

We have used some useful definitions and notations as mentioned below in the field of bi-complex entire and meromorphic functions. 

Definition 2.1 [9] Bi-complex number 

A bi-complex number is defined as )}(,/{ 121221 iCzzzizT  , where the imaginary units 21 , ii  follow the rules

jiiiiii  1221

2

2

2

1 ,1 , say and j2=1, etc. 

Another representation is: }3,2,1,0,/{ 322110  iRwjwiwiwwT i  

Definition 2.2 [9] Idempotent representation of a bi-complex number   

Every bi-complex number )( 221 ziz   has the following idempotent representation: 22111211221 )()( ezizezizziz   ,  

where  .
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Definition 2.3 [7] Bi-complex Entire functions 

Let U be an open set of T and  .0 Uw   Then TTUf :  is said to be entire in U if  Twf  )( 0  for all  𝑤0 ∈ 𝑈 , where  
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Definition 2.4 [7] Idempotent representation of a bi-complex function 

 Let X1, X2 be open sets in C(i1) and )( 2iCT  . Then any bi-complex function TXXzizfwf e  21221 :)()(  can be 

uniquely represented as follows: 
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22111211221 )()()(
21

ezizfezizfzizf ee 
,
 for all 21221 XXziz  , where  )(: 111

iCXfe   and  

)(: 122
iCXfe   are two different complex functions. 

Definition 2.5 [8] Idempotent representation of a bi-complex entire function   

Let X1, X2 be open sets in C(i1) and )( 2iCT  . Then a bi-complex function

22111211221 )()()(
21

ezizfezizfzizf ee   for all  21221 XXziz e , is said to be entire if  and only if  

)(: 111
iCXfe   and  )(: 122

iCXfe   are entire functions and  22111211221 )()()(
21

ezizfezizfzizf ee  . 

Definition 2.6 [7] Pole (Strong Pole) of a bi-complex function.    

Let f : X  T  be a bi-complex meromorphic function  on the open set  .TX 
 

We can say that 

Xezizezizw  22111211 )()(  is a (strong) pole for the bi-complex meromorphic function  

22111211221 )()()()(
21

ezizfezizfzizfwf ee 
 , 

if )(1211 XPziz  and  )(2211 XPziz   are poles for )()(: 111
iCXPfe   and  )()(: 122

iCXPfe   respectively. 

Proposition 2.1  

Let  f : X  T  be a bi-complex meromorphic function  on the open set .TX    If Xw 0  
then w0 is a pole of  f,  if and only if  

.)(lim
0




wf
ww

 

Definition 2.7 [8] Order of a bi-complex function.   

The order ρ (F) of a bi-complex meromorphic function  

 

22111211 )()()(
1

ezizezizFwF e     is defined as     },{)(
21

ee
FFMaxF        

where  
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     for  i = 1,2.         

Remark 2.1  

The  lower order  λ(F)  of a bi-complex meromorphic function is defined as )}.(),({)(
21 ee FFMinF  

  

where   

i
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r
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    for   i = 1,2. 

Remark 2.2 

The hyper order   )(F  (Hyper lower order )(F ) and the generalized order )()( Fk  (generalized lower order )()( Fk  ) can 

also be defined in a similar way. 

Definition 2.8 [8] The type of  F 

The type σ(F)  of a bi-complex meromorphic function is defined as )}(),({)(
21 ee FFMaxF     

where 
eiF
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ieii
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   and  
ieF0   for i=1,2. 
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Definition 2.9 [8] The lower type of  F   

The type σ(F)  of a bi-complex meromorphic function is defined as )}(),({)(
21 ee FFMaxF     

where 
eiF

i

i

i

eii

rle
r

FrM
F




),(log
inflim)(    and  

ieF0   for i=1,2. 

III. LEMMA 

In this section we present some lemmas which will be needed in the proof of results. 

Lemma 3.1 [11] 

If f(z)  be an entire function and 𝛼 𝑎𝑛𝑑 𝛽 be such that 𝛼 > 1 𝑎𝑛𝑑 0 < 𝛽 < 𝛼,  then for all large value of r; 

𝑀𝑓(𝛼𝑟) > 𝛽𝑀𝑓(𝑟) 

Lemma 3.2 [10] 

If f and g are any two entire functions then for all sufficiently large values of r; 

𝑀𝑓𝑜𝑔(𝑟) > 𝑀𝑓(𝑀𝑔(𝑟)) 

Lemma 3.3 [2] 

Let f(z) and g(z) be any two entire functions of order 𝜌𝑓 𝑎𝑛𝑑 𝜌𝑔 respectively. Then 

(𝑖)         𝜌𝑓+𝑔 = 𝜌𝑔   𝑤ℎ𝑒𝑛  𝜌𝑓 < 𝜌𝑔 

𝑎𝑛𝑑  (𝑖𝑖)     𝜌𝑓.𝑔 ≤ 𝜌𝑔   𝑤ℎ𝑒𝑛  𝜌𝑓 ≤ 𝜌𝑔 , respectively. 

Lemma 3.4 [4] 

Let f(z) and g(z) be any two entire functions of type 𝜎𝑓 𝑎𝑛𝑑 𝜎𝑔 respectively. Then 

(𝑖)        𝜎𝑓+𝑔 ≤ 𝜎𝑔   𝑤ℎ𝑒𝑛  𝜎𝑓 < 𝜎𝑔 

𝑎𝑛𝑑  (𝑖𝑖)     𝜌𝑓.𝑔 ≤ 𝜎𝑓 + 𝜎𝑔   , respectively. 

IV. THEOREMS 

In this section we present our main results of the paper. 

Theorem 4.1 {[2], [4]} 

If  f(w) and g(w) be any two bi-complex entire functions of order ρf  and ρg respectively and if ρf  < ρg , then the order ρ of  F(w) = 

f(w)+g(w) is equal to ρg . 

Proof.   

Let us suppose that  ρg < ∞. 

Since, for any value of  r < r0(ε), given  ε > 0, we have 

𝑀1(𝑟1; 𝑓𝑒1
+ 𝑔𝑒1

) ≤ 𝑀1(𝑟1; 𝑓𝑒1
) + 𝑀1(𝑟1; 𝑔𝑒1

) 

i.e.                                                            𝑀1(𝑟1; 𝑓𝑒1
+ 𝑔𝑒1

) ≤ exp [𝑟1

(𝜌𝑓𝑒1
+𝜀)

] + exp [𝑟1
(𝜌𝑔𝑒1

+𝜀)
] 

i.e.                                                                     𝑀1(𝑟1; 𝑓𝑒1
+ 𝑔𝑒1

) ≤ 2. exp [𝑟1
(𝜌𝑔𝑒1

+𝜀)
] 

i.e.                                                                      
log [log {𝑀1(𝑟1;𝑓𝑒1+𝑔𝑒1)}]

log 𝑟1
≤ 𝜌𝑔𝑒1

+  𝑜(1) 

i.e.                                                                   lim
𝑟→∞

𝑠𝑢𝑝
log [log {𝑀1(𝑟1;𝑓𝑒1+𝑔𝑒1)}]

log 𝑟1
≤ 𝜌𝑔𝑒1

      

i.e.                                                                                        𝜌 ≤  𝜌𝑔𝑒1
                                                                                  (4.1) 
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Similarly, in the same way as above, we get                      𝜌 ≤  𝜌𝑔𝑒2
                                                                                            (4.2) 

Therefore, from (4.1) and (4.2) and using the definition (2.7), we get               

                                                                                            𝜌 ≤ 𝜌𝑔                                                                                                  (4.3) 

On the other hand, given 𝜀 > 0,  there is a sequence of numbers  𝑟𝑛 → ∞, such that 

𝑀1(𝑟𝑛; 𝑔𝑒1
) ≥ exp [𝑟𝑛

(𝜌𝑔𝑒1
−𝜀)

] 

Therefore,                                   𝑀1(𝑟𝑛; 𝑓𝑒1
+ 𝑔𝑒1

) ≥ exp [𝑟𝑛
(𝜌𝑔𝑒1

−𝜀)
] − exp [𝑟𝑛

(𝜌𝑓𝑒1
+𝜀)

] 

i.e.                                   𝑀1(𝑟𝑛; 𝑓𝑒1
+ 𝑔𝑒1

) ≥ exp [𝑟𝑛
(𝜌𝑔𝑒1

−𝜀)
] {1 − exp [𝑟𝑛

(𝜌𝑓𝑒1
+𝜀)

− 𝑟𝑛
(𝜌𝑔𝑒1

−𝜀)
]} 

i.e.                                   𝑀1(𝑟𝑛; 𝑓𝑒1
+ 𝑔𝑒1

) ≥
1

2
 exp [𝑟𝑛

(𝜌𝑔𝑒1
−𝜀)

] , 𝑝𝑟𝑜𝑣𝑖𝑑𝑒𝑑 (𝜌𝑓𝑒1
+ 𝜀) <  (𝜌𝑔𝑒1

− 𝜀) for that the chosen 𝜀 is very 

small and n is sufficiently large. 

i.e.                                                                   
log [log {𝑀1(𝑟1;𝑓𝑒1 +𝑔𝑒1 )}]

log 𝑟1
≥ 𝜌𝑔𝑒1

+  𝑂(1) 

i.e.                                                               lim
𝑟→∞

𝑠𝑢𝑝
log [log {𝑀1(𝑟1;𝑓𝑒1+𝑔𝑒1 )}]

log 𝑟1
≥ 𝜌𝑔𝑒1

 

i.e.                                                                                       𝜌 ≥  𝜌𝑔𝑒1
                                                                                  (4.4) 

Similarly, in the same way as above, we get                     𝜌 ≥  𝜌𝑔𝑒2
                                                                                           (4.5) 

Therefore, from (4.4) and (4.5) and using the definition (2.7), we get               

                                                                                           𝜌 ≥ 𝜌𝑔                                                                                               (4.6) 

Now, from (4.3) and (4.6), we have                                 𝜌 = 𝜌𝑔 .    

          Hence the proof. 

Remark 4.1   If  𝜌𝑔 → ∞, then also 𝜌 → ∞ and the proof is similar. 

Remark 4.2    The above theorem does not hold good whenever  𝜌𝑓 =  𝜌𝑔.  

For an example, let  𝑓(𝑤) = 𝑒𝑤  𝑎𝑛𝑑  𝑔(𝑤) = −𝑒𝑤. Therefore,   𝜌𝑓 =  𝜌𝑔 = 1  𝑎𝑛𝑑   𝜌𝑓+𝑔 = 0. 

We have   𝜌𝑓 ≤ 𝜌𝑔   𝑖𝑚𝑝𝑙𝑖𝑒𝑠   𝜌 ≤ 𝜌𝑔  here. 

Corollary 4.1  

If  f(w) and g(w) be any two bi-complex entire functions of order ρf  and ρg respectively and if ρf  < ρg , then the order  𝜌𝑓+𝑔 ≤

𝑀𝑎𝑥 {𝜌𝑓 , 𝜌𝑔} . 

Theorem 4.2 [4] 

If  f(w) and g(w) be any two bi-complex entire functions of order ρf  and ρg respectively and if  𝜌𝑓 ≤ 𝜌𝑔 , then the order ρ of  F(w) = 

f(w).g(w) is such that  𝜌 ≤ 𝜌𝑔. 

Proof.   

If  𝜌𝑔 → ∞, then the proof is obvious. 

Let us suppose that  𝜌𝑔 < ∞. Now we have,
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𝑀1(𝑟1;  𝑓𝑒1
. 𝑔𝑒1

) ≤ 𝑀1(𝑟1; 𝑓𝑒1
) .  𝑀1(𝑟1; 𝑔𝑒1

) 

Now, for a given  ε > 0  and sufficiently large value of r, we have
 

i.e.                                                           𝑀1(𝑟1;  𝑓𝑒1
. 𝑔𝑒1

) ≤ exp [𝑟1

(𝜌𝑓𝑒1
+𝜀)

] .  exp [𝑟1
(𝜌𝑔𝑒1

+𝜀)
] 

i.e.                                                                     𝑀1(𝑟1;  𝑓𝑒1
. 𝑔𝑒1

) ≤ exp [2. 𝑟1
(𝜌𝑔𝑒1

+𝜀)
] 

i.e.                                                                    
log [log {𝑀1(𝑟1; 𝑓𝑒1 .𝑔𝑒1)}]

log 𝑟1
 ≤ 𝜌𝑔𝑒1

+  𝑂(1) 

i.e.                                                                 lim
𝑟→∞

𝑠𝑢𝑝
log [log {𝑀1(𝑟1; 𝑓𝑒1 .𝑔𝑒1 )}]

log 𝑟1
 ≤ 𝜌𝑔𝑒1

 

i.e.                                                                                       𝜌 ≤  𝜌𝑔𝑒1
                                                                                (4.7) 

Similarly, in the same way as above, we get                     𝜌 ≤  𝜌𝑔𝑒2
                                                                                          (4.8) 

Therefore, from (4.7) and (4.8) and using the definition (2.7), we get               

                                                                                           𝜌 ≤ 𝜌𝑔  .                                                                                  

            Hence the proof. 

Corollary 4.2  

If  f(w) and g(w) be any two bi-complex entire functions of order ρf  and ρg respectively and if  𝜌𝑓 ≤ 𝜌𝑔 , then the order ρ of  F(w) is 

such that  𝜌 ≤ 𝑀𝑎𝑥{𝜌𝑓 , 𝜌𝑔}. 

Theorem 4.3 [2]   

If  f(w) and g(w) be any two bi-complex entire functions of type σf  and σg respectively and if σf  < σg, then the type σ  of  F(w) = 

f(w)+g(w) is such that  σ  ≤  σg  . 

 

Proof.   

Let us suppose that  σg < ∞. 

Since, for a given  ε > 0, there is R(ε) > 0 such that 

𝑀1(𝑟1; 𝑓𝑒1
+ 𝑔𝑒1

) ≤ 𝑀1(𝑟1; 𝑓𝑒1
) + 𝑀1(𝑟1; 𝑔𝑒1

)   𝑓𝑜𝑟  𝑟 > 𝑅(𝜖). 

i.e.                                                 𝑀1(𝑟1; 𝑓𝑒1
+ 𝑔𝑒1

) ≤ exp [𝜎𝑓𝑒1
+ 𝜖] 𝑟1

𝜌𝑓𝑒1 + exp [𝜎𝑔𝑒1
+ 𝜖] 𝑟1

𝜌𝑔𝑒1 

i.e.                                                              𝑀1(𝑟1; 𝑓𝑒1
+ 𝑔𝑒1

) ≤ 2. exp [𝜎𝑔𝑒1
+ 𝜖] 𝑟1

𝜌𝑔𝑒1  

i.e.                                         
log {𝑀1(𝑟1;𝑓𝑒1 +𝑔𝑒1 )}

𝑟1
𝜌𝑓𝑒1+𝑔𝑒1

≤ 𝜎𝑔𝑒1
+  𝑂(1), 𝑠𝑖𝑛𝑐𝑒  𝜀 𝑖𝑠 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑎𝑛𝑑 𝜌𝑓𝑒1+𝑔𝑒1

≤  𝜌𝑔𝑒1
 

i.e.                                                                   lim
𝑟→∞

𝑠𝑢𝑝
log {𝑀1(𝑟1;𝑓𝑒1 +𝑔𝑒1)}

𝑟1
𝜌𝑓𝑒1+𝑔𝑒1

≤ 𝜎𝑔𝑒1
 

i.e.                                                                            𝜎𝑓+𝑔  ≤  𝜎𝑔𝑒1
                                                                                      (4.9) 

Similarly, in the same way as above, we get           𝜎𝑓+𝑔  ≤  𝜎𝑔𝑒2
                                                                                                 (4.10) 
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Therefore, from (4.9) and (4.10) and using the definition (2.8), we get                                                                                              

                                                                          𝜎𝑓+𝑔  ≤ 𝜎𝑔    𝑖. 𝑒. ,      𝜎 ≤ 𝜎𝑔                                                                                       (4.11) 

    Hence the proof. 

Remark 4.3 If   𝜎𝑔 → ∞, then also 𝜎𝑓+𝑔 → ∞ and the proof is similar. 

Corollary 4.3  

If  f(w) and g(w) be any two bi-complex entire functions of type σf  and σg respectively and if  σf  < σg , then the type  𝜎𝑓+𝑔 ≤ 𝑀𝑎𝑥 {𝜎𝑓 ,

𝜎𝑔} . 

Theorem 4.4 [4] 

 If  f(w) and g(w) be any two bi-complex entire functions of type σf  and σg respectively and if  𝜎𝑓 ≤ 𝜎𝑔 , then the type σ  of  F(w) = 

f(w).g(w) is such that  𝜎 ≤ 𝜎𝑓+𝜎𝑔  . 

Proof.   

Let us suppose that  σg < ∞. 

Since, for a given  ε > 0, there is R(ε) > 0 such that 

𝑀1(𝑟1; 𝑓𝑒1
. 𝑔𝑒1

) ≤ 𝑀1(𝑟1; 𝑓𝑒1
) .  𝑀1(𝑟1; 𝑔𝑒1

)   𝑓𝑜𝑟  𝑟 > 𝑅(𝜖). 

i.e.                                                  𝑀1(𝑟1; 𝑓𝑒1
. 𝑔𝑒1

) ≤ exp [𝜎𝑓𝑒1
+ 𝜖]  𝑟1

𝜌𝑓𝑒1  .  exp [𝜎𝑔𝑒1
+ 𝜖] 𝑟1

𝜌𝑔𝑒1  

i.e.                                                      𝑀1(𝑟1 ; 𝑓𝑒1
. 𝑔𝑒1

) ≤ exp [𝜎𝑓𝑒1
+ 𝜎𝑔𝑒1

+ 2𝜖] . 𝑟1

𝜌𝑓𝑒1
+𝜌𝑔𝑒1  

i.e.                                               
log {𝑀1(𝑟1;𝑓𝑒1 .𝑔𝑒1)}

𝑟1

𝜌𝑓𝑒1
+𝜌𝑔𝑒1

≤ 𝜎𝑓𝑒1
+ 𝜎𝑔𝑒1

+  𝑜(1), 𝑠𝑖𝑛𝑐𝑒  𝜀 𝑖𝑠 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 . 

i.e.                                                             lim
𝑟→∞

𝑠𝑢𝑝
log {𝑀1(𝑟1;𝑓𝑒1 .𝑔𝑒1)}

𝑟1

𝜌𝑓𝑒1
+𝜌𝑔𝑒1

≤ 𝜎𝑓𝑒1
+ 𝜎𝑔𝑒1

 

i.e.                                                                            𝜎𝑓.𝑔  ≤ 𝜎𝑓𝑒1
+ 𝜎𝑔𝑒1

                                                                           (4.12) 

Similarly, in the same way as above, we get     

                          𝜎𝑓.𝑔  ≤ 𝜎𝑓𝑒2
+ 𝜎𝑔𝑒2

                                                                                    (4.13) 

Therefore, from (4.12) and (24.13 and using the definition (2.8), we get                                                                                              

                                                                       𝜎𝑓.𝑔  ≤ 𝜎𝑓 + 𝜎𝑔     𝑖. 𝑒. ,      𝜎 ≤ 𝜎𝑓 + 𝜎𝑔                                                                         (4.14) 

       Hence the proof. 

 

Remark 4.4 If one of  𝜎𝑓 𝑜𝑟 𝜎𝑔 → ∞, then also 𝜎𝑓.𝑔 → ∞  and the proof is similar. 

Corollary 4.4  

If  f(w) and g(w) be any two bi-complex entire functions of type σf  and σg respectively and if  σf  < σg , then the type  𝜎𝑓+𝑔 ≤ 𝑀𝑎𝑥 {𝜎𝑓 ,

𝜎𝑔} .  

V. CONCLUSIONS 

This field of bi-complex analysis can be developed and extended similarly in the light of advanced Complex analysis in future. The 

above results can also be extended in case of bi-complex meromorphic functions also. Further results on several growth properties of 

complex entire and meromorphic functions in the Value distribution theory can be developed and explained in terms of bi-complex 

numbers also. Interested mathematicians and researchers in this field may be motivated to go through several books and research 

papers already published around the world. 
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