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Abstract :  Line segments are important when analyzing geometric shapes in images for machine vision applications. In particular 

this problem also involves a need to extract parameters of line segments in images, such as width and length. Typical feature 

extraction methods for line detection apply least-square  fitting. These methods are in general sensitive to outliers; they require 

that feature points are clustered. The Hough transform (HT) defines an alternative class of methods. The basic HT does not 

provide length or width of a detected line segment; it only provides the two normal parameters d and Ɵ of a line. In principle, the 

HT is capable to detect the length of a line segment.  Objective of this paper is to review the various methods based on Hough 

Transform  which can be used to determine the parameters of the lines in an image, especially the length and compare the 

performance of some selected effective methods from the view point of time and space optimization. Various relevant works have 

been reviewed and in common what were the major problems faced by HT based methods in determining accurate geometric 

features and how the research has progressed to eliminate them is described. In the remaining part, three selected methods are 

compared. 

 

IndexTerms - Hough transform, length of segment, width, curve fitting, HT Butterfly 

1. INTRODUCTION 

Line segments are important when analyzing geometric shapes in images for machine vision applications. In particular this 

problem also involves a need to extract parameters of line segments in images, such as width and length. Traditional methods for 

line detection use least-square  fitting technique. These methods are in general sensitive to outliers; they require that feature points 

are clustered. 

The Hough transform (HT) [10,11,12] defines an alternative class of methods. Basically HT does not provide directly length 

or width of a detected line; it only provides the two normal parameters  and Ɵ of a line. In principle, however the Hough 

Transform can help to detect the length of a line segment. In HT, each feature point (x,y) of a segment is mapped to a sine curve 

via the following equation: 

 = x cos Ɵ + y sin Ɵ      (1) 

By discretizing the HT space by resolutions of Δ and ΔƟ, the feature point (x,y) votes for every cell located on the curve. 

After the voting process, the position of the cell receiving the most votes, that is, the peak, is considered as the (,Ɵ) values of the 

segment. Obviously, the HT converts the pattern recognition problem to a peak generating and seeking problem. This makes the 

HT robust to the noise and complex background. How to generate a strong and distinct peak and how to seek the ‘‘correct’’ peaks 

is one of the most focused research on HT where the computational complexity, storage requirement, accuracy, and resolution are 

widely considered, especially in the situations of high accuracy and high resolution HT is required. Various methods were 

proposed to improve the voting process [28,29], the discretization of the HT space [30], feasible resolutions settings [31], post-

voting process etc. These research works put most emphases on the distinct peaks generating and seeking, and hence can be called 

‘‘peak based’’ methods. A common problem of these methods is the infeasible computational complexity and memory storage 

requirement [32,33]. 

 

Another important branch of HT researches is the microanalysis on the ‘‘HT butterfly’’. In fact, during the voting process, not 

only the peak is generated, but also, a large area composed of all mapped sine curves is built. By considering the part of this area 

around the peak, a butterfly shape is obtained. For example, the segment displayed in Fig. 1.2 (a) is mapped to the HT space and 

considering only the area around the peak, the butterfly-shaped voting area shown in Fig. 1.2 (b) can be obtained where the height 

of the peak is denoted as h, the thickness of the wings at δƟ far from the peak is denoted as δδƟ, and the width of the wings is wδƟ. 

After having the direction of a set of approximately collinear pixels detected, we can project the estimated collinear image 

features on the x- or y-axis in image space; the length of the line-segment is then determined as the Euclidean distance between 

the estimated two endpoints. 

There are also HT methods which use the buttery distribution in the Hough space, as identified in [13]. These buttery-

techniques have origins in methods proposed earlier. Akhtar [14] calculates the length of a detected line segment based on the 

spreading of voting cells in a column around the peak. Ioannou [15] estimates the line-segment length by analyzing the total vote 

values of cells in the peak column. The endpoints are detected by resolving simultaneously equations obtained by the first and the 

last non-zero-value voting cells in any two columns around the peak; the length is then again calculated as the Euclidean distance 

between the estimated two endpoints.  
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Figure 1.1 : Normal parameters of a line 

 

Objective of this paper is to review the various methods based on Hough Transform  which can be used to determine the 

parameters of the lines in an image, especially the length and compare the performance of some selected effective methods from 

the view point of time and space optimization. Various relevant works have been reviewed and in common what were the major 

problems faced by HT based methods in determining accurate geometric features and how the research has progressed to 

eliminate them is described. In the remaining part, three selected methods are described and compared. 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

Figure 1.2 : A straight line segment and its HT butterfly. 

 

2. REVIEW OF RELATED WORK 

The main objective of HT is to divide the parameter space (,Ɵ) into cells, where the size of each cell is (Δ,ΔƟ).  is the 

algebraic distance from the origin to a straight line and Ɵ is the angle between the normal and x axis. In this way, a feature point 

with coordinates (x, y) in the image space is mapped to a sinusoidal curve in the HT space. The curves corresponding to collinear 

points will intersect at a common cell, resulting in a peak on the accumulator matrix. Usually, the highest peak represents the 

most prominent straight line. However, the Standard HT(SHT) suffers from a variety of problems stemming from its 

discretisation and voting process.[4, 5, 7, 8, 16, 17, 41, 42, 43, 44, 45, 46] Different methods were proposed to alleviate these 

problems. The HT voting framework was modified to increase the number of accumulators for higher precision and resolution. In 

fact, the discrete voting process is the main source of problems such as peak splitting (a peak is splitting to several peaks lying 

close to one another). The voting process also might spread the peak to several cells around the “true” position. These problems 

dim the peak and hence, affect detection accuracy and reliability. 

 

Du et al. [16,17] consider the complete parameter description of a line segment, denoted by direction, length, width, and 

position. In their method length is obtained by determining the vertical width of a butterfly wing. The width of a line segment was 

computed by comparison of the actual voting value and theoretical voting values in a specific column. Reliable length and width 

can be obtained using a Mean Square Error (MSE) estimation by considering multiple columns. This method is affected by image 

noise. The detection accuracy relies on a very fine quantization of the Hough space. 

Many researchers have conducted experiments and proposed various methods to eliminate the problems in using Hough 

Transform for geometric feature extraction and parameter determination and contributed in improving the accuracy by various 

aspects. These works can be classified under the following two categories. 
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2.1 Improvement in the Resolution and Accuracy  

Due  to the rounding operations in the voting process, the discretisation of image space and parameter spaces have several 

problems regarding the accuracy and resolution of HT. These include peak splitting, flattening and resolution limitations. Many 

researchers have analysed the drawbacks of HT and suggested several methods to improve the accuracy and resolution. The 

quantization errors in both the image space and parameter space obviously affect the accuracy of straight line detection. Shapiro 

et al.[5] introduced graphical methods estimating HT performance for straight line detection in the presence of noise. They also 

demonstrated the effects of the quantization errors on the accuracy of estimating the underlying set of collinear points. Veen et 

al.[6] analysed the influence of quantization to the parameter and image spaces and the width of the line segments. It was reported 

that the accuracy of the HT was a function of the size of the cell (Δ,ΔƟ) and the width of the line segments. A method was 

proposed using a gradient weighting function in the transform to reduce peak scattering. Atiquzzaman et al.[7] stated that a spread 

of the peak will occur due to the quantisation of the parameter space when decreasing resolutions Δ and ΔƟ . A non-iterative 

algorithm was proposed to detect straight line segments based on the analysis of HT data. This algorithm improves the efficiency 

of computing and obtains higher accuracy. Based on this algorithm, they also proposed another robust HT method[8] for the 

determination of the length and the endpoints of a line.  

Niblack et al.[9] reported a method to improve HT accuracy which smoothes the HT space prior to finding a peak location and 

interpolates this peak to find a final sun-bucket  peak. Morimoto et al.[10] reported a high resolution HT based on a variable filter, 

in which the filter is designed and applied to the HT data before detecting the peak. Magli et al.[11] proposed an algorithm based 

on interpolation and multi-scale matched filtering, in order to achieve high accuracy line detection from the HT. The voting 

process is one of the hot topics that obtained intensive attention. Ji et al. [12] proposed a statistically efficient HT based on an 

analytical propagation of input errors. This method used a Bayesian probabilistic scheme to compute the contribution of each 

feature point to the accumulator. Thus, it improved accuracy and robustness. Shapiro et al. [13] summarised and proved the 

problem of discrete HT accuracy and adequacy to be the reason for the vote spreading problem. A non-voting Hough-Green 

transform was proposed to improve the accuracy of HT.  Guo et al. [14] modified the HT voting scheme to suppress the impact of 

noise edges on the accumulation of votes in HT. They used surround suppression to assign the weights of votes for HT. This 

method improved the quality of detection results.  Leandro et al. [15] presented an improved voting scheme for the HT that 

allowed a soft-ware implementation to achieve real-time performance, even with relatively large images. It improved the 

performance of the voting scheme and the robustness of HT. 

 

2.2 Decreasing the Computation Load and Storage Requirements  

As the applications of straight line recognition obtained intensive attention, the computational cost and storage requirements 

became a concern. According Eq.(1), the HT first transforms the feature points in the image space into sine curves in the 

parameter space. The parameter space is divided into an array of “accumulators”, and the accumulator receiving the largest 

number of votes along these curves is considered the peak. The position of the peak, that is,  and Ɵ, is used to interpret the 

dominant straight line in the image space. In this way, the HT requires largest or ageand computational requirements, which limit 

the applications of HT. Therefore, methods to improve the detection speed and decrease the storage requirements in the HT 

process are being investigated. Avoiding unnecessary accumulators is the main method towards this goal. Li et al.[18] developed 

Fast HT(FHT) through an hierarchical approach. This approach divided the parameter space into hypercubes, from low to high 

resolutions. It performs the subdivision and subsequent “vote counting” only on hypercubes with votes exceeding a selected 

threshold. This greatly reduces both computation and storage. This method can also extend to more complex object detection. 

Illingworth et al.[19] introduced the Adaptive HT(AHT) for line and circle detection. This method used a small accumulator array 

and the idea of a flexible iterative “coarse to fine” accumulation. Itutilised a search strategy to identify significant peaks in the 

Hough parameter spaces. The method increased efficiency and saved storage. Atiquzzaman et al.[20] addressed a multi-resolution 

implementation of the HT that reduced the computing time. Ben-Tzvi et al.[21] presented an algorithm for computing the HT 

using information available in the distribution of the image points, rather than depending solely on information extracted from the 

transform space. Hence, the processing of HT was calculated more efficiently. 

 

3. COMPARATIVE STUDY OF SELECTED HT BASED METHODS  

Among the reviewed research, from the viewpoint of determining the length of lines in an image accurately, three different 

HT based effective and efficient techniques are selected for comparative study of their performance. First method, applying 

Microanalysis of the distribution of votes around the peak  proposed by Atiquzzaman and M.W. Akhtar[20], which is non-

iterative and faster; Second method based on HT butterfly by Shengzi du et al[  ]  having immunity from collinear disturbances 

and third technique by ZeZhong Xu et al. based on statistical analysis of the Hough space. 

 

3.1 Microanalysis of the distribution of votes around the peak  

The algorithm proposed by Atiquzzaman and M.W. Akhtar[14] is based on a microanalysis of the distribution of the votes 

around the peak in the accumulator array. 

In [20] the end points of a line were obtained by determining the intersecting points between the bar corresponding to the peak 

(in the accumulator array) and the two bars corresponding to the cells μk
f  and μk

l  (row indices corresponding to the first and last 

non-zero cells respectively in Ck. -- The number of cells between the first and the last non-zero cells in Ck are called the spread of 

votes in Ck.) in any column Ck. The accuracy of the detection therefore, depends on the choice of Ck, and the accuracy with which 

the peak can be detected[26]. It has been shown that the peak in the accumulator array may spread due to discretization of the 

image space and the accumulator array. Due to the dependence of the algorithm, described in [20], on the accuracy with which 

the peak can be detected, the end points obtained from the above algorithm are not always reliable. In this algorithm proposed by 

Atiquzzaman and M.W. Akhtar , the Ɵ value of the peak (Ɵp) is only used to determine two columns, Cq and Cr  as described 

below. 
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Two columns Cq, and Cr, were considered, whose cells correspond to the two sets of parallel bars with their normals inclined 

at angles Ɵq, and Ɵr, respectively with the positive x-axis. The lengths of the normals; q
1, q

2,  r
1 and r

2 (see Figure 3.1.2) to the 

bars corresponding to the cells μq
f, μq

l, μr
f and μr

l  respectively were determined from the accumulator array. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.1.1: Accumulator array A showing the cells around the peak. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.1.2 : Computation of the end points independent of Ɵ, for Ɵ > 45'. 

 

The above lengths are the lengths of the normals to the bars corresponding to the first and last non-zero elements in Cq, and Cr. 

These normals are expressed as 

q
1 = xl cos Ɵq + y1 sin Ɵq       (2) 

r
1 = xl cos Ɵr + y1 sin Ɵr       (3) 

q
2 = x2 cos Ɵq + y2 sin Ɵq       (4) 

r
2 = x2 cos Ɵr + y2 sin Ɵr       (5) 

q
1, q

2, r
1 and r

2 were calculated by the following equations 

q
1 =  min + μq

f Δ        (6) 

q
2 =  min + μq

l Δ        (7) 

r
1 =  min + μr

f Δ        (8) 

r
2 =  min + μr

l Δ        (9) 

Left side parameters in Equations (6)-(9) can be found after determining the first and last nonzero cells in the columns Cq and 

Cr as min is known. These values can be substituted in Equations (2)-(5). Since Ɵq, and Ɵr, are known from the choice of Cq and 

Cr,, solution of Equations (2) and (3) give the coordinates (xl, yl) of one of the end points. The other end point (x2, y2) can be 

obtained similarly by solving Equations (4) and (5).  

Once the end points of a line are determined by the above algorithm, the line length (lc) is obtained from the end points by 

            ________________ 

  lc =  √ (x1  -  x2)2 + (y1  -  y2)2      (10) 

This algorithm has thus a time complexity of O(1)  which is the same as the complexity of the algorithm described in [20]. 

Note that the time complexity of the algorithms described in [21,22,23 and 24] are O(nf ni, + N), O(nf + N), O(nfni N + N2) and 

O(1) respectively. nf,, ni, and N2 are the number of feature points, the number of iterations and the size of the accumulator array 

respectively [24]. This algorithm by Atiquzzaman and M.W. Akhtar  differs from the earlier algorithms in its reduced 
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computational complexity and robustness in detecting the end points. Because of its low computational complexity and high 

robustness, the algorithm can be very suitable for implementation in real-time machine vision tasks. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.1.3: Errors in the line length vs. dqr (No. of columns between Cq, and Cr ) for a line having  a = 90 and  Ɵa = 250 [27] 

 

It was mentioned that the errors increase with an increase in Δ and/or a decrease in ΔƟ. This is because the area of the 

solution region increases with an increase in Δ and/or a decrease in ΔƟ. Results showed that the proposed algorithm can detect 

the length and the end points very accurately. The algorithm is thus non-iterative in nature and is based on a micro-analysis of the 

spreading of the votes in the accumulator array. 

 

3.2 Measuring Straight line segments using HT Butterfly 

The ‘‘HT butterfly based’’ methods use not only the peak but also the data in the area around the peak. These methods have 

potentials to uncover segment parameters with high accuracy from low resolution data exploiting the one-to-one mapping 

between a segment and its butterfly.  The features of the butterfly are popularly discussed and employed in these methods, such as 

the self-similarity [34] and the symmetry [35] are used to improve the resolution and accuracy of HT. The features of butterflies 

are used to identify and enhance the peak. Collinear segments detection is another important extension of the ‘‘HT butterfly’’ to 

the commonly used ‘‘peak based’’ HT methods. Because the butterflies of collinear segments intersect on a common peak and are 

independent/separated at the area beyond the peak, the ‘‘peak based’’ methods obviously lose the distinguishing ability of these 

segments. However, the ‘‘HT butterfly based’’ methods have this distinguishing ability naturally [36] 

Shengzi du et al[  ] proposed a HT butterfly based method to determine the end points of line and to determine the length from 

it. They generated the butterfly as shown in Fig. 3.2.1(a). For a given segment S0 lying on a straight line (Ɵ0, 0), the HT cells 

lying on the column with distance δƟ to the HT peak correspond to the belts bounded by parallel straight lines …,ln-1, 

ln,ln+1,ln+2,….. The angle between S0 and these straight lines is δƟ. All the belts that intersect with S0 contain some feature points 

of S0 and hence the corresponding cells receive some votes. With δƟ increasing, the number of belts intersecting with S0 increases 

and the feature points contained in each belt decreases. This means that when the column moves further from the peak, more cells 

will receive votes. Therefore, a butterfly shaped voting area is generated with δƟ increasing from 0 to a given value. In this 

manner, given a segment and the scope in HT space, a unique butterfly can be generated. It was implied that if the butterfly is 

known, one can expect to cover the segment from its HT butterfly.  

 

Representation of segment measurements by the features of its HT butterfly 

Segment length vs the width of its HT butterfly Wings :   

The generation of the butterfly demonstrated in Fig. 3.2.1(a) clearly indicates that for a given δƟ a longer segment leads to 

more of the cells in the column receiving votes. This implies that the butterfly wings of a longer segment is wider than the ones of 

a shorter segment. Therefore, it is possible to detect the segment length by means of the width of its butterfly wings. In Fig. 

3.2.1(a), it is obvious that the length of the intersection of the segment and a belt (if they intersect) can be obtained as follows: 

            Δ   

Δl  =      ̵̵ ̵ ̵  ̵̵  ̵̵ ̵ ̵  ̵      (11) 

             sin δƟ 

 

Therefore, the number of cells in the column, that is, the width of the butterfly wings, corresponding to δƟ can be used to 

obtain the length of the segment as follows: 

     l =  wδƟ Δl      (12) 

 

where wδƟ is the number of cells receiving votes in the column of δƟ as shown in Fig. 1.2 (b), Δl  is the length of the 

intersection of the segment and the belt shown in  eq. (12), and l is the detected length of the segment. It should be noted that the 

belts that intersect with the segment at both ends might contain fewer feature points than the ones in the middle, implying that the 

length of these intersections are smaller than the Δl   shown in eq. (12). Hence the detected length may be bigger than the ‘true’ 

value by up to 2 (Δ/sin δƟ). This error is depressed when Δ is small enough and  δƟ  is large enough.[37] 
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Figure 3.2.1. Principle of geometric derivation 

 
Segment width vs the thickness of its HT butterfly wings 

The demonstration in Fig. 3.2.1(a) indicates that for a given δƟ the length of the intersection between the segment and the belt 

is fixed and can be obtained, likewise the number of feature points contained in the intersection, that is, the number of votes 

received by the corresponding cell, is related to the width of the segment. It is obvious that each intersection, except the ones at 

both ends, contains similar number of feature points if the segment is uniform. Considering that the number of votes received by 

the cell is represented by the thickness of the butterfly wings, the thickness of wings is nearly constant for a given column. 

Therefore, it is possible to derive the segment width via the thickness of its butterfly wings. Considering the nature of the digital 

images used in the computer, all straight lines are represented by piece-wise connected horizontal or vertical short segments. The 

number of pixels composing a straight line is equal to the projection of the straight line on X (when |Ɵ0| > 450) or Y (when |Ɵ0| < 

450) axes. For a single-pixel width line, the number of pixels contained in the belt corresponding to δƟ as shown in Fig. 3.2.1(a), 

that is, the thickness of the butterfly wings corresponding to δƟ, is: 

 

    Δl . cosƟ0,  |Ɵ0| > 450 

  δ0
δƟ     =   

    Δl . sinƟ0, |Ɵ0| < 450     (13) 

 

Substituting eq. (11) and eq. (12) in (13), one obtains 

 

                   δƟ 

    w  =   Δ        (14) 

                   δδƟ 

 

Δ  and δƟ  are predefined, and δδƟ can be obtained from the butterfly. Given the butterfly and the value of Δ, the width of 

the segment w (counted by pixel)  can be obtained. 

 

Thus, in this method the authors formulated the segment measurement by means of simple geometric analysis. The 

measurement of full parameters of  a segment is discussed and represented by the features of its butterfly, including the length, 

width, position, continuity and non-uniformity of the segment. The relationship between butterfly features and segment 

parameters were demonstrated, and the illustrations showed that it is reasonable to detect and measure segments via their 

butterflies. It was found that, the involvement of HT data around peaks renders the relationship independent of the sharpness of 

the peaks. Based on these relationships, this effective and robust segment measuring method was proposed and applied to 

synthetic and real images in order to demonstrate the performance and the performance was verified. 

Further improvement was obtained by employing the butterfly isolating method, where the edge of the butterfly becomes very 

clear and the effects of most collinear disturbances/clutters are removed. It means that, this method has immunity from collinear 

disturbances and hence outperforms others. The authors concluded that based on this improved butterfly, not only this, but also all 

the methods based on butterflies can get a much better detection performance.  The graph showing Length detection accuracy for 

various values of δƟ was prepared to evaluate the performance. 
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Figure 3.2.2 : Relationship between  δƟ and deviation in detected length. 

 

3.3  Length and Width of a Line Segment by Statistical analysis of voting variance. 

An HT method for obtaining the length and width of a detected line segment using statistical analysis of voting variance, was 

proposed by ZeZhong Xu et al. [9]. The voting variance was analyzed in image space, and a 2nd order functional relationship was 

deduced. Using this method, in Hough space, the statistical variances of columns around a peak was computed and used to derive 

a quadratic polynomial function. Geometric parameters of a line segment were determined by solving the equations generated by 

comparing the corresponding coefficients of the two fitted functions. 

(a) Voting Analysis in Image Space 

All pixels on the line-segment in an image vote for all possible cells (αi; dj) in Hough space. For a pixel, given a voting angle 

αi ϵ [0; π), the corresponding dj-value is computed. The cell (αi; dj) is voted for by increasing the voting value at this cell by 1. 

Hij was considered as the voting value of cell (αi; dj) in Hough space. 

In this method, for a voting angle αi, the number of voting cells and voting values of each cell are analyzed first, then a 

functional relationship between voting variance and voting angle was deduced. The actual normal parameters of a line segment 

are denoted by (α0; d0). L and T denoted the length and the width of the line segment. For abbreviation, S and C were used as  

short form of  the values of sine and cosine of | αi -  α0 |, respectively: 

S = sin | αi -  α0 |   and C = cos | αi -  α0 |     (3.3.1) 

Regarding a voting angle αi, the number of voting cells found proportional to the number of parallel  bars intersected by the 

considered line-segment. The voting value Hij , corresponding to the voting angle αi and the distance dj , found proportional to the 

length of the bar intersected by the line-segment. For detecting line segments with different length and width, two cases were 

considered for estimating the number of voting cells and voting values. 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

Figure 3.3.1 : The number of voting cells and voting values for | αi -  α0 |< arctan(T/L) .  

For a voting angle αi, if | αi -  α0 | < arctan(T/L) then there are T.C +L.S parallel bars crossing the considered line-segment in 

total. This is illustrated in Fig. 3.3.1. The voting values are found identical at the middle of the parallel bars, hence the number of 

voting cells equals (T.C  - L.S) . On both outer sides of parallel bars, there are L.S voting cells for each side; and the voting values 

decrease to 0 gradually. For a voting angle αi, if | αi -  α0 | > arctan(T/L) then there are L.S+T .C parallel bars crossing the 

considered line-segment in total. This is illustrated in Fig.3.3.2. At the middle of the parallel bars,the number of voting cells 

equals  (L. S - T . C)  and the voting values are identical. On both outer sides of the parallel bars, there are T.C voting cells on 

each side; and the voting values decrease to 0 gradually.  
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Figure 3.3.2 : The number of voting cells and voting values for | αi -  α0 | > arctan(T=L) . 

 

(b) Voting Variances 

In both cases for a voting angle αi, the voting cells along the axis d can be considered to be  a random variable. The voting  

values of corresponding cells define a probabilistic density function. The voting variance σi
2, which corresponds to voting angle 

αi, is calculated based on the corresponding probabilistic density function. 

For both discussed cases, the voting variance  σi
2 was calculated as follows: 

 

    L2 sin2 | αi -  α0 |  + T2 cos2 | αi -  α0 |  

σi
2       =   ̵  ̵̵ ̵  ̵̵ ̵ ̵  ̵̵  ̵̵ ̵ ̵  ̵̵ ̵  ̵̵ ̵  ̵̵ ̵  ̵̵ ̵  ̵̵ ̵  ̵̵ ̵  ̵ ̵ ̵̵ ̵  ̵̵ ̵ ̵  ̵ ̵ ̵̵ ̵ ̵ ̵  ̵̵ ̵ ̵ ̵ ̵  ̵̵ ̵ ̵ ̵ ̵  ̵̵ ̵ ̵ ̵  

   12 

 

   (L2 – T2) sin2 | αi -  α0 |  + T2  

     =   ̵  ̵̵ ̵  ̵̵ ̵  ̵̵ ̵  ̵̵ ̵  ̵̵ ̵  ̵̵ ̵  ̵̵ ̵  ̵̵ ̵  ̵̵ ̵  ̵̵ ̵  ̵̵ ̵  ̵̵ ̵  ̵ ̵ ̵̵ ̵ ̵ ̵ ̵ ̵ ̵  ̵    (3.3.2) 

   12 

ZeZhong  Xu et al. considered the voting cells around the peak in Hough space. It means that | αi -  α0 | is small, and that one 

can approximate sin | αi -  α0 |  by  | αi -  α0 |. Thus,  

 

            (L2 – T2) αi2 - 2α0 (L2 – T2) αi   + (L2 – T2) α0
2 + T2  

σi
2  =   ̵  ̵̵ ̵  ̵̵ ̵  ̵̵ ̵  ̵̵ ̵  ̵̵ ̵  ̵̵ ̵  ̵̵ ̵  ̵̵ ̵  ̵̵ ̵  ̵̵ ̵  ̵̵ ̵  ̵̵ ̵  ̵̵  ̵̵ ̵ ̵ ̵ ̵ ̵  ̵̵ ̵ ̵ ̵ ̵  ̵̵ ̵ ̵ ̵ ̵  ̵̵ ̵ ̵ ̵ ̵  ̵̵ ̵ ̵ ̵ ̵  ̵̵ ̵ ̵ ̵ ̵  ̵̵ ̵ ̵ ̵ ̵  ̵̵ ̵        (3.3.3)   

          12  

This shows that the functional relationship between voting variance σ2 and voting angle α can be approximated by a 2nd order 

curve (called f for later reference) as expressed in above equation. 

 

(c)  Statistical Distribution in Hough Space 

For a line segment in an image, all collinear pixels vote for all possible cells in the Hough space. Due to various uncertainties, 

the voting in a column is considered as being a random variable. The voting value at each cell defines a probabilistic distribution. 

The authors computed the statistical variances in columns near the peak and use them to fit a quadratic polynomial curve, called g 

for later reference. After voting, a peak is detected and represented by αp; dp). This was considered as a coarse estimate for the 

actual normal parameters. In the αi-column which was close to the peak αp, the middle cells were found with approximately 

identical voting values. The voting values in the middle cells of the column were found larger than the voting values at outer cells.  

Statistical Variances 

For each column αi in a peak region, the statistical mean mi and statistical variance σi
2 were computed as follows: 

mi =  Ʃ [Hij . dj ] / Ʃ Hij       (3.3.4)         

        jϵW       jϵW  

 

σi
2 =  Ʃ [Hij . (dj - mi)2 ] / Ʃ Hij      (3.3.5)         

         jϵW                  jϵW 

where W denotes the peak region in the Hough space. 

(d) Quadratic Polynomial Curve Fitting 

Based on a voting analysis as discussed above, the functional relationship between statistical variance σi
2 and angle α was 

approximated by a quadratic polynomial curve. A quadratic polynomial curve g was fitted to pairs (σi
2, αi), all calculated in the 

peak region.  Formally, this was denoted by 

g : σi
2 = g(α) 

=  e2α2 + e1α + e0        (3.3.6) 

(e) Length and Width of Line-segment 

Length and width of a detected line segment was computed based on the coefficients of the fitted function. Using Equations 

(3.3.3) and (3.3.6), the following equational system was obtained: 
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          (L2 - T2)/12  = e2       (3.3.7)    

 -  2α0 (L2 - T2)/12  = e1       (3.3.8) 

((L2 - T2) α0
2 + T2)/12  = e0        (3.3.9) 

By solving simultaneously these equations, the length L and width T of the line segment were derived as follows: 

           __    ________________  

  L = √12  √ [e2 + e0 – (e1
2/4e2)]     (3.3.10) 

              __        __________________  

  T = √12  √ [e0 – (e1
2/4e2)]      (3.3.11) 

Thus by analyzing the voting variance, a functional relationship between the voting variance and the voting angle was derived. 

The corresponding statistical variances were computed and  used  to fit a quadratic polynomial curve g. Three equations are 

obtained by comparing the coefficients of functions f and g. The length and width of a line segment was calculated by solving 

simultaneously these three equations.. The accuracy and feasibility of this solution proposed by ZeZhong Xu et al. for line-

segment length and width detection was verified by means of experiments.  

As this method focused on the accuracy of length and width calculation for a single detected line segment,  for the accuracy of 

length and width determination, three cases were been considered in terms of different quantization steps and noise scales. In the 

common case there were no noisy pixels, and the quantization of the Hough space equals (Δα, Δd) = (10 , 1p). For the coarse-

quantization case, parameter quantization was set equal to (Δα, Δd) = (40, 4p). For the heavy-noise case, 1,000 noisy pixels were 

randomly generated in each of the 200 x 200 images used. 500 synthetic images were generated randomly for each of the three 

cases and this method was tested. For each of the three cases, 500 resulting detection errors for length and width are documented  

by Figs. 3.3.3, 3.3.4, and 3.3.5. 

 

 

 

 

 

 

 

 

 

 

 
 
 

 

Figure 3.3.3. : Detection errors in the common case. Top: Length. Bottom: Width 
 

In the common case, the calculated values for length and width were found accurate. The mean errors of length and width 

were equal to 0:4853 and 0:0781, respectively. When the Hough space was quantized at (Δα, Δd)  = (40,  4p), the mean errors of 

length and width were equal to 0:5796 and 1:1478 (pixels), respectively. The length detection was accurate, while the width 

detection found sensitive to the quantization interval  Δd. 

 

 

 

 

 
 

 

 

 

 

 

 

 
Figure 3.3.4 : Detection errors in the coarse-quantization case. Top: Length. Bottom: Width 

By adding 1,000 noisy pixels, the mean errors of length and width were equal to 3:0772 and 0:2613, respectively. The 

calculated width values were still accurate but length calculation was now effected by the given image noise. 

 

 

 

 

 

 

 

 

 

 

 

http://www.jetir.org/


© 2019 JETIR June 2019, Volume 6, Issue 6                                                             www.jetir.org (ISSN-2349-5162) 

JETIR1906C22 Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org 137 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.3.5 : Detection errors in the heavy-noise case. Top: Length. Bottom: Width 

4. COMPARATIVE PERFORMANCE  

The selected three methods as described above were compared  by means of accuracy in length detection, computational 

complexity, storage requirement and accuracy dependence. The comparative performance is summarized in the table No. 1, given 

below.  

Table 1 : Performance comparison of the selected HT based method used for length determination 

 

Method Computational 

complexity 

Storage 

requirement 

Error in 

length 

detection 

Accuracy 

Depends on 

Peak detection 

dependence 

Microanalysis of area 

around the peak –  

By Atiquzzaman 

and M.W. Akhtar 

O(1) Comparatively 

more. 

Dependent on 

Image size and 

resolution 

< 1 pixel Selection of 

Cq and Cr 

Indirectly dependent 

on peak detection 

HT Butterfly -   

By Shengzi du et al 

O(ƟTh (P-PTh)) Only Selective 

portion (peak 

region) need to 

be stored  

0.5 – 2 pixel  Proper 

selection of δƟ  

No 

Statistical Analysis of 

voting variance around 

a peak –  

By ZeZhong Xu et 

al. 

Ɵ(i.j) 

i – range of 

quantized angle 

j – range of 

quantized length 

in peak region 

selected  

Only Selective 

portion (peak 

region) need to 

be stored 

0.48-0.58 pixel Image noise No 

 

As seen from the table, Statistical analysis method is provides more accuracy but is sensitive to image noise. The 

Microanalysis method is fast and robust so can be used for real time applications. But it needs comparatively more storage space 

for accumulator processing. The butterfly based method can be effective for length determination constrained to proper selection 

of quantization angle.  

 

5. CONCLUSION 

In HT, both the image space and the parameter space are discretised which introduces errors in the HT data. The image space 

discretisation errors are mainly manifested in the position biases of feature points , while the parameter space discretisation errors 

mainly affect the biases between the peak position and the “true” parameters of the segment. These errors are the main error 

sources of HT. In this paper various Hough Transform based methods which can be used for geometric feature extraction are 

reviewed and how the accuracy and complexity was improved has been discussed. From the view point of effective and accurate 

length determination three different methods are selected and described. Finally the comparative performance evaluation of these 

methods is presented.  In this study, the authors conclude that HT butterfly based method can be robust, accurate and effective if 

angle quantization is set properly.  
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