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1. Abstract:- 

   We define Ck-Convex Function of  a  C- set in a linear Space and established some 

important theorems. 

2. Introduction:-    In this paper we use the notions of convex set and convex function in a 

real or complex linear space as given in Doneford and Schwarz [1] Rayden [2] and Rudin [3] 

in the analogy to the above notions. we define  

Ck- Convex function and established  some  results in connection with this definition.   

 

3.Definition. 

 

 A real Valued function f: R⟶ 𝑅 is a Ck-Convex function (𝑘 ≥ 0) if  

𝐾 + 𝑓(𝑥 + 𝑎) − 𝑓(𝑥) −
𝑎

𝑏
 [𝑓(𝑥) − 𝑓(𝑥 − 𝑏)] ≥ 0 

For all 𝑥  in R and all positive reals a,b. 

Theorem (3.1)   :  If f is 𝐶𝑘 -Convex then f is 𝐶𝑚 –Convex for all m≥ 𝑘. 

Proof:- Since  f is 𝐶𝑘 –Convex, 

𝐾 + 𝑓(𝑥 + 𝑎) − 𝑓(𝑥) −
𝑎

𝑏
 [𝑓(𝑥) − 𝑓(𝑥 − 𝑏)] ≥ 0,  

For all real 𝑥 and and all positive numbers a,b.  

 

Hence m≥ 𝑘 implies 

𝑚 + 𝑓(𝑥 + 𝑎) − 𝑓(𝑥) −
𝑎

𝑏
 [𝑓(𝑥) − 𝑓(𝑥 − 𝑏)] ≥ 0,      Thus f is  

𝐶𝑚 –Convex. 

Theorem(3.2) :  If f and g are 𝐶𝑘 –Convex and 𝐶𝑚 –Convex respectively and  if 𝛼, 𝛽 >

0 𝑡ℎ𝑒𝑛 𝛼𝑓 + 𝛽𝑔 

is 𝐶𝛼𝑘+𝛽𝑚-Convex. 
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In particular, the set of all 𝐶𝑘 –Convex functions is convex. 

Proof:  Since f is 𝐶𝑘 –Convex,  

𝐾 + 𝑓(𝑥 + 𝑎) − 𝑓(𝑥) −
𝑎

𝑏
 [𝑓(𝑥) − 𝑓(𝑥 − 𝑏)] ≥ 0,  

For all real 𝑥  in R and  all positive reals  a,b. 

Since 𝛼 > 0, 

𝛼𝐾 + (𝛼𝑓)(𝑥 + 𝑎) − (𝛼𝑓) (𝑥) −
𝑎

𝑏
 [(𝛼𝑓)(𝑥) − (𝛼𝑓)(𝑥 − 𝑏)] ≥ 0  --------(3.21) 

For all 𝑥  in R and all positive reals a,b. Also  g is 𝐶𝑚 –Convex,  

Hence 

𝑚 + 𝑔(𝑥 + 𝑎) − 𝑔(𝑥) −
𝑎

𝑏
 [𝑔(𝑥) − 𝑔(𝑥 − 𝑏)] ≥ 0  

Where a , b are positive reals and all 𝑥 ∈ 𝑅. 

Hence 𝛽 > 0  implies 

𝛽𝑚 + (𝛽𝑔)(𝑥 + 𝑎) − (𝛽𝑔)(𝑥) −
𝑎

𝑏
 [(𝛽𝑔)(𝑥) − (𝛽𝑔)(𝑥 − 𝑏)] ≥ 0 ………(3.22) 

With x, a, b as before . 

Adding the inequalities (3.21) and (3.22), 

𝛼𝑘 + 𝛽𝑚 + (𝛼𝑓 + 𝛽𝑔)(𝑥 + 𝑎) − (𝛼𝑓 + 𝛽𝑔)(𝑥) −
𝑎

𝑏
 [(𝛼𝑓 + 𝛽𝑔)(𝑥) − (𝛼𝑓 + 𝛽𝑔)(𝑥 − 𝑏)] ≥ 0 

For all x in R and all posiive  reals  a, b. 

But this shows that 𝛼𝑓 + 𝛽𝑔 is 𝐶𝛼𝑘+𝛽𝑚-Convex.  

As a  Particulars case let g be 𝐶𝑘 –Convex  i.e. m = k 

Let 𝛼 + 𝛽 = 1,    𝑡ℎ𝑒𝑛 

𝛼𝑘 + 𝛽𝑚 = 𝛼𝑘 + 𝛽𝑘 = (𝛼 + 𝛽)𝑘 = 𝑘  

Thus 𝛼𝑓 + 𝛽𝑔 is also 𝐶𝑘 –Convex. Hence in particular ,  the set of all 𝐶𝑘 –Convex   

function is convex. 

Theorem (2.3) : If f is 𝐶𝑘 –Convex   then  a function g is given by  

𝑔(𝑥) ≡ 𝑓(𝑥 − 𝑧) 

is also 𝐶𝑘 –Convex   for all z in R. 
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Proof:  Let z be a fixed element in R and x be any element  of  R. 

Since f is 𝐶𝑘 –Convex  ,   

𝑘 + 𝑓(𝑥 + 𝑎) − 𝑓(𝑥) −
𝑎

𝑏
 [ 𝑓(𝑥) − 𝑓(𝑥 − 𝑏)] ≥ 0 

For all positive reals a,b. 

Replacing x by  x - z in the above inequality. 

𝑘 + 𝑓(𝑥 − 𝑧 + 𝑎) − 𝑓(𝑥 − 𝑧) −
𝑎

𝑏
 [ 𝑓(𝑥 − 𝑧) − 𝑓(𝑥 − 𝑧 − 𝑏)] ≥ 0 

 

or,     𝑘 + 𝑓(𝑥 + 𝑎 − 𝑧) − 𝑓(𝑥 − 𝑧) −
𝑎

𝑏
 [ 𝑓(𝑥 − 𝑧) − 𝑓(𝑥 − 𝑏 − 𝑧)] ≥ 0 

or,    𝑘 + 𝑔(𝑥 + 𝑎) − 𝑔(𝑥) −
𝑎

𝑏
 [ 𝑔(𝑥) − 𝑔(𝑥 − 𝑏)] ≥ 0 

For all 𝑥  in R and all positive reals a, b. 

 Hence g is also 𝐶𝑘 –Convex  for all z in R. 
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