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Abstract

In this article, we determined the AVD chromatic number of the splitting graph which is formed from
the cartesian product of path and cycle graphs. Also, the relationship between the chromatic number and
AVD- chromatic number are investigate and illustrated with some examples.
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1.Introduction

In this paper, we have taken the graph to be undirected, finite and simple graph. A colouring of vertices of
G isa mapping f: V(G) —> {1,2,3....k} for every vertex Vv, the integer f(v) is called the colour of v. If no
two adjacent vertices have the same colours then f is called proper colouring. A proper total colouring of a
graph G is a mapping f from V(G) UE(G) to {1,2,3...,k} such that,

a) For all u,veV(G) if uv e E(G) then f(u)£f(v)

b) Forall ere2e E(G), erez if e1e> have a common end vertex then f(e1)#f(e2)

c) ForallueV(G), ee E(G) ifu is the end vertex, then f{u)#f(e)

d) Itis called a avd total colouring if ¢[u]=¢[v] where g[u] ={f (e) | eis incident to v}U{f(v)}.

The avd total chromatic number of G denoted by y,.(G), is the minimum number of colours needed is an avd
total colouring of G. Therefore, y,.,(G) ={k | G is avd total k-colourable}. A cut vertex is a vertex the removal

of which disconnect the remaining graph. M. pilsniak and M. Wozniak first introduced that a proper total
colouring of ¢ is a proper total colourings distinguishing adjacent vertices by sums if for a vertex veV(¢),

the total sum of colours of the edges incident to v and the colour of v, denoted by f(v), are distinct for adjacent
vertices. Here we constructed the splitting graph S'(G) formed from the cartesian product of cycle and path

graphs and we obtained the bounds for S'(G) using AVD-total colouring for various non-negative values of
m and n. We begin with some basic definitions and notations.

Definition 1.1. The cartesian product of simple graphs G and H is denoted by G x H whose vertex set is
V(G)xV(H) and v=(v1,v2) and u=(u,uz) are adjacent if vi=uz and v is adjacent to u. in H or vz is adjacent to
ur in G and v2=uy in H.
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Example 1.2 u;
V1 V2
——c Uz
H
(vl,ul)D(vZ,ul)
(va,u2) (vo,u2)
GxH

Definition 1.3. For a graph G, the splitting graph S'(G) of a graph G is obtained by adding a new vertex v

corresponding to each vertex v of G such that N (v) = N(v)
Example 1.4. a) G Vi

b) S(G) vil

V21 V31

Definition 1.5. Let G be a graph and let V(G) be the set of all vertices of G and let {1,2,3...k} denotes the
set of all colours which are assigned to each vertex of G. A proper vertex colouring of a graph G is a mapping
C:V(G)— {1,2,3....k}such that C(u) # C(v) for all arbitrary adjacent vertices u,v € V(G).

Definition 1.6. If G has a proper vertex colouring then the chromatic number of G is the minimum number of
colours needed to colour G. The chromatic number of G is denoted by y(G)

Definition 1.7. Let G be a simple graph and ¢ is total colouring of G. ¢ is an AVD-total colouring if for
allu,v € V(G), uv adjacent we have C(u) # C(v). Here C(u) : set of colours that occur in a vertex u.

2.AVD-total chromatic number of S'(C, xC,)

Theorem 2.1
Let Crm and C, be two cycle graphs of order m and n respectively. Let G=Cm % C;, be the cartesian product

of two cycle graphs and let S'(G) be the splitting graph then the AVD-chromatic number of S'(G)is given
by 7.[S (G)]=A+2vVm,n=3.

Proof: Let Ch and C, be two cycle graphs of order m and n respectively. Let G=Cn x Cy, be the cartesian
product of two cycle graphs and let S'(G) be the splitting graph. Let W={w1w2Wws......wm} be the vertex set
of Cmand U={u1,uz,us.....Un} be the vertex set in Cn. The graph G has mn vertices and 2mn edges. By definition
of splitting graph, S'(G) has 2mn vertices and it has 6mn edges. This Theorem can be proved using two cases.
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Casel: when m=n=even, i.e., when m=n=21+2VI =12,3... Then,

(Wl,ul) (Wl,u 2 ) . . . ' (Wl, u2I+2 )

(WZ,UI) (WZ,UZ) . " . ' (Wl,u2l+2)
V(G) =

(pat) (W) - o o (st

be the vertex set of order 41> +8| +4and E(G) = {el,ezy ...... e8|2+16|+8}

set of order8l®+16l+8. By the definition of splitting graph, adding the new vertices {vi:1<i<n-
1}corresponding to the vertices {vi:1<i<n} of G, which are added to obtain S'(G). In S'(G), the vertex set is
given by V(S'(G) )= {vil<i<n}U{vi:l<i<n}with8l?+16l+8 vertices and the edge set
E(S'(G) )={ Vivis1 :1<i<n-1}U{ Vivis1 :1<i<n-1}U{ Vi Vis1 :1<i<n} with 2412 + 48] + 24edges. In, particular,
when m=4,n=4 , the graph G has 16 vertices and 32 edges and the graph S'(G) has 32 vertices and 96 edges.
Here V(S'(G) )= {vi:l<isn}U{vi:1<i<n} and E(S(G) )={ ViVis1 :1<i<n-1}U{ Vivie1 :1<i<n-1}U{ Vi
Viw :1<i<n}. Now we assign the AVD total colour the graph S'(G) as follows:
we construct total colouring with distinguishable vertices,(i.e.,) ¢ is the total colouring of G, if ¢isan AVD
total colouring if V uv € V(G) uv adjacent. We have C(u) #C(v). Here C(u): Set of colours that occur in a
vertex u. The colour sets corresponding to each vertices are as follows :
C(v1)=C(v7)={2,3,5,6,7,8,9,10},C(v2)=C(v4)=C(vs5)=C(v10)=C(v13)=C(v15)={1,2,3,4,5,7,8,9,
10},C(v3)=C(v12)={1,2,3,5,6,7,8,9,10},C(vs)=C(v9)=C(v11)={1,3,4,5,6,7,8,9,10},C(vs)=
C(v14)={1,2,3,4,6,7,8,9,10}C(v16)={1,2,4,5,6,7,8,9,10}C(v,)=C( v, )=C(v,)=C(Vv, )=C(V;)

C(Ve )=C(V; )=C(V5)=C(V )=C(V;5 )=C( V33 )=C(Vy; )=C(V33)=C( V54 )=C(V15)=(V;5 )={6,7,8,9, ~ 10}.  The
adjacent vertices have distinct colour sets. which satisfies the condition of AVD-total colouring. Hence the
minimum number of colour needed to AVD-total colour the graph S’(G) is A +2.(i.e.) x.[S (G)]=A+2,
when m=n=2l+2VvI=12_3...

case:2 when m and n are odd and distinct. (i.e.,) if m=21+1,n=21+3V | =12....

(where ej=vivi+1 :1<i<n-1) be the edge

(Wl’ul) (Wl’UZ) * ' * (Wl’u2|+3)

(W27u1) (WZ’UZ) ' ' . (W27u2|+3)
V(G) =

(W2I+1,u1) (W2I+l,u2) . ' . (W2I+1,u2I+3)

be the vertex set of order 41 +8l +3and E(G) = {el’ezy ...... e8|2+16|+8} be the edge set of order 81° +16l + 6. By
definition of splitting graph, V(S (G))= {vi:1<i<n}U{vi:1<i<n} be the vertex set of order 8% +16l +6 and
E(S(G))={ Vivis1 :1<i<n-1}U{ Vivie1 :1<i<n-1}U{ Vi Vis1 :1<i<n} be the edge set of order 241 + 48| +18.
Suppose m=3, n=5 we have the graph G has 15 vertices and 30 edges and S (G) has 30 vertices and 90 edges.

Here V[ S (G)1=30, E[S (G)]=90, we assign the colours as follows:
C(v1)=C(v4)=C(vs)={1,2,3,4,6,7,8,9,10},C(v2)=C(ve)={1,2,3,4,5,7,8,9,10},C(v3)=C(v11)=C(v14)={1,2,4,5,6,
7,8,9,10},C(vs)=C(v12)={2,3,5,6,7,8,9,10},C(v7)=C(v10)=C(v13)={1,3,4,5,6,7,8,9,10},C(ve)=C(v15)={1,2,3,5
,6,7,8,9,103C(v;)=C(V; }=C(Vv3)=C(V, }=C(V5)C (Ve )=C(V; )=C(V4)=C(Vg )=C(Vy)=C(vy; }=C(Vy, )=
C(V,5)=C(v,,)=C(v,s)=(v,, )={6,7,8,9,10}. The adjacent vertices have distinct colour sets. which satisfies the
total colouring with distinguishable vertices. We need A + 2colour for proper AVD total colouring.
Therefore y,[S (G)]= A + 2, proceeding in this manner, for m and n are odd and distinct we have the AVD-
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chromatic number of S'(G) is A+2. (ie.) IS (G)]=A+2form=21+1,n=21+3V | =12....from

case 1 and 2 we have x,[S (G)]=A+2, m,n>3.
Example 2.2. when m=3 and n=3. The cartesian product of G=C3 x Cs is given in figure 1.

(Uwi) (ULw2) (U, ws)

Vi

(uzw1)

(Usw1) V(Us,WZ) v(Us,Ws)

Figure 1. G=C3 x C3

The Splitting graph of G=Cs x Cs is denoted by S'(G) is shown in figure

Figure 2. S'(G)

From figure 1 and 2 the graph G has 9 vertices and 18 edges and the graph S'(G)has 18 vertices and 54
edges. By proper AVD-total colouring we have, C(v1)={1,3,4,5,6,7,8,9,10} C(v2)={2,3,4,5,6,7,8,9,10}
C(v3)={1,2,3,4,5,6,7,8,9} C(v4)={1,2,3,5,6,7,8,9,10} C(vs5)={1,2,3,4,6,7,8,9,10} C(vs)={1,3,4,5,6,7,8,9,10}
C(v1)={2,3,4,5,6,7,8,9,10} C(vs)={1,2,3,5,6,7,8,9,10} C(v9)={1,2,3,4,5,6,7,9,10} C(v,)=C(Vv, )=

C(v3)=C(V,)=C(v;) C(V,)=C(V;)=C(v,)={3,6.7,8}
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3. AVD-total chromatic number of S' (P, xP,)

Theorem: 3.1.
Let Pm and Pn be two path graphs of order m and n respectively. Let G= Pm X Py, be the cartesian product

of two path graphs and let S'(G) be the splitting graph then the AVD-chromatic number of S'(G) is given
by #.[S (G)]=A+2vVm,n=3.

Proof:
Let Pm and Py be the path graphs of order m and n respectively. Let G= Pm x Py be the cartesian product of

two graphs. Let S'(G) be the splitting graph, the vertex set of Pm be W={w1W,.....wm} and the vertex set of

Pn be U={u1Uz......un}. The graph G has mn vertices and 2mn-(m+n) edges and the splitting graph S'(G) has

2mn vertices and 4mn edges. This theorem can be proved in the following cases
Case(i): when m=n are equal and odd i.e., m=n=21+1V | =12....

(Wl’ul) (Wl’u2) : ' . (Wl’u2|+l)

(WZ’ul) (WZ’ u2) ' ' . (W27u2|+1)
V(G) =

(W2I+1,u1) (W2I+1,u2) . ' . (W2I+1,u2l+1)

be the vertex set and E(G) = {el,ezy ...... e8|2+16|+8} be the edge set in G. By the definition of splitting graph,

V(S'(G) )= {vi:1<i<n}U{vi:1<i<n} with 8I? + 8] —4 vertices and the edge set is E(S'(G) )={ Vivi+1 :1<i<n-
13U{ vivier :1<i<n-1}U{ i Vier : 1<i<n} with 161% +16l —8 edges. In particular, for m,n=3 the graph G has
9 vertices and 12 edges and the splitting graph S'(G) has 18 vertices and 36 edges. Here
V(S (G))={(viva, .. Vn) U (Vi,V2...vn)} E(S'(G))={(er,ez...en)U(e1,e2.....en)} Where ei=vivi:1 and
ei =(Vi Vi+1) U (Vivi«1 ). Now we assign the AVD-total colour the graph S'(G) as follows: (i) we construct total
colouring with distinguishable vertices. The colour sets corresponding to each vertices are given below :
C(v1)={1,3,4,8,10},C(v2)={2,3,4,5,7,8,9}C(v3)={3,4,2,9,8}C(v4)={2,4,1,5,8,7,9}C(v5)={3,1,4,5,6,7,8,9,10}
C(ve)={1,4,5,2,7,10,9}C(v7)={1,3,5,7,9}C(vs)={2,3,4,6,7,8,10},
C(ve)={3,4,5,8,10}C(v,)=C(v,)={1,8,73C(v,)={1,7,8,9}=C(v, )={1,7,8,10}C(v,)={1,7,8,9,

10}C(v, )=C(v;){1,8,9,10} C(v,)={17,9} C(v,)={1,9,10}. The adjacent vertices have distinct colour sets.
Thus the proper AVD-total colouring, Therefore #,[S (G)]=A+2Vm,n=3and I=1 proceeding in this way

for m and n are equal and odd. We have the AVD-chromatic number of S'(G) is 7.[S (G)]= A +2when
m=n=21+1VI1=12...
Example 3.2 when n=3,m=3 The cartesian product of G=P3 x P3zis given in figure 3.

(Uz,w1) (ULw2) (Uws)
V1 A V.
(uz 1) (U2W2) (U23)
V4 V5 V6
(uzwz) (UsWv2) (Usvf3)
o VA \o,

Figure 3. G=P3 x P3
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Figure 4. The splitting graph of G=Ps x P is denoted by S'(G) is shown in figure 4.

From figure 1 and 2 the graph G has 9 vertices and 18 edges and the graph S'(G)has 18 vertices and 36
edges. By proper AVD-total colouring we have, C(v1)={1,3,4,5,6} C(v2)={2,3,4,5,6,7,8}
C(v3)={1,3,4,5,6,} C(v4)={2,3,4,5,6,7} C(v5)={1,3,4,5,6,7,8,9,10} C(ve)={2,3,4,6,7,9,10} C(v7)={1,3,4,7,8}
C(vs)={2,3,4,5,8,9,10} C(ve)={1,3,4,7,8} C(v,)= {3,6,8}C(V, )={3,4,5,73C(v,)={3,6,7}
C(v,)={3,6,7,8}C(v,)={3,7,8,9,10}C(v, )={3,6,8,93C(V, )={3,7,8}C(v,)={3,7,8,10} C(v, )={3,9,10}
Theorem 3.3.

Let Pm and Py, be two path graphs of order m and n respectively. Let G= Py % Py be the cartesian
product of two path graphs and let S'(G) be the splitting graph then the AVD-chromatic number of S'(G) is
given by 7,[S(G)]=A+2Vvm,n=2.

Proof:
Let Pm and Py be the two path graphs of order m and n respectively. Let G= Pm % P, be the cartesian
product of two path graphs and let S'(G) be the splitting graph. Let W={w1Ww2.....wm} be the vertex set of

Pmand U={uiuz.....un} be the vertex set of P,. The graph G has mn vertices. We prove this theorem by the
following cases.
Casel: when m is even and n is odd, e, if m=2l,n=21+1V | =12....

V(G)= {(w,u;)/ 1<i<2l ; 1<j<2l+1 ; V I=12.. } be the vertex set and the edge set
of Gis E(G)= {elyezv ...... e
corresponding to the vertices{v, :1<i < n} of G. which are added to obtain S'(G). In particular, when m=2,

4|2+4|71} By the definition of splitting graph adding the new vertices {v; :1<i<n}
n=5 the graph G has 10 vertices and 13 edges and the graph S'(G) has 20 vertices and 39 edges. Here
V(S (G))={(viva, . va) U (Vi,Vv2...vn)} E(S'(G))={(er,ez,...en)U(e1,e2.....en)} Where ei=vivi1 and

ei =(Vi Vi+1) U (Vivi:1 ). Now we assign the AVD-total colour the graph S'(G) as follows: (i) we construct total
colouring with distinguishable vertices. The colour sets corresponding to each vertices are given below :

C(v1)={1,3,4,6,7},C(v2)={2,3,4,6,7},C(v3)=C(Vve)=C(v7)={2,3,4,5,6,7,8}C(v4)=C(vs)=C(v6)=C(vs)={1,3,4,5,
6,7,8},C(ve)={1,3,5,6,7},C(v10)={2,3,5,7,8},C(Vv,)={3,8,73C(V, )=C(V, )=C(V,,)={3,6,7}C(V,)=
C(V,)=C(V5)C(V, )=C(V; )=C(v;)={3,6,7,8}.
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Case 2: when m and n are even and distinct, ie, if m=2, n=21+2VI=12..
VG)= {(w,u)/ 1<i<2l ; 1<j<21+2 ; V |=12.. } Dbethe vertex set and the edge set of
Gis E(G) = {elvezl ...... e4|2+6|} . By the definition of splitting graph, For m=4, n=2, we have the graph G has 8
vertices and 10 edges and the splitting graph S'(G) has 16 vertices and 30 edges. Here V(S '(G) )= {vi:1<i<n}
U{vi:1<i<n} and E(S (G) )={ Vivis1 :1<i<n-1} U{ Vivir1 :1<i<n-1}U{ Vi Vis1 :1<i<n}. By proper AVD-total

colouring we have, First we construct total colouring with distinguishable vertices. The colour sets
corresponding to each vertices are given below C(v1)={1,3,4,6,7}, C(v2)={2,3,4,6,7} C(v3)=C(ve)={2,3,4,

5,6,7,8}C(v4)=C(vs)={1,3,4,5,6,7,8}C(v7)={2,3,4,7,8},C(vs)={1,3,4,6,7},C(v,)=C(V, )= C(v,)={3,6,7},
C(v;)=C(v,)=C(v,) =C(v,)={3,6,7,8},C(v,)={3,7,8}. Fromcase 1 and case 2 we have the adjacent vertices
have distinct colour sets. Which satisfies the condition of AVD-total colouring and the minimum number of
colour needed to AVD-total colour the graph S'(G) is A + 2. Therefore proceeding in this way for all m and
n are even and distinct, the AVD-total chromatic number of S'(G) is A+2. Hence
2.[S (G)]=A+2Vm,n=2.

Example 4.2 when m=4, n=2. The cartesian product of G= P4 X P is given in figure 5.

(uLwi) (UL w2)

Figure 5. G= P4 x P> From figure 5, the graph G has 8 vertices and 10 edges. The splitting graph of figure 5
is shown in figure

Figure 6. S'(G)

From figure 1 and 2 the graph G has 8 vertices and 10 edges and the graph S'(G)has 16 vertices and 30
edges. By proper AVD-total colouring we have, C(v1)={1,3,5,6,7} C(v2)={2,3,5,6,7} C(v3)={2,3,4,5,6,7,8}
C(v4)={1,4,3,5,6,7,8}3C(vs)={1,3,4,5,6,7,8} C(ve)={2,3,4,5,6,7,8} C(v7)={2,4,5,7,8} C(vs)={1,3,5,7,8}
C(v;)=C(v, )={5,6,73C(Vv;)=C(V, )=C(V5) C(V,)={5,6,7,8}C(v;)=C(v;)={5,7,8}

4. AVD-total chromatic number of S'(P, xC,)

In this section we obtain the splitting graph of G formed from the cartesian product of path and cycle
graphs and we determined the bounds for the splitting graphs using the concept of AVD-total colouring.
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Theorem 4.1:

Let Pm and C, be two graphs of vertices m and n respectively and let G= P % Py, be the cartesian product
of two graphs and let S'(G) be the splitting graph then the AVD-chromatic number of S'(G) is given by
7.[S (G)]=A+2vm=2 and n>2.

Proof:
Let Pm and C;, be two graphs of vertices m and n respectively. Let G= Pm % P, be the cartesian product of

two graphs and let S'(G) be the splitting graph. Let W={wiws>,....wm} be the vertex set in Pm and
U={uuz......un} be the vertex set in Cn.. The graph G has mn vertices and 2mn-n edges. The splitting graph
S'(G) has 2mn vertices and 4mn+n edges. We shall prove this theorem in different cases.

Case 1: when m and n are even and distinct. ie, m=2,n=21+1VI1=12....
VG)= {(w,u;)/ 1<i<2l ; 1<j<21+2 ; V 1=12.. } bethe vertexset and the edge set of
Gis E(G)={e,€,..€,..,,, - By the definition of splitting graph, V(S (G) )= {vi:1<i<n}U{vi1<i<n} and
E(S'(G) )={ ViVis1 :1<i<n-1} U{ ViVis1 :1<i<n-1}U{ Vi Vi1 :1<i<n}. In particular, when m=2, n=4 and when
I=1; we have G has 8 vertices and 12 edges and S'(G) has 16 vertices and 36 edges. Now we assign AVD-
total colour the graph S'(G) as follows: First we construct total colouring with distinguishable vertices. The
colour sets corresponding to each vertices are given below: C(v1)=C(v3)=C(ve)=C(vs)={1,3,4,5,6,7,8}
C(v2)=C(va)=C(vs)=C(v7)={2,3,4,5,6,7,8};C(V,)=C(V,)=C(V,)=C(V, )=C(V;)C(V, )=
C(v,)=C(v,)={3,6,7,8}. Hence #,[S (G)]=A+2vm=2, n=4 and | =1. Proceeding in this manner, For n
and m are even and distinct. we have the AVD-chromatic number of S'(G) is A+ 2. i.e,, 7S (G)]=A+2
when m=2l,n=21+1V | =12....

Case 20 when m is even and n is odd, ie., m=2l,n=21+1V | =12....
VG)= {(w,u;)/ 1<i<2l ; 1<j<21+2 ; V |=12.. } be the vertex set and the edge set
of G is E(G) = 16,6, .80, , - BY the definition of splitting graph, V(S'(G) )= {vi:1<isn}U{vi:1<i<n}
and E(S'(G) )={ vivis1 : 1<i<n-1}U{ Vivis1 :1<i<n-1}U{ Vi Vis1 :1<i<n}. In particular, suppose m=2, n=5 and
| =1 ; The graph G has 10 vertices and 15 edges and the graph S'(G) has 20 vertices and 45 edges. Now we

assign AVD-total colour the graph S'(G) as follows. First we construct total colouring with distinguishable
vertices. The colour sets corresponding to each vertices are given below : C(vi)=C(v3)=C(v7)=
C(ve)={1,3,4,5,6,
7,8}.C(v2)={2,3,4,5,6,7,8};C(v4)={1,2,3,4,6,7,8};C(vs)=C(v8)={2,3,4,5,6,7,8};C(v6)={1,2,3,56,7,8}C(V10)=
{1,2,3,4,5,6,8};C(v,)=C(v, )=C(v,)=C(V, )=C(v,)={3,6,7,8};,C(v;)=C(vy )= {3,1,7,8}; C(v;)={3,2,7,8};
C(v,)={3,4,7,8}; C(v,,)={3,2,5,8}. Hence the minimum number of colours needed to AVD-total colour this
graph is A + 2. Therefore, y,[S (G)]= A+ 2for all m=2, n>2. Proceeding in this way for m is even and n is

odd we have the AVD-chromatic number of S'(G) is A+ 2 ie., 7,[S(G)]=A+2 when m=2l,n=2l+1
vVi=12..

Example 4.2 when m=2 and n=4. The cartesian product of G= P, x Csis shown in figure 7
(ug,wi) (U1, W)

Figure 7. G= P2 x C4 The splitting graph of figure 7 is shown in figure 8.
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Figure 8. S'(G)

From figure 1 and 2 the graph G has 9 vertices and 18 edges and the graph S'(G)has 18 vertices and 54
edges. By proper AVD-total colouring we have, C(v1)={1,3,4,5,6,7,8} C(v2)={2,3,4,5,6,7,8}
C(v3)={1,3,4,5,6,7,8} C(v2)={2,3,4,5,6,7,8} C(vs)={2,3,4,5,6,7,8} C(ve)={1,3,4,5,6,7,8}
C(v7)={2,3,4,5,6,7,8} C(vs)={1,3,4,5,6,7,83}C(v,)=C(V, )=C(V,)= C(v,)=C(v;) C(v,)=C(V,)=
C(Vé)={3,6,7,8}

Conclusion :

In this paper, we have established the chromatic and AVD-chromatic number of splitting graphs
formed from the cartesian product of path and cycle. We discussed the relationship between the AVD-
chromatic number and chromatic number with different parameters. Subsequently, this work can be
additionally extended to simple graphs formed from various graph products.
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