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Abstract : In this paper, we have obtained the line graph of a complete graph Ki. It is denoted by L(K,). In this we established
bounds for distinct domination parameters such as domination number 5 (G ), Inverse domination number »’(G ), 2- domination

- ' ) I 2 I
number y,(G), Inverse 2- domination number y, (G) Location 2- domination number RD(G), Total domination number

Vi (G) Accurate domination number J/a(G), Efficient domination number 7, (G) Also studied some of the properties and
illustrated with examples.

Keywords: Complete graph, Line graph, Domination number, Total domination number, Accurate domination number, Inverse
domination number, 2- domination number, Inverse 2- domination number, Location 2- domination number, Efficient domination
number.

1. INTRODUCTION

In this paper, we have taken the graph to be connected, undirected, finite and simple graph (2). The concept of line graph was
invented by H.Whitney 1932. Line graph L(G) of a complete graph K, denoted by L(K,) is a graph whose vertices of L(K,) are
the edges of K, and two vertices of L(K,) are adjacent if the corresponding edges of K, are adjacent. In 1958, the concept of
domination in graph was defined by Claude Berge and Ore. Here, we have applied different domination parameters in L(K,). We
proved some theorems and also discussed results. We begin with some basic definitions and notations.

Definition 1.1: (1)

A graph in which any two distinct vertices are adjacent is called complete graph and it’s denoted by K, , where n is the order of
the graph.

Definition 1.2: (3)

Line graph L(G) of a graph G is that the vertices of L(G) are the edges of G and two vertices of L(G) are adjacent if the
corresponding edges of G are adjacent.

Example:

Vs V3 (A
e e,
Vi e, Vy
G L(G) €3
fig.1

DOMINATION PARAMTERS:

Definition 1.3: (6)

A non- empty subset D of V is called a dominating set of G if every vertex of D is adjacent to each vertex of V-D. The
domination number y(G) of a graph G is the minimum cardinality of a dominating set of G.
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Definition 1.4: (10)

Let D be 7 -set of a graph G. A dominating set of D' C V-D is called an inverse dominating set of G with respect to D. The
smallest cardinality among all minimal dominating set in (V-D) is called inverse domination number and is denoted by »*(G).
Definition 1.5:

Let D be 7-set of a graph G. A dominating set of D' C V-D is called an inverse 2- dominating set of G with respect to D if V-D

is adjacent to atleast two vertices of D'. The smallest cardinality among all minimal dominating set in V-D is called inverse 2-

domination number and is denoted by y, (G)

Definition 1.6: (7)
A non- empty subset D of V is called a 2- dominating set of a graph G if for every vV either ve D or v is adjacent to atleast two
vertices of D. The 2- dominating set is denoted as D,. The 2- domination number y,(G) is the minimum cardinality of

dominating set of G.
Definition 1.7: (7)
A non- empty subset D of V is location 2-dominating set of G if D is 2- dominating set of G and if for any two vertices u,ve V-D

such that N(u)n D # N(v)n D. The minimum cardinality of location 2-dominating set is said to be the location 2- domination
number and is denoted by Ré (G)=|D|.

Definition 1.8: (9)
A dominating set D of vertices of G is called total dominating set if every vertex in V(G) is adjacent to atleast one vertex in D.

The total domination number of G denoted by ha (G) is the minimum cardinality of a total dominating set D' of G.
t
Definition 1.9: (4)

A dominating set D of a graph G is an accurate dominating set, if VV-D has no dominating set of cardinality |D| The accurate
domination number Y (G) is the minimum cardinality of an accurate dominating set.
a

Definition 1.10: (5)
A dominating set D of G is an efficient dominating set if every vertex in V-D is adjacent to exactly one vertex in D. The efficient

domination number Y (G)is the minimum cardinality of an efficient dominating set.
e

2. LINE GRAPH OF A COMPLETE GRAPH
Theorem 2.1
If L(K,) is a line graph of a complete graph K, of order n=3 and neZ* , then

|E(L(Kn ))| = w where |E(L(Kn ))| is the number of edges of line graph of a complete graph.

Proof
Let K, be any complete graph of n vertices and L(K,) be the line graph of a complete graph K, where n is the number of

vertices (order) of any complete graph K, and |E(L(Kn ))| is the number of edges (size) of L(K). The order of L(Ko) is given by

the number of edges in K,
For n=2, L(Ky) is a null graph.

For n= 3, L(Ks) is of order 3 and size is given by |E(L(K3))| = w =3
For n= 4, L(Ky) is of order 6 and size is given by |E(L(K4))| = w =12
For n="5, L(Ks) is of order 10 and size is given by |E(L(K5))| = w =30
For n= 6, L(Ks) is of order 15 and size is given by |E(L(K6))| = w =60

For n= 7, L(K5) is of order 21 and size is given by |E(L(K7 ))| = w

=105

nn-1)(n-2)
2

In general, for any line graph of a complete graph of order M , the number of edges is given by |E(L(Kn ))| =

forn23
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Example 2.1.1
For n=5, then L(Ks) is described below,

fig.2: L(Ks)

The order of L(Ks)= [\/ (L(K5))| is given by the number of edges in Ks.

ie) n(nz— 1) = 5(52_ ) = 10. Therefore [\/ (L(KS))| =10

The size of L(Ks)= |E(L(K5))| is the number of edges of L(Ks)
ie) [E(L(K;))|= 2062 5

For n=6, L(Ks) is described below,

fig.3: L(Ks)
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The order of L(Ke)= [\/ (L(KG))| , is given by the number of edges in Ks.

ie) ”(nz_ 1) 6(62_ 1. 15. Therefore, V (L(K;))| = 15

The size of L(Ke)= |E(L(K6))| is the number of edges of L(Ks)
ie) [E(L(K,)) =222 =60

For n=7 then L(Ky) is described below,

V7 Vg

Vs \'

Vy V11

V3 V12

V2 Vi3

Vig

Vis

Va1 Vi

Vig Vig

fig.4: L(K;)

The order of L(K7)= [\/ (L(K7))| , is given by the number of edges in K.

ie) n(nz— 1) = 7(72_ 1) = 21. Therefore, [\/ (L(K, ))| =21

The size of L(K)= |E(L(K7 ))| is the number of edges of L(K>)
ie) [E(L(K))|= 22202 =105

Note: {B} is the integral part of B VpgezZ
q q
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Results:
1) The vertex set of K, is the edge set in (L(K,)) and hence [\/ (L(K, ))| =

2) For complete graph K, no line graph exist.

3) Line graph of Ky is a null graph.

4) Line graph of K3 graph is a Kz graph. (ie) L(Ks)= K3

5) For all n>3, line graph of complete graph is not complete.

6) Since the every line graph of complete graph has the same degree, hence (L(K.)) is a regular graph for non- negative n>3

nn-1)
2

3. DISTINCT DOMINATION PARAMETERS:

In this section, we discussed some of the domination parameters in line graph of a complete graph and proved some theorems and
results.

Theorem 3.1

Let L(Kn) be any line graph of a complete graph and 7 (L(Kn)) the domination number of L(Ky) and 5’ (L(Ky)) is the inverse

domination number then,

n
J (L(Kn))= [E} = 7" (L(Kn) forn>3 &ne z*

Proof
n(n-1)
2

vertices an

Given that, L(Ky) is a line graph of K, and hence by definition of line graph we have
To prove: } (L(Kn)V n=>3,

We prove this by induction method,

By the definition of domination number, we know that ¥ (L(Kx)) is the domination number of L(Kn),

For n=3, we have, V(L(K3))= {v1, V2, vs} (ie) L(K3) has order 3 and size of L(Ks3) is also 3 or L(K3) has the same order and size
which is equal to 3. The minimum dominating set of L(K3) is

d —n(n—lz)(n—z) edges.

3
D= {v1}, hence } (L(K3))= [E} =1

For n=4, we have V(L(Ka4))= {v1, V2, Vs,...,ve} is L(K4) of order 6 and size 12.

4
The minimum dominating set of L(Ka) is D= {vi1,ve}, hence 7 (L(K4))= [E} =2

For n=5, The order and size of L(Ks) are 10 and 30 respectively
We have V(L(Ks))= {V1, V2, Vs,...,vi0}

5
By the definition of dominating set, we have D= {v1, vs}, hence 7 (L(Ks))= {E} =2

Similarly, for n=6, we get the line graph of order 15 and size 60 we have, V(L(Ke))= {Vv1, V2, Vs,...,V15}

6
The minimum dominating set is D= {vs, Vs, 13}, hence } (L(Kg))= |:E =3

For n=7, L(K5) contains 21 vertices and 105 edges. Let, V(L(K7))= {vi, V2, Vs,...,v21}

7
The minimum dominating set is D= {v1, vis vis} < V(L(K7)) hence }/(L(Kﬁ):[i} =3

Proceeding in this way for all n >3, we have

n
(L(Kn)= {E} — ()
Next we determine inverse domination number of L(K.).
By the definition of inverse domination number, let D' be the inverse dominating set and
7" (L(Ky)) is the inverse domination number of L(Kn,)
For n=3, we have V(L(K3))= {v1, v2, v3}
Since D= {vs} = V(L(K3)) is the dominating set of L(K3) where D' = {vi} < V-D is the inverse dominating set of L(K3) and
hence by definition of inverse domination number,

Lk =] > |2
Y (LK== |=1
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For n=4, we have V(L(K4)) = {v1, V2, V3,..., v6}
The dominating set is D= {v1, vs} < V(L(Ka))

Since D' = {v,, vs} < V-D is the inverse dominating set of L(K4) and hence by definition of inverse domination,

K= | =2
y (LK==

For n=5, we have V(L(K5)) = {V1, V2, V3,...,V15}
The dominating set is D= {v1, vg}. Since D'= {vs4, vs} < V-D is the inverse dominating set of L(Ks) and hence by definition of
inverse domination,

5
7" (L(Ks))= [—} =2
2
For n= 6, we have V(L(Ks)) = {v1, V2, Vs,...,vi5}
The dominating set is D= {vs, Vg, V13}. Since D' ={v1, vi2, via} < V-D is the inverse dominating set of L(Ks) and hence by
definition of inverse domination we have,

(L(K —§—3
y (LK==

For n=7, we have V(L(K7)) = {v1, V2, V3,...,v21}
The dominating set is D= {vi, vis, vig}. Since D" = {2, v4, vi} = V-D is the inverse dominating set of L(K7) and hence by
definition of inverse domination,

(LK —[Z}s
y (LKD=| 5=

”(nz_l) vertices and M edges. The vertex set of L(Ky) is given by

V(L(Kn))= {Vv1, Va,....., vijand by the definition of inverse domination we have,

In general, for all n23 the graph L(K,) has

n
7" (L(Kx)) :[E} n=3 — (2

n
From equation (1) & (2) we conclude that } (L(K»))= [E} = 7" (L(Kn)) V n=3

Result
The domination number and inverse domination number are equal for line graph of a complete graph of order n> 3.
Example 3.1.1 Consider the line graph of a complete graph Ks

fig.5: L(Kg)
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For n=6, we have V(L(Ke))={V1, V2, V3,...,V15}

6
The dominating set is D= {vs, Vs, Vi3}, hence J (L(Ke))= {E} =3

Let V-D ={ vi, V2, V3, V4, V7, Vg, V1o, V11, V12, V14, V14, Vi5}

6
The inverse dominating setis D' = {v1, viz, vis} € V-D, hence 5’ (L(Ks))= {— =3

2
n
Therefore, 7 (L(Kn))= E = 7" (L(Kn)V n=3
Example 3.1.2
Consider the line graph of a complete graph K-
V7 Vg
Vg Vo
Vs V1o
V4 Vi1
V3 V12
Vo Vis
Via
Vi
Vis
Va1 Vie
V2o V17
Vig Vig

fig.6: L(K7)

For n=7, we have V={v1, 2, vs,...,v21}

7
The dominating set is D= {v1, vis vis} = V(L(Ks)) and hence y(L(Kﬁ):{ﬂ =3

7
The inverse dominating setis D' = {v,, v4, v;} = V-D, hence 3’ (L(K7))= [E} =3

n
Therefore, yL(Kn))= {E} = 7" (L(Kn) YV Nn=>3
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Theorem 3.2:
Let L(K.) be the line graph of a complete graph, then 2- domination number}/2 (L(Ky)) and location 2-domination number R;
(L(Ky)) are given by,

¥, (L(Kn)= (2n-5) = R (L(Ky), ¥ n>3

Proof:

Let L(K,) be the line graph of a complete graph. This theorem can be proved by the method of induction
When n= 4, we’ve L(Ka) graph with 6 vertices and 12 edges. Let D, be the 2- domination set of L(Ks). We define D, = {v1, vs,
vs} < V(L(K4)). Since each vertex of D, has two neighbourhood (or) adjacent to atleast two vertices in V-D,

S0 7/2 (L(K4))= 2(4)-5 =3 and the definition of location 2- domination number we have to show that, N(u)n D, 7 N(v)n D2

Since, V-Dj = {vz, V4, V6}

Take, u= Vv, V= V4

N(v2) N Do= {v1, V3, Va, Ve}N{V1, V3, Vs}= {vi, V3} > (1)
N(va) N Do= {v1, Vo, Vs, Ve}N{V1, V3, V5}= {Vv1, V5} > (2)
N(v2) N D2 7 N(vs) N Dy, by (1) and (2)

Therefore, R? (L(K,))=|D,|=3 ("~ D2 = {v1, va, ve}) ie. R (L(K,))=2(4)-5=3
When n=5, we’ve L(Ks) graph with 10 vertices and 30 edges. Let D, be the 2- domination set of L(Ks). We define D, = {v1, vs,

V7, Vg, Vo} C V(L(Ks)). Since each vertex of D, has two neighbourhood (or) adjacent to atleast two vertices in V-D- , so 7/2

(L(Ks))=2(5)-5=5.

By the definition of location 2- domination number we have to show that, N(u)n D, #Z N(v)n D;

Since, V-Dz = {vz, V4, Vs, Ve, Vi0}. Take, U= v, v= vsand by the definition of location 2- domination number we have
N(V2) N D= {v1, V3, V4, Vs, V7, Vo}N{V1, V3, V7, Vg, Vo}= {V1, V3, V7, Vo } » (3)

N(Vs) N D= {Vz, V1, V1o, V7, Vg}ﬂ{Vl, V3, V7, Vs, V9}= {V1, V7, Vg} > (4)

N(v2) N D2 7 N(vs) N Dy, by (3) and (4)

Therefore, RE(L(KS)) = |D2|= 5( . D2 ={v1, V3, V7, Vg, Vo}) ie. RZD(L(KS))= 2(5)-5=5

Similarly for n= 6, we’ve L(Kg) graph with 15 vertices and 60 edges. Let D, be the 2- domination set of L(Ks). We define
Dy = {v1, V3, Vs, Vg, V1o, V12, Via} < V(L(Ks)). Since each vertex of D, has two neighbourhood (or) adjacent to atleast two vertices

in V-D2, so 7/2 (L(Kg))=2(6)-5=7.

Since, V-D; = {V2, V4, Ve, V7, Vg, V11, V13, Vis}.

Take, U= vy, V= V15

N(v7) N D2= {V1, V4, Vs, Vs, V1o, V12, Vi3, Vis}N{ V1, V3, Vs, Vg, V1o, Vi2, Via}= {V1, Vio, Vi2} ——» (5)
N(vis) N D2= {V14, V13, V12, Vo, V7, Ve, V4, V2 }N{ V1, V3, V5, Vo, V1o, V12, V14 }={V1s, V12, Vo} —  (6)
N(v7) N D2 7 N(vis) N Dy, by (5) and (6)

Therefore, R? (L(K;))=|D,|=5
ie. R (L(K¢))=2(6)-5=7

In general we conclude that we have, ¥ (L(Kq))= (2n-5) = RE (L(Kn) V n>3
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Example 3.2.1
Consider the line graph of Ks of order 10 and size 30.

Vg

fig. 7: L(Ky))

For n=5,the 2- domination set is D2 = {va, Vs, V7, Vg, Vo}
7, (LK)=5
Location 2- domination number:
V-Dy = {Vz, V4, Vs, V6, V10} < V(L(Ks))
Let u= vy, v=Vvs € V-D;

N(V2) N D2 = {va, V3, V4, Vs, V7, Va}N{V1, V3, V7, Vs, Vo}= {V1, V3, V7, Vo}
N(vs)N Dz = {Vz, V1, Vg, V7, Va}N{V1, V3, V7, Vg, Vo}= {V1, V7, Vo}

N(v2) N D2 * N(vs) N D2
R (L(Ks))=|D,|=5. Hence, ¥, (L(K)= (2-5) = R (LK), V n>3

Theorem 3.3:
For any line graph of a complete graph L(Ku), the total domination number

4 (L(Kn)) is equal to n-2 for n>4 & nezZ*
t
ie) y (L(Kn)=(n-2), for n=4 & nez*
t

Proof:

We proved this theorem by induction method

When n=4, we have the line graph L(K.) is of order 6 and size 12

Let D' = { vy, vs} be the dominating set of V(L(Ka4)). Since each vertex of D' dominates every vertices of V((K4)) = {v1, V2, Vs,...,

Ve}and ‘Dt‘:z
7/t(L(K4)): 4-2=2

When n=5, we have the line graph L(Ks) of order 10 and size 30.
Let D'= {vi, vs, vio} be the dominating set of V(L(Ks)). Since each vertex of D' dominates every vertex of V(L(Ks))

and ‘Dt‘: 3. By the definition of total domination, we have

¥ (L(K,))=52=3

In the same way for n=6, we have the line graph L(Ks) of order 15 and size 60.
Let D= {vi, Vs, V12, Vas} be the dominating set of V(L(Ks)). Since each vertex of D' dominates every vertex of V(L(Ks))

and ‘Dt‘z 4. By the definition of total domination, we have
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¥, (L(K,))=6-2=4
In general, for line graph of a complete graph Kn, we have the total domination ‘Dt‘ =(n-2)

ie) V., (L(Kp))=(n-2), for n>4 & neZ*

Observations
i) For any line graph of a complete graph L(K,) the accurate domination number, Y (L(Kn )) does not exists since VV-D has no
a

dominating set of cardinality |D|

ii) The efficient domination number Y (G) does not exists in L(Kn) since no vertex in V-D is adjacent to exactly one vertex in
e

D.

iii) Inverse 2- domination number y, (G) is not possible since no vertex in V-D is not adjacent to atleast two vertices of D" .

4. Conclusion

In this paper we’ve obtained line graph of a complete graph L(Kn) and established exact bounds for distinct domination
parameters such as domination number, Inverse domination number, 2- domination number, Inverse 2- domination number,
Location 2- domination number, Total domination number and found that accurate domination number, inverse 2- domination
number and efficient domination number does not exist. Also, some of its properties are studied and is illustrated with examples.
This work can be extended by establishing various parameters using colouring, labelling. etc
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