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Abstract 

 In this paper our aim is to discuss about fixed point theory in 2-Banach Space through the concept 

of non expansive mapping. 
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1. INTRODUCTION  

Let X be a set and F be a function from X to X. A fixed point of F is an element Xx , such that 

F(x) =x. A fixed point theorem is a theorem that assets that every function that satisfies some given 

property must be a fixed point. 

The concept of two Banach Space firstly introduced by Gahler[2] .This space was subsequently 

been studied by Mathematician (Kirk 1981). Recently A.S.Saluja,  A.K.Dhakde [5], Shefali vijay 

vargiya,sonal Bharti [6] and Shukla D.P, Vivek Tiwari [7] also worked  Common fixed point theorem in 2-

Banach Spaces for self mapping and D.K.Mali, R.K.Gujetiya, Mala Hakwadhiya [1] and 

V.Gupta,A.K.Tripathi [8] also proved fixed point  theorem in 2- Banach Space  for non expansive 

mapping. In the paper I prove a common fixed point theorem in 2 – Banach Space by taking non expansive 

mapping. 

2. PRELIMINARIES 

Definition 2.1 [1] 

Let X be a real linear space and .,. be a non negative real valued function defined on X satisfying 

the following conditions. 

(i)  0, yx if and only if  x and y are linear independent. 

(ii) xyyx ,,   for all Xyx ,  

(iii) yxaayx ,,  , a being real for all Xyx ,  

(iv) zxyxzyx ,,,  , for all Xzyx ,,  

Then .,.  is called a 2-norm and the pair (X, .,. ) is called a linear 2-normed space. So a 2-norm 

yx,  always satisfies yxaxyx ,,   for all Xyx ,  and all scalar a. 
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Definition 2.2 [1] 

A sequence {xn} in a 2- normed linear space (X, .,. ) is said to be convergent sequence if there is a 

point Xx  such that 0,  axxn  as n  and  for all Xa  .If  xn converges to x ,we write  

 nasxxn . 

Definition 2.3 [1] 

A sequence {xn} in a 2-normed space (X, .,. ) is called a Cauchy sequence if  0,  axx nm as 

nm,  and for all Xa . 

Definition 2.4 [1] 

A linear 2 normed space is said to be complete if every Cauchy sequence is convergent to an 

element on X.A complete 2-normed space X is called 2- Banach Spaces. 

Definition 2.5 [1] 

 Let X be a 2-Banach space and T be a Self mapping of X .T is said to be continuous at x if every 

sequence {xn} in X,    nasxxn  implies   nasxTxT n )()( . 

Definition 2.6 [1] 

 Let X be a 2-Banach space and C be a non empty bounded closed and convex subset of X. A 

mapping XCT :  is said to be non expansive if  ayxayTxT ,),()(   where Cyx , . 

3. THEOREM 

 Let F and G be two non expansive mapping of a 2-Banach space X into itself. F and G satisfy the 

following condition: 

(1). FG=GF=I, where I is identity mapping. 

(2).
  




































2

3

,,

,,,,

,,

,,
,

ayxaGyy

ayxaGyxaFyyaFxx

ayxaFxx

aFxyaGyx
aGyFx   

                              ayxaFxyaGyxaGyyaFxx ,,,,,  
                    

Where 0,,,,   for all ,, Xyx  Where 2445    and 12    .Then       

F and G have a unique common fixed point. 

Proof:   

 Suppose x is any point in 2 Banach space X. 

Taking y= xIF )(
2

1
 , z=G(y) and u=2y-z then 

aGFxGyaxz ,,   

Now using (1) and (2) ,we have 
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                   aFxyaGyFxaGFxyaGFxFxaGyy ,,,,,    
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    aFxxaGyyaFxxaxFxaGyy ,
2

,,,, 


     

          

 

                   aFxxaGyyaFxxaxFxaGyy ,
2

,,,, 


  

  aGyyaFxx ,2,
222
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 



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_________(3) 

aFxGyaxzyaxu ,,2,   

Now using (1) and (2) 
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2

,,,, 

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222


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




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
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

________ (4) 

auxaxzauz ,,,   

Therefore by using 3 and 4, we get 

    aGyyaFxxauz ,224,22,    

aGyyazyGyauz ,2,2,   

    aGyyaFxxaGyy ,224,22,2    

    aFxxaGyy ,22,2242    

aFxxaGyy ,
2242

22
, 









 

aFxxqaGyy ,,   

Where 1
2242

22










q  and 2445    

Let )(
2

1
IFT   then for any Xx  

aTxxTTaTxxT ,)(,)(2   

aFyyayyIFayTy ,
2

1
,)(

2

1
,   

ayGyaFyFGy ,
2

1
,

2

1
 ,  because F is nonexpansive function. 
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aFxx
q

aTxxT ,
2

,)(2  , by definition of q, 

we claim that xT n
is a Cauchy sequence in X. 

Also by completeness xT n

 converges to T(x). 

(ie) 0lim xxT n

n



 

00 )( xxF  , 0x  is fixed point of F. 

Again axFx
q

axTxT ),(
2

),()(2 
 

axFFGx
q

),(
2

  

axGx
q

,
2


 

We conclude that  00 )( xxG 
, 0x  is fixed point of G. 

000 )()( xxGxF  so 0x  is a common fixed point of  F and G 

Uniqueness:    Let )( 000 yxy   be an another common fixed point of  F and G. 

Therefore by using  (2),we get  

aGFyFGxaFGyFGxayx ,,, 000000   
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
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                            aFyGxaGFyGxaGFyFyaFGxGx ,,,, 00000000      
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  ayxayxayyaxx ,,,, 0000000    

ayxayx ,)2(, 0000  

  
Since

 

1)2(  

 
Which is contradiction, so 00 yx   Hence 0x  is a unique common fixed point of  F and G. 
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4.CONCLUSION 

In this paper, I have discussed common fixed point theorem in 2-Banach Space through concept of 

non-expansive mapping.  
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