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Abstract : 
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Introduction: 

                 Let 𝒜denote the class of functions of the form: 

𝑓(𝑧) = 𝑧 + ∑ 𝑎𝑛

∞

𝑛=2

𝑧𝑛 

Which are analytic in the open unit disk𝒰 = {𝑧: |𝑧| < 1}. Further, by 𝑆 we shall denote the class of all 

functions in 𝒜 which are univalent in 𝒰. 

         Ding et al. [8] introduced the following class 𝑄𝜆(𝛽) of analytic functions defined as follows: 

𝑄𝜆(𝛽) = {𝑓 ∈ 𝒜: 𝑅𝑒 ((1 − 𝜆)
𝑓(𝑧)

𝑧
+ 𝜆𝑓′(𝑧)) > 𝛽, 𝛽 < 1, 𝜆 ≥ 0}. 

It is easy to see that 𝑄𝜆1
(𝛽) ⊂ 𝑄𝜆2

(𝛽)for 𝜆1 > 𝜆2 ≥ 0.Thus, for 𝜆 ≥ 1,0 ≤ 𝛽 < 1, 𝑄𝜆(𝛽) ⊂ 𝑄1(𝛽) =

{𝑓 ∈ 𝒜: 𝑅𝑒𝑓′(𝑧) > 𝛽, 0 ≤ 𝛽 < 1} and hence 𝑄𝜆(𝛽)is univalent class. 

It is well known that every function𝑓 ∈ 𝑆 has an inverse 𝑓−1, defined by  

𝑓−1(𝑓(𝑧)) = 𝑧   (𝑧 ∈ 𝒰) 

and 
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𝑓(𝑓−1(𝓌)) = 𝓌       (|𝓌| < 𝑟0(𝑓) ≥
1

4
) 

Where 

𝑓−1(𝓌) = 𝓌 − 𝑎2𝓌2 + (2𝑎2
2 − 𝑎3)𝓌3 − (5𝑎2

3 − 5𝑎2𝑎3 + 𝑎4)𝓌4 + ⋯ 

        Brannan and Taha introduced certain subclasses of the bi-univalent function class ∑ similar to the 

familiar subclasses 𝑆∗(𝛼) and 𝒦(𝛼) of starlike and convex functions of order 𝛼 (0≤ 𝛼 < 1),respectively. 

Thus following Brannan and Taha, function 𝑓 ∈ 𝒜 is in the class 𝑆𝛴
∗(𝛼) of strongly bi-starlike function of 

order𝛼 (0 < 𝛼 ≤ 1)if each of the following conditions are satisfied:  

𝑓 ∈ 𝛴and|𝑎𝑟𝑔 (
𝑧𝑓′(𝑧)

𝑓(𝑧)
)| <

𝛼𝜋

2
      (0 < 𝛼 ≤ 1, 𝑧 ∈ 𝒰) 

and 

|𝑎𝑟𝑔 (
𝑧𝑔′(𝓌)

𝑔(𝓌)
)| <

𝛼𝜋

2
(0 < 𝛼 ≤ 1, 𝓌 ∈ 𝒰), 

Where g is the extension of 𝑓−1to 𝒰. 

           The classes 𝑆𝛴
∗(𝛼) and 𝒦𝛴(𝛼) of bi- starlike functions of order 𝛼 and bi-convex functions of order 𝛼, 

corresponding (respectively)to the function classes 𝑆∗(𝛼) and 𝒦(𝛼), were also introduced analogously. For 

each of the function classes 𝑆𝛴
∗(𝛼) and 𝒦𝛴(𝛼), they found non-sharp estimates on the first two Taylor-

Maclaurin coefficients |𝑎2| and |𝑎3|(for details, see[4,25]). 

The object of the present paper is to introduce two new subclasses of the function class 𝛴 and find estimates 

on the coefficients |𝑎2| and |𝑎3| for functions in these new subclasses of the function class 𝛴 employing the 

techniques used earlier by Srivastava et al. 

In order to derive our main results, we need to following lemma. 

Lemma: 

If 𝑝𝜖𝒫, then |𝐶𝑘 ≤ 2| for each 𝑘, where 𝑃 is the family of all functions 𝑝 analytic in 𝑢 for which ℛ𝑝(𝑧) >

0, 𝑝(𝑧) = 1 + 𝑐1𝑧 + 𝑐2𝑧2 + ⋯  for 𝑧𝜖𝑈. 

Definition 

A function 𝑓(𝑧) is said to be in the class 𝒩𝛴
𝜇

(𝛼, 𝜆)  if the following conditions are satisfied. 

𝑓 ∈ 𝛴and|arg ((1 − 𝜆) (
𝑓(𝑧)

𝑧
)

𝜇

+ 𝜆𝑓′(𝑧) (
𝑓(𝑧)

𝑧
)

𝜇−1

)| <
𝛼𝜋

2
,   (0 < 𝛼 ≤ 1, 𝜇 ≥ 0, 𝑧 ∈ 𝒰) 
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and 

|arg ((1 − 𝜆) (
𝑔(𝓌)

𝓌
)

𝜇

+ 𝜆𝑔′(𝓌) (
𝑔(𝓌)

𝓌
)

𝜇−1

)| <
𝛼𝜋

2
,   (0 < 𝛼 ≤ 1, 𝜇 ≥ 0, 𝓌 ∈ 𝒰) 

Where the function 𝑔 is given by  

𝑔(𝓌) = 𝓌 − 𝑎2𝓌2 + (2𝑎2
2 − 𝑎3)𝓌3 − (5𝑎2

3 − 5𝑎2𝑎3 + 𝑎4)𝓌4 + ⋯ 

Note that for 𝜆 = 𝜇 = 1, the class 𝒩𝛴
1(𝛼, 1) introduced andstudied by srivastava et al and for 𝜇 = 1, the class  

𝒩𝛴
1(𝛼, 𝜆) introduced and studied by Frasin and Aouf 

Theorem Let 𝑓(𝑧) given by (1.1.1) be in the class 𝒩𝛴
𝜇(𝛼, 𝜆),   𝑜 < 𝛼 ≤ 1, 𝜆 ≥ 1and 𝜇 ≥ 0. Then  

|𝑎2| ≤
2𝛼

√(𝜆 + 𝜇)2 + 𝛼(𝜇 + 2𝜆 − 𝜆2)
 

and 

|𝑎3| ≤
4𝛼2

(𝜆 + 𝜇)2
+

2𝛼

2𝜆 + 𝜇
 

Proof: 

(1 − 𝜆) (
𝑓(𝑧)

𝑧
)

𝜇

+ 𝜆𝑓′(𝑧) (
𝑓(𝑧)

𝑧
)

𝜇−1

= [𝑝(𝑧)]𝛼 

and 

(1 − 𝜆) (
𝑔(𝑤)

𝑤
)

𝜇

+ 𝜆𝑔′(𝑤) (
𝑔(𝑤)

𝑤
)

𝜇−1

= [𝑞(𝑤)]𝛼 

where 

𝑝(𝑧) = 1 + 𝑝1𝑧 + 𝑝2𝑧2 + ⋯ 

and 

𝑞(𝓌) = 1 + 𝑞1𝓌 + 𝑞2𝓌2 + ⋯in 𝒫. 

Now,equality the coefficients we have,  

⇒ (1 − 𝜆) (
𝑧 + 𝑎2𝑧2 + 𝑎3𝑧3 + ⋯

𝑧
)

𝜇

+ 𝜆(1 + 2𝑎2𝑧 + 3𝑎3𝑧3 + ⋯ ) 
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(
𝑧 + 𝑎2𝑧2 + 𝑎3𝑧3 + ⋯

𝑧
)

𝜇−1

= [1 + 𝑝1𝑧 + 𝑝2𝑧2 + ⋯ ]𝛼 

(1 − 𝜆)(1 + 𝑎2𝑧 + 𝑎3𝑧2 + ⋯ )𝜇 + 𝜆(1 + 2𝑎2𝑧 + 3𝑎3𝑧2 + ⋯ )(1 + 𝑎2𝑧 + 𝑎3𝑧2 + ⋯ )𝜇−1 

= [1 + 𝑝1𝑧 + 𝑝2𝑧2 + ⋯ ]𝛼 

(1 − 𝜆) [1 +
𝜇

1!
(𝑎2𝑧 + 𝑎3𝑧2 + ⋯ ) +

𝜇(𝜇 − 1)

2!
(𝑎2𝑧 + 𝑎3𝑧2 + ⋯ )2] 

+𝜆(1 + 2𝑎2𝑧 + 3𝑎3𝑧2 + ⋯ ) [1 +
𝜇 − 1

1!
(𝑎2𝑧 + 𝑎3𝑧2 + ⋯ ) +

𝜇 − 1(𝜇 − 2)

2!
(𝑎2𝑧 + 𝑎3𝑧2 + ⋯ )2] 

= 1 +
𝛼

1!
(𝑝1𝑧 + 𝑝2𝑧2 + ⋯ ) +

𝛼(𝛼 − 1)

2!
(𝑝1𝑧 + 𝑝2𝑧2 + ⋯ )2 + ⋯ 

(1 − 𝜆) + (1 − 𝜆)𝜇(𝑎2𝑧) + (1 − 𝜆)𝜇(𝑎3𝑧2) + ⋯ +
𝜇(𝜇 − 1)

2
𝑎2

2𝑧2 +
𝜇(𝜇 − 1)

2
𝑎3

2𝑧4 

+𝜇(𝜇 − 1)𝑎2𝑎3𝑧𝑧2 + ⋯ + 𝜆 + 2𝜆𝑎2𝑧 + 3𝜆𝑎3𝑧2 + (𝜆 + 2𝜆𝑎2𝑧 + 3𝜆𝑎3𝑧2)
𝜇 − 1

1
(𝑎2𝑧 + 𝑎3𝑧2 + ⋯ ) 

+(𝜆 + 2𝜆𝑎2𝑧 + 3𝜆𝑎3𝑧2)
(𝜇 − 1)(𝜇 − 2)

2!
(𝑎2

2𝑧2 + 𝑎3
2𝑧4 + 2𝑎2𝑎3𝑧3 

= 1 + 𝛼𝑝1𝑧 + 𝛼𝑝2𝑧2 +
𝛼(𝛼 − 1)

2
(𝑝1

2𝑧2 + 𝑝2
2𝑧4 + 2𝑝1𝑝2𝑧3 + ⋯ ) 

⇒                         (1 − 𝜆)𝜇(𝑎2𝑧) + 2𝜆𝑎2𝑧 + 𝜆(𝜇 − 1)𝑎2𝑧 = 𝛼𝑝1𝑧 

𝜇𝑎2𝑧 − 𝜆𝜇𝑎2𝑧 + 2𝜆𝑎2𝑧 + 𝜆𝜇𝑎2𝑧 − 𝜆𝑎2𝑧 = 𝛼𝑝1𝑧 

𝜇𝑎2𝑧 + 𝜆𝑎2𝑧 = 𝛼𝑝1𝑧 

⇒(𝜆 + 𝜇)𝑎2 = 𝛼𝑝1,                       

(2𝜆 + 𝜇)𝑎3 + (𝜇 − 1) (𝜆 +
𝜇

2
) 𝑎2

2 = 𝛼𝑝2 +
𝛼(𝛼 − 1)

2
𝑝1

2,  

(3.4) ⇒(1 − 𝜆) (
𝓌−𝑎2𝓌2+(2𝑎2

2−𝑎3)𝓌3−(5𝑎2
3−5𝑎2𝑎3+𝑎4)𝓌4+⋯

𝓌
)

𝜇

 

+𝜆(1 − 2𝑎2𝓌 + 3(2𝑎2
2 − 𝑎3)𝓌2

− ⋯ ) (
𝓌 − 𝑎2𝓌2 + (2𝑎2

2 − 𝑎3)𝓌3 − (5𝑎2
3 − 5𝑎2𝑎3 + 𝑎4)𝓌4 + ⋯

𝓌
)

𝜇−1

 

= [1 + 𝑞1𝓌 + 𝑞2𝓌2 + ⋯ ]𝛼 
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⇒(1 − 𝜆)[1 − 𝑎2𝓌 + (2𝑎2
2 − 𝑎3)𝓌2 + ⋯ ]𝜇 

+(𝜆 − 2𝜆𝑎2𝓌 + 3𝜆(2𝑎2
2 − 𝑎3)𝓌2 − ⋯ )[1 − 𝑎2𝓌 + (2𝑎2

2 − 𝑎3)𝓌2 + ⋯ ]𝜇−1 

= 1 +
𝛼

1!
(𝑞1𝓌 + 𝑞2𝓌2 + ⋯ ) +

𝛼(𝛼 − 1)

2!
(𝑞1𝓌 + 𝑞2𝓌2 + ⋯ )2 + ⋯ 

⇒(1 − 𝜆) − 𝜇(1 − 𝜆)𝑎2𝓌 + 𝜇(1 − 𝜆)(2𝑎2
2 − 𝑎3)𝓌2 −

𝜇(𝜇−1)

2
(1 − 𝜆)(−𝑎2𝓌 + (2𝑎2

2 − 𝑎3)𝓌2 −

⋯ )(𝜆 − 2𝜆𝑎2𝓌 + 3𝜆(2𝑎2
2 − 𝑎3)𝓌2 − ⋯ )(1 + (𝜇 − 1)(−𝑎2𝓌 + (2𝑎2

2 − 𝑎3)𝓌2 − ⋯ ) +

(𝜇−1)(𝜇−2)

2
(2𝑎2

2 − 𝑎3)𝓌2 − ⋯ ) 

     = 1 + 𝛼𝑞1𝓌 + 𝛼𝑞2𝓌2 + ⋯ +
𝛼(𝛼 − 1)

2
𝑞1

2𝓌2 +
𝛼(𝛼 − 1)

2!
𝑞2

2𝓌4 +
𝛼(𝛼 − 1)

2!
2𝑞1𝑞2𝓌3 + ⋯ 

⇒−(𝜆 + 𝜇)𝑎2 = 𝛼𝑞1 

and 

−(2𝜆 + 𝜇)𝑎3 + (3 + 𝜇) (𝜆 +
𝜇

2
) 𝑎2

2 = 𝛼𝑞2 +
𝛼(𝛼 − 1)

2
𝑞1

2 

From we obtain 

𝑝1 = −𝑞1 

and 

2(𝜆 + 𝜇)2𝑎2
2 = 𝛼2(𝑝1

2 + 𝑞1
2) 

Now, from  

⇒(2𝜆 + 𝜇)𝑎3 + (𝜇 − 1) (𝜆 +
𝜇

2
) 𝑎2

2 − (2𝜆 + 𝜇)𝑎3 + (3 + 𝜇) (𝜆 +
𝜇

2
) 𝑎2

2 

= 𝛼𝑝2 +
𝛼(𝛼 − 1)

2
𝑝1

2 +
𝛼(𝛼 − 1)

2
𝑞1

2 

⇒(𝜆 +
𝜇

2
) 𝑎2

2[(𝜇 − 1) + (3 + 𝜇)] = 𝛼(𝑝2 + 𝑞2) +
𝛼(𝛼−1)

2
(𝑝1

2 + 𝑞1
2) 

(2𝜆 + 𝜇)

2
[𝜇 − 1 + 3 + 𝜇]𝑎2

2 = 𝛼(𝑝2 + 𝑞2) +
𝛼(𝛼 − 1)

2
(𝑝1

2 + 𝑞1
2) 

(2𝜆 + 𝜇)

2
[2𝜇 + 2]𝑎2

2 = 𝛼(𝑝2 + 𝑞2) +
𝛼(𝛼 − 1)

2
(𝑝1

2 + 𝑞1
2) 
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(2𝜆 + 𝜇)(𝜇 + 1)𝑎2
2 = 𝛼(𝑝2 + 𝑞2) +

𝛼(𝛼 − 1)

2
(𝑝1

2 + 𝑞1
2) 

Now applying the value of (𝑝1
2 + 𝑞1

2) from, we get 

(2𝜆 + 𝜇)(𝜇 + 1)𝑎2
2 = 𝛼(𝑝2 + 𝑞2) +

𝛼(𝛼 − 1)

2

2(𝜆 + 𝜇)2

𝛼2
𝑎2

2 

= 𝛼(𝑝2 + 𝑞2) +
𝛼(𝛼 − 1)

𝛼
(𝜆 + 𝜇)2𝑎2

2 

Therefore, we have 

[(2𝜆 + 𝜇)(𝜇 + 1) −
𝛼(𝛼 − 1)

𝛼
(𝜆 + 𝜇)2] 𝑎2

2 = 𝛼(𝑝2 + 𝑞2) 

1

𝛼
[𝛼(2𝜆𝜇 + 𝜇2 + 2𝜆 + 𝜇) − (𝛼 − 1)(𝜆2 + 𝜇2 + 2𝜆𝜇)]𝑎2

2 = 𝛼(𝑝2 + 𝑞2) 

1

𝛼
[2𝛼𝜆𝜇 + 𝛼𝜇2 + 2𝛼𝜆 + 𝛼𝜇 − 𝛼𝜆2 + 𝛼𝜇 + 2𝛼𝜆𝜇 + 𝜆2 + 𝜇2 + 2𝜆𝜇] = 𝛼(𝑝2 + 𝑞2) 

1

𝛼
[𝛼(𝜇2 + 2𝜆 − 𝜆2) + (𝜆 + 𝜇)2] = 𝛼(𝑝2 + 𝑞2) 

⇒[ 𝛼(𝜇2 + 2𝜆 − 𝜆2) + (𝜆 + 𝜇)2]𝑎2
2 = 𝛼2(𝑝2 + 𝑞2) 

⇒𝑎2
2 =

𝛼2(𝑝2+𝑞2)

𝛼(𝜇2+2𝜆−𝜆2)+(𝜆+𝜇)2 

Applying lemma we define  

|𝑎2| ≤ √
𝛼2(𝑝2 + 𝑞2)

𝛼(𝜇2 + 2𝜆 − 𝜆2) + (𝜆 + 𝜇)2
 

|𝑎2| ≤
2𝛼

√𝛼(𝜇2 + 2𝜆 − 𝜆2) + (𝜆 + 𝜇)2
 

Which gives us desired estimate on |𝑎2| as asserted, 

Next, in order to find the bound on |𝑎3|, by subtracting we get 

(2𝜆 + 𝜇)𝑎3 + (𝜇 − 1) (𝜆 +
𝜇

2
) 𝑎2

2 + (2𝜆 + 𝜇)𝑎3 − (3 + 𝜇) (𝜆 +
𝜇

2
) 𝑎2

2 

= 𝛼𝑝2 +
𝛼(𝛼 − 1)

2
𝑝1

2 − (𝛼𝑞2 +
𝛼(𝛼 − 1)

2
𝑞1

2) 
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2(2𝜆 + 𝜇)𝑎3 + [(𝜇 − 1)
(2𝜆 + 𝜇)

2
− (3 + 𝜇) (𝜆 +

𝜇

2
)]𝑎2

2 

= 𝛼𝑝2 +
𝛼(𝛼 − 1)

2
𝑝1

2 − (𝛼𝑞2 +
𝛼(𝛼 − 1)

2
𝑞1

2) 

2(2𝜆 + 𝜇)𝑎3 +
(2𝜆 + 𝜇)

2
[𝜇 − 1 − 3 − 𝜇] 𝑎2

2 

= 𝛼𝑝2 +
𝛼(𝛼 − 1)

2
𝑝1

2 − (𝛼𝑞2 +
𝛼(𝛼 − 1)

2
𝑞1

2) 

2(2𝜆 + 𝜇)𝑎3 − 2(2𝜆 + 𝜇)𝑎2
2 

= 𝛼𝑝2 +
𝛼(𝛼 − 1)

2
𝑝1

2 − (𝛼𝑞2 +
𝛼(𝛼 − 1)

2
𝑞1

2) 

It follows  

2(2𝜆 + 𝜇)𝑎3 − 2(2𝜆 + 𝜇)
𝛼2(𝑝1

2 + 𝑞1
2)

2(𝜆 + 𝜇)2
= 𝛼(𝑝2 − 𝑞2) +

𝛼(𝛼 − 1)

2
(𝑝1

2 − 𝑞1
2) 

2(2𝜆 + 𝜇) [𝑎3 −
𝛼2(𝑝1

2 + 𝑞1
2)

2(𝜆 + 𝜇)2
] = 𝛼(𝑝2 − 𝑞2) +

𝛼(𝛼 − 1)

2
((−𝑞1

2) − 𝑞1
2) 

⇒2(2𝜆 + 𝜇) [𝑎3 −
𝛼2(𝑝1

2+𝑞1
2)

2(𝜆+𝜇)2
] = 𝛼(𝑝2 − 𝑞2) + 0 

⇒2(2𝜆 + 𝜇) [𝑎3 −
𝛼2(𝑝1

2+𝑞1
2)

2(𝜆+𝜇)2
] = 𝛼(𝑝2 − 𝑞2) 

⇒𝑎3 =
𝛼2(𝑝1

2+𝑞1
2)

2(𝜆+𝜇)2 +
𝛼(𝑝2−𝑞2)

2(2𝜆+𝜇)
 

Applying lemma we readily get 

|𝑎3| ≤
4𝛼2

(𝜆 + 𝜇)2
+

2𝛼

(2𝜆 + 𝜇)
 

Hence completes the proof of theorem  

Corollary:  

Let 𝑓(𝑧) given by (1.1.1) be in the class 𝒩𝛴
𝜇

(𝛼, 𝜆), 0 ≤ 𝛼 ≤ 1  and 𝜆 ≥ 1. Then  

|𝑎2| ≤
2𝛼

√𝛼(1 + 2𝜆 − 𝜆2) + (𝜆 + 1)2
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and|𝑎3| ≤
4𝛼2

(𝜆+1)2 +
2𝛼

(2𝜆+1)
 

Corollary : 

Let 𝑓(𝑧) given by (1.1.1) be in the class 𝒩𝛴
𝜇

(𝛼, 𝜆), 0 ≤ 𝛼 ≤ 1. Then  

|𝑎2| ≤ 𝛼√
2

𝛼 + 2
 

and|𝑎3| ≤
𝛼(3𝛼+2)

3
 

Corollary : 

Let 𝑓(𝑧) given by (1.1.1) be in the class 𝑆𝛴
∗[𝛼], 0 ≤ 𝛼 ≤ 1. Then  

|𝑎2| ≤
2𝛼

√1+𝛼
and  |𝑎3| ≤ 𝛼(4𝛼 + 1). 

Conclusion: 

 In our present study we considered two new subclasses 𝒩𝛴
𝜇

(𝛼, 𝜆) and 𝒩𝛴
𝜇

(𝛽, 𝜆) of bi-univalent 

functions  in the open unit disk𝒰 = {𝑧: |𝑧| < 1}.We have investigated estimates on the first two Taylor-  

Maclaurin coefficient |𝑎2|&|𝑎3| for functions belonging to this classes.  we have shown already that the 

results and corollaries presented in this paper would generalize and improve some recent works of Srivastava 

et al.[12], Frasin and Aouf [7] and Caglar et al.[5]. 
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