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Abstract: Let G = (V, E) be a simple graph. Aset S <V (G) is a bi-dominating set if S is a dominating set of G and every vertex

in S dominates exactly two vertices in V-S. The bi-domination number },; (G) of a graph G is the minimum cardinality of the
minimal bi-dominating set. In this paper, bi-domination number for some standard graphs are determined. Bounds for bi-
domination number are obtained.
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1.Introduction: Let G(V,E) be a simple, connected graph where V is its vertex set and E is its edge set. The degree of any vertex v
in G is the number of edges incident with v and is denoted by deg v, the minimum degree of a graph is denoted by §(G) and the
maximum degree of a graph G is denoted by A (G ). A vertex of degree 0 is called an isolated vertex and a vertex of degree 1 is
called a pendent vertex. A subdivision of an edge uv is obtained by replacing the edge uv with the edges uw and vw with a new
vertex w. A subset S of V(G) is called a dominating set of G if every vertex in V — S is adjacent to at least one vertex in S [2-3]. The
domination number y(G) of G is the minimum cardinality of all dominating sets in G. In this paper, bi-domination number for some
standard graphs are determined. Bounds for bi-domination number are obtained.For graph theoretic notations, Harary [1 ] is referred
to.

Definition 1.1: Let G = (V, E) be a simple graph. Let |[V(G)| = n. A vertex v is called a full degree vertex if degv =n - 1.

Definition 1.2: The graph Bnn, n > 2 is a bistar obtained from two disjoint copies of K1, by joining the centre vertices by an edge. It
have 2n + 2 vertices and 2n + 1 edges.

Definition 1.3: A spider is a tree on 2n + 1 vertices obtained by subdividing each edge of a star. One or more (but not all) of the
edges from this subdivision exempted results a wounded spider.[5]

2. Main Results:

Definition 2.1: A set S <V (G) is a bi-dominating set if S is a dominating set of G and every vertex in S dominates exactly two
vertices in V-S.

Remark 2.2: The bi-domination number %}, (G) of a graph G is the minimum cardinality of all minimal bi-dominating sets. The
maximum cardinality of a bi-dominating set of G is called the upper bi-domination number of G and it is denoted by I},;(G).

Example 2.3: Consider the following graph G in figure 2.1
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Figure 2.1
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Let Sy = {v1, V3 Ve}, Sz = {V1, V3, Vv7}, Sz = {V2, V4, Vs}, S4 = {v2, Vs Ve} and Ss = {va, Vs, v7}, every vertex of the set S;, 1 <i <5
dominate exactly two vertices of V - S;. Hence S;, 1 <i < 5 are bi-dominating sets of G. Thereforey,,;(G) < 3.{v», vs} is the unique
minimum dominating set, y(G) = 2. It is not a bi-dominating set, since vs dominates three vertices vs, ve andv;. Therefore y,;(G) > 3.
Hence y;,;(G) = 3.

Example 2.4: Consider the following graph G in figure 2.2

Figure 2.2
Let S;={a, d}, S2={e, c, f}, Ss ={b, f, d} . Every vertex of the set S; 1 <i < 3 dominates exactly two vertices in V — S;. Hence S;
1 <1 <3 are bi-dominating sets of G. Hence y,,;(G) < 2, Since there is no full degree vertex in G, y(G) > 2 . Therefore y,;(G) > 2.

Also it is verified that no set with four vertices is a bi-dominating set. Hence S; is the minimum bi-dominating set and S; and Ss are
maximum bi-dominating sets . Hence y,;(G) = 2 and

I,;(G) = 3.
Remark 2.5: Any bi-dominating set does not contain pendent vertices.

Example 2.6: Graph G without bi-dominating set is given in the following figure 2.3

L ]

C
Figure 2.3

Suppose G has bi-dominating set S. Since there is no full degree vertex in G, y(G) > 2. Hence y;;(G) > 2. Since every vertex in S
dominates exactly two vertices in V-S, y,,;(G) < 3. Since e does not belong to S, d must belong to S. Let S; = {a, d}, S, = {c, d} and
Ss = {b, d}. In S;, d dominates three vertices b, ¢ and e of V - S;0f G. Hence S; is not a bi-dominating set of G. In S,, ¢ dominates
only one vertex a of V — S, of G. Hence S;is not a bi-dominating set of G.

In Sz, b dominates only one vertex a of V — Sz of G. Hence S is not a bi-dominating set of G. Therefore no set with two elements is a
bi-dominating set. In the set S4 = {a, b, d}, the vertices a and b do not dominate two elements of V — S, of G. In the set Ss = {a, c,
d}, the vertices a and ¢ do not dominate two elements of V — Ss of G. In the set Sg = {c, b, d}, no element dominate two vertices of
V — Sgof G. Therefore no sets with three elements is a bi-dominating set of G. Hence bi-dominating set does not exist.

Observation 2.6: For any connected graph G with p vertices, y,;(G) = 1 if and only if
G = P3or Ka.

Remark 2.7: y(G) <y,:(G), since every bi-dominating set is a dominating set.
Example 2.8: Consider a graph G given in example 2. y(G) = 2 and y,,;(G) = 3. Therefore y(G) < y,:(G).

Example 2.9: For the Graph G given in figure 2.4, y,,;(G) = y(G)
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Figure 2.4
There is no full degree vertex in G. Therefore y(G) = 2. Let S1 = {v1, va},
Sz ={v2, vs} and Sz ={vs, Vs}, Every vertex of the set S;, 1 <i < 3 dominates exactly two vertices of V - Si. Hence S; 1 <i< 3 are bi-
dominating sets of G. Therefore y(G) < 2 and y,;(G) < 2. Hence y(G) = 2. Since G is not either P3 or K3, ¥,;(G) = 2. Hence y,,;(G)
=2=y(G)

Theorem 2.10: Let P be a path of length n, then yui(Pn) = [2], n>3,n#2,4.

Proof: case (i): Let n=3m, m > 1. {vy, Vg, ..., vam-1} IS the unique bi-dominating set of Pzy. Therefore yui(Pn) = g

Case (ii): Letn=3m+ 1, m > 2. {vy, Vs, Vg, ...,Vam-4, Vam-2, Vam} IS @ bi-dominating set of Psm:1. Therefore yui(Pn) =m+1 = [g].
Case (iii): Letn=3m+ 2, m > 1. {vy, V4, V7, Vi, ..., Vam+1} are some bi-dominating set of Psm:2. Therefore ypi(Pn) =m+ 1= [g].
Case (iv): when n = 2. {v1} and {v.} are dominating sets and it dominates exactly one vertex. Hence it is not a bi-dominating set.

Case (V): S1= {vi, Va}, So= {v1, Vvs}, Ss= { Vo, va} and Si= { v, v4} are dominating sets of P4. No vertices in S; and Sz dominates
exactly two vertices. V- Sy and V — Ssrespectively viin Sz and vain S4 do not dominate exactly two vertices in V- S;and V — Sa.

Theorem 2.11: Let C be a cycle of length n, then y4i(Cp) = E]’ n>3.
n

Proof: Case (i): Letn=3m, m> 1. {vz, V5, Vg, ..., vam-1} iS the bi-dominating set of Csm. Therefore yni(Cn) = 3
Case (ii): Letn=3m+ 1, m> 2. {vy, Vs, Vs, ...,Vam-4, Vam-2, Vam} IS @ bi-dominating set of Csm+1. Therefore y,i(Cy) =m+ 1= [g].
Case (iii): Letn=3m+ 2, m > 1. {vy, V4, V7, Vi, ..., Vam+1} are some bi-dominating set of Cszm+2. Therefore yni(Cn) =m+1 = [g].

Case (iv): when n = 4. The antipodal vertices {v1, v2} or {vs, v} is a bi-dominating set of Ca.

Theorem 2.12: Let G be a connected graph, If G = K, then y,,;(G) =n - 2.
Proof: Let G = K,, be a connected graph {v,, v,, ..., v, } be the vertex set of G. Since G is complete and degree of every vertex in G
isn—1, clearly by definition the vertices v,, v,, ..., v,_, dominate exactly two vertices. Hence y,;(G) =n - 2.

Theorem 2.13: Let G be a complete bi-partite graph Kmn,and m,n > 3.Then Vbi (G = Km'n ) =m+n-4.

Proof: Let U = {uy, Uz, ... ,um} and W = {ws, Wo, ... ,wn}be a bi-partition of G. Every ui€ U dominates all the vertices in W. As
each vertex can dominate exactly two vertices except two w;’s all other w;’s are in S, the bi dominating set. Similarly all u;’s
except two are in S. Hence ypi(G) =m-2+n-2=m+n—4.

Theorem 2.14: For a star G = K; ;, k # 2 dominating set exist,y(G) = 1 but bi-dominating set does not exits.Proof: Let K, ; be a
star with k pendant vertices. Let v be a vertex with maximum degree and v, v,, ..., v, be the pendant vertices ofK, ;. The vertex v
can dominate vy, v,, ..., v, Vvertices and the vertices vy, vy, ..., v, dominate exactly one vertex v. Hence {v} is the minimum
dominating set and y(G) = 1. The vertex v dominates more than two vertices but not exactly two. Clearly {v} is a dominating set
but not bi-dominating. Therefore bi-dominating set does not exist for Kj .

Note 2.15: If G = K; ,then ¥ (G) = y3;(G) =1.

Proof: Let G = K; ,. Let v be a vertex with maximum degree 2 and v; and v, be the pendant vertices ofK; ,.Since degree of v is 2
and it dominate other vertices v, and v,. Hence {v} is the minimum dominating set and it dominate exactly two vertices and it also
a bi-dominating set. Therefore y(G) =y, (G) =1.

Remark 2.16: For any connected graph G with n vertices, 1 <y,,;(G) <n-2.

Theorem 2.18: A bi-dominating set does not exist for a graph G in which a vertex adjacent with more than two pendent vertices.
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Proof: Let ug, Uy, ..., um, m > 3 be the pendent vertices adjacent with a vertex v in G. Suppose S is a bi-dominating set of G. Since
pendent vertices do not belong to S, the vertex v must belong to S to dominate us, Uy, ... , um, m > 3. Then v dominate more than two
vertices of V — S, a contradiction. Hence bi-dominating set does not exist in G.

Observation2.19: For a bistar, Bm,n, m and n # 2 bi-dominating set does not exist.

Theorem 2.20: For By a bi-star,y (G) =y,;(G) =2

Proof: Let u and v be the central vertices of By . Let us, U2 and vi, V2 be the vertices adjacent with u and v respectively. Since {u, v}
is the unique minimum dominating set of Bmnand y(G) = 2. Clearly u dominate exactly two vertices u; and uand v dominate
exactly two verticesvy and v.. Hence {u, v} is unique bi-dominating set andy,;(G) = 2. Therefore y(G) =y,;(G) = 2.

Theorem?2.21: For a wounded spider with at least one leg, bi-dominating set does not exist.
Proof: Consider the following wounded spider K*1, where k edges are subdivided and k<t.
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Figure 2.5
Let u be the central vertex. Take D = {u;}, 1 <i <t is a unique minimum dominating set, since the vertices Ui+, ..., u has only one
neighbourhood u. Hence the set D is dominating set but not a bi-dominating set. Therefore bi-dominating set does not exist for
wounded spider.

Remark 2.22: Complement of S a bi-dominating set of a graph G need not be a bi-dominating set . Consider the following graph Ps

V1 V2 V3 Va Vs
® ® L —@ L J
Figure 2.6

Here {v2, va} is the unique bi-dominating set of Ps. V — S is a dominating set but not a bi-dominating set of Ps
Theorem 2.23: Let G be a connected graph with n edges. Then ¥, (S (G)) =n

Proof: Let G be a simple graph with n edges. Let H = S(G) and |[E(H)| = 2n. let the edges of G subdivided by the new vertices uj,
Uy, ...,un. {U1, Up, ..., un } is the unique bi-dominating set of H. Therefore y,;(H) = n.
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