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Abstract : A peer search is made on the integral solutions of positive and negative pell equations given by  1930 22  xy  and 

4412 22  xy  in two sections A and B respectively.  A few interesting relations among the solutions for the above two pell 

equations are presented. Also, employing the integer solutions of the equations under consideration, integer solutions for other 

choices of hyperbola and parabola are exhibited along with the corresponding pell equation. Further, a few interesting relations 

between special polygonal numbers generated through the solutions of the equation under consideration are presented. 

 

IndexTerms–Positive pell equation, negative pell equation, non-homogeneous binary quadratic equation, integer solutions. 

I. INTRODUCTION 

Number theory is one of the most fascinating and enlivening subjects occupying a vital place in the history of mathematics. In 

particular, the theory of diophantine equation has occupied a significant position in the subject of number theory as it invigorates 

the interest towards research. The beauty of  diophantine  equations and system is that the number of unknowns is bigger than the 

number of equations. They have infinitely many real and integral solutions. One can easily understand that diophantine equations 

offer an unlimited field for research by reason of their variety [1,2]. 

It is worth  mentioning here, that, the pell equation is a class of non-homogenous binary quadratic diophantine equation of the 

form 122  Dxy  , where 0D  and square free integer .In particular ,the binary quadratic diophantine equation having the 

form  0,22  NNDxy  is referred  as the positive pell equation and the equation of the form  0,22  NNDxy  is 

known as negative pell equation. In this context, one may refer [3-8]. 

This paper has two section A and B. In section A, the positive pell equation 1930 22  xy  is considered for obtaining its 

non-zero distinct integer solutions and section B illustrates the process of determining non-zero distinct integer solution to the 

negative pell equation  4412 22  xy . 

A few interesting relations among the solutions for the above two pell equations are presented. Also, employing the integer 

solutions of the equations under consideration, integer solutions for other choices of hyperbola and parabola are exhibited along 

with the corresponding pell equations. Further, a few interesting relation between special polygonal numbers generated through 

the solutions of the equation under consideration are presented. 

II. NOTATIONS 

  







 


2

21
1,

mn
nt nm  = polygonal number of rank n with sides m.  

  116  nnSn  = star number of rank n. 

III. METHOD OF ANALYSIS 

 

SECTION A: Positive Pell  Equation  1930
22  xy  

The positive pell equation representing hyperbola under consideration is  

1930 22  xy (1.1) 

The smallest positive integer solutions of (1.1) are  

7,1 00  yx  

The obtain the other solutions of (1.1), consider the pellian equation  

130 22  xy     (1.2) 

whose initial solution is given by 

2~
0 x , 11~

0 y  

The general solution  nn yx ~,~  of (1.2) is given by  
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nn gx
302

1~   

nn fy
2

1~ 

 

 

where  

    11
3021130211




nn

nf  

    11
3021130211




nn

ng  

Applying Brahmagupta lemma between  00, yx  and  nn yx ~,~ , the other integer solutions of (1.1) are given by 

nnn gfx
302

7

2

1
1   

  nnn gfy
302

30

2

7
1   

The recurrence relations satisfied by the values of x and y  are respectively. 

......3,2,1,022 321   nxxx nnn  

.......3,2,1,022 311   nxxy nnn  

Some numerical examples of nx and ny  satisfying (1.1) are given in the Table 1 below: 

 

Table: 1 Numerical Examples 

n  1n
x  

1n
y  

-1 1 7 

0 25 137 

1 549 3007 

2 12053 66017 

3 264617 1449367 

 

From the above table, we observe some interesting relations among the solutions which are presented below: 

 both 1nx  and 1ny values are odd. 

 One can generate second order Ramanujan number by choosing x  and y  values suitably. A few illustrations are given 

below. 

Illustration: 1 

5492 x  

61*9183*3549*1   
222222 26359093274275   

           That is, 

83725

27493902759093274275 22222222




 

76301

27435262752635274275 22222222




 

9325

9035269326359093 22222222




 

 Thus, 83725,76301,9325 are second order Ramanujan number. 

 Illustration: 2 

120533 x  

709*1712053*1   
2222 34636360266027   
2222 60263633466027   

3644444536444445  

Thus, 36444445 is second order Ramanujan number. 

Illustration: 3 

660173 y  

9431*766017*1   
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2222 471247193300833009   
2222 330084719471233009   

11117970251111797025  

Thus, 1111797025 is second order Ramanujan number 

 

 Let  1nu  and  1nv  be two sequences of positive integer defined by  

2

11
1


 


n

n

x
u  and  

2

11
1


 


n

n

y
v  

 

Note that  

 491,242,3 11
  nuv utt

nn
 

 2920
11,3 
 nn uv St  

 4986 1
2

1,110,122,3 111
  nnuuv uuttt

nnn
 

 498 1,110,122,3 111
  nuuv uttt

nnn
 is a nasty number 

 

1.  Relations among the solutions are given below. 

 01160 323   nnn yyx  

 01160 322   nnn yyx  

 01124160 321   nnn yyx  

 02411320 313   nnn yyx  

 02411320 311   nnn yyx  

 02411160 213   nnn yyx  

 01160 212   nnn yyx  

 01160 211   nnn yyx  

 0112 332   nnn xyx  

 024144 331   nnn xyx  

 0211 322   nnn xyx  

 0112241 312   nnn xyx  

 0120 312   nnn yyx  

 044241 311   nnn xyx  

 0241211 231   nnn xyx  

 0112 221   nnn xyx  

 0211 211   nnn xyx  

 04 321   nnn xyx  

 

2. Each of the following expressions is a nasty number: 

  83630077
209

3
2242   nn xx  

  381377
19

6
2232   nn xx  

  19307
19

12
2222   nn xy  

  2097507
209

12
2232   nn xy  

  4579164707
4579

12
2242   nn xy  

  383007137
19

6
3242   nn xx  

  20930137
209

12
3222   nn xy  

  19750137
19

12
3232   nn xy  

  20916470137
209

12
3242   nn yy  

  4579303007
4579

12
4222   nn xy  
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  2097503007
209

12
4232   nn xy  

  19164703007
19

12
4242   nn xy  

  3825
19

6
3222   nn yy  

  836549
209

3
4222   nn yy  

  3825549
19

6
4232   nn yy  

 

3. Each of the following expressions is a cubical integer: 

  133353 90212130077
418

1
  nnnn xxxx  

  123343 411121377
19

1
  nnnn xxxx  

  113333 9021307
19

2
  nnnn xyxy  

  123343 2250217507
209

2
  nnnn xyxy  

  133353 4941021164707
4579

2
  nnnn xyxy  

  234353 90214113007137
19

1
  nnnn xxxx  

  214333 9041130137
209

2
  nnnn xyxy  

  224343 2250411750137
19

2
  nnnn yyxy  

  234353 4941041116470137
209

2
  nnnn xyxy  

  315333 909021303007
4579

2
  nnnn xyxy  

  325343 225090217503007
209

2
  nnnn xyxy  

  335353 494109021164703007
19

2
  nnnn xyxy  

  214333 37525
19

1
  nnnn yyyy  

  315333 31647549
418

1
  nnnn yyyy  

  325343 750164725549
19

1
  nnnn yyyy  

 

4. Each of the following expressions is a bi-quadratic integer: 

  2508120282830077
418

1
22424464   nnnn xxxx  

  114
22

548
32

28
44

137
54

7
19

1











 n
x

n
x

n
x

n
x  

  5712028307
19

2
22224444   nnnn xyxy  

  6273000287507
209

2
22324454   nnnn xyxy  

  137376588028164707
4579

2
22424464   nnnn xyxy  

  114120285483007137
19

1
32425464   nnnn xxxx  

  62712054830137
209

2
32225444   nnnn xyxy  
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  573000548750137
19

2
32325454   nnnn xyxy  

  6276588054816470137
209

2
32425464   nnnn xyxy  

  123712012028303007
4579

2
42226444   nnnn xyxy  

  6273000120287503007
209

2
42326454   nnnn xyxy  

  576588012028164703007
19

2
42426464   nnnn xyxy  

  114410025
19

1
32225444   nnnn yyyy  

  250842196549
418

1
42226444   nnnn yyyy  

  114100219625549
19

1
42326454   nnnn yyyy  

 

5. Each of the following expressions is a quintic integer: 

  1333535575 3007070150353530077
418

1
  nnnnnn xxxxxx  

  1233435565 137070685351377
19

1
  nnnnnn xxxxxx  

  1133335555 3007015035307
19

2
  nnnnnn xyxyxy  

  1233435565 7500703750357507
209

2
  nnnnnn xyxyxy  

  1333535575 164700708235035164707
4579

2
  nnnnnn xyxyxx  

  2343536575 300701370150356853007137
19

1
  nnnnnn xxxxxx  

  2143336555 300137015068530137
209

2
  nnnnnn xyxyxy  

  2243436565 750013703750685750137
19

2
  nnnnnn xyxyxy  

  2343536575 16470013708235068516470137
209

2
  nnnnnn xyxyxy  

  3153337555 3003007015015035303007
4579

2
  nnnnnn xyxyxy  

  3253437565 7500300703750150357503007
209

2
  nnnnnn xyxyxy  

  3353537575 164700300708235015035164703007
19

2
  nnnnnn xyxyxy  

  2143336555 3007500512525
19

1
  nnnnnn yyyyyy  

  3153337555 10549058235016470
418

1
  nnnnnn yyyyyy  

  3253437565 2505490125274525549
19

1
  nnnnnn yyyyyy  

 

 

 

 

 

 

 

REMARKABLE OBSERVATIONS 

 

I. Employing linear combinations among the solutions of (1.1), one may generate integer solutions for other choices of 

hyperbola which are presented in the Table 2 below: 
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   Table: 2 Hyperbolas 

 

S.N

O Hyperbolas 
(X,Y) 

1 69889630 22  XY  


















13

13

30077

,549

nn

nn

xx

xx
 

2 144430 22  XY  


















11

11

6014

,214

nn

nn

xy

yx
 

3 17472430 22  XY  


















12

21

150014

,2274

nn

nn

xy

yx
 

4 8386896430 22  XY  


















13

31

3294014

,26014

nn

nn

xy

yx
 

5 577630 22  XY  


















23

32

6014274

,501098

nn

nn

xx

xx
 

6 17472430 22  XY  


















21

12

60274

,5014

nn

nn

xy

yx
 

7 144430 22  XY  


















22

22

1500274

,50274

nn

nn

xy

yx
 

8 17472430 22  XY  


















23

32

32940274

,506014

nn

nn

xy

yx
 

9 8386896430 22  XY  


















31

13

606014

,109814

nn

nn

xy

yx
 

10 17472430 22  XY  


















32

23

15006014

,1098274

nn

nn

xy

yx
 

11 144430 22  XY  


















33

33

329406014

,10986014

nn

nn

xy

yx
 

12 519840030 22  XY  


















31

12

601500

,27414

nn

nn

yy

yy
 

13 251602560030 22  XY  


















31

13

6032940

,601414

nn

nn

yy

yy
 

14 519840030 22  XY  


















32

23

150032940

,6014274

nn

nn

yy

yy
 

15 144430 22  XY  


















12

21

1377

,25

nn

nn

xx

xx

 

 

II. Employing linear combinations among the solutions of (1.1), one may generate integer solutions for other choices of 

parabolas which are presented in Table 3 below: 

 

 

  Table: 3 Parabolas 

 

S.

NO 
Parabolas (X,Y)

 

1 34944815209 2  XY  


















83630077

,549

2242

13

nn

nn

xx

xx
 

2 14443019 2  XY  


















386014

,214

2222

11

nn

nn

xy

yx
 

3 17472430209 2  XY  


















418150014

,2274

2232

21

nn

nn

xy

yx
 

4 83868964304579 2  XY  


















91583294014

,26014

2242

31

nn

nn

xy

yx
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5 28881519 2  XY  


















766014274

,501098

3242

32

nn

nn

xx

xx
 

6 17472430209 2  XY  


















41860274

,5014

3222

12

nn

nn

xy

yx
 

7 14443019 2  XY  


















381500274

,50274

3232

22

nn

nn

xy

yx
 

8 17472430209 2  XY  


















41832940274

,506014

3242

32

nn

nn

xy

yx
 

9 83868964304579 2  XY  


















9158606014

,109814

4222

13

nn

nn

xy

yx
 

10 17472430209 2  XY  


















41815006014

,1098274

4232

23

nn

nn

xy

yx
 

11 14443019 2  XY  


















38329406014

,10986014

4242

33

nn

nn

xy

yx
 

12 17328038 2  XY  


















2280601500

,27414

3222

12

nn

nn

yy

yy
 

13 83867520836 2 XY  


















501606032940

,601414

4222

13

nn

nn

yy

yy
 

14 17328038 2 XY  


















2280150032940

,6014274

4232

23

nn

nn

yy

yy
 

15 14443019 2  XY  



















 

38
22

137
32

7

,25 21

n
x

n
x

xx nn

 

 

 

 

SECTION B: Negative Pell Equation 4412
22  xy

 
 

The negative pell equation representing hyperbola under consideration is  

4412 22  xy (2.1) 

The smallest positive integer solutions of (2.1) are  

2,2 00  yx  

The obtain the other solutions of (2.1), consider the pellian equation  

112 22  xy (2.2) 

whose initial solution is given by 

2~
0 x , 7~

0 y  

The general solution  nn yx ~,~  of (2.2) is given by  

nn gx
122

1~   

nn fy
2

1~ 

 

 

where   

    11
12271227




nn

nf  

    11
12271227




nn

ng  

Applying Brahmagupta lemma between  00, yx  and  nn yx ~,~ , the other integer solutions of (1.1) are given by 

nnn gfx
12

1
1   

nnn gfy
12

12
1   

The recurrence relations satisfied by the values of x and y  are respectively.  

........3,2,1,014 321   nxxx nnn  

........3,2,1,014 321   nyyy nnn  
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Some numerical examples of nx and ny  satisfying (2.1) are given in the Table 4 below: 

 

     Table: 4 Numerical Examples 

 

n  1nx  1ny  

-1 2 2 

0 18 62 

1 250 866 

2 3482 12062 

3 48498 168002 

 

From the above table, we observe some interesting relations among the solutions which are presented below: 

 both 1nx  and 1ny values are even. 

 Let  1nu  and 1nv   be two sequences of positive integers defined by  

2

1
1


  n

n

x
u  and 

2

1
1


  n

n

y
v  

 Note that 

 

  11mod0
1,261,4 
 nn uv tt  

 222 1,4 nvt    is a nasty number 

 6672 1,4 nvt   is a nasty number 

 11,14611 71656   nunv utvS
nn

 

 

1.  Relations among the solutions are given below. 

 0724 233   nnn yyx  

 0724 232   nnn yyx  

 097247 213   nnn yxy  

 027 332   nnn yxx  

 02897 331   nnn yxx  

 027 232   nnn yxx  

 072497 132   nnn yxy  

 04 231   nnn yxx  

 02977 321   nnn yxx  

 07724 122   nnn yyx  

 027 221   nnn yxx  

 02977 123   nnn yxx  

 033697 133   nnn yxy  

 077336 132   nnn yyx  

 097336 131   nnn yyx  

 0724 121   nnn yyx  

 072 121   nnn xxy  

 02897 113   nnn yxx  

 

2. Each of the following expressions is a nasty number: 

  4431
11

3
3222   nn xx  

  2212
11

6
2222   nn yx  

  616433
154

3
4222   nn xx  
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  154108
77

6
3222   nn yx  

  21341500
1067

6
4222   nn yx  

  92418672
77

1
2232   nn yx  

  213443312
1067

6
2242   nn yx  

  52810812
44

1
2232   nn yy  

  7392150012
616

1
2242   nn yy  

  4431433
11

3
4232   nn xx  

  2231108
11

6
3232   nn yx  

  154311500
77

6
4232   nn yx  

  154433108
77

6
3242   nn yx  

  224331500
11

6
4242   nn yx  

  5281500108
44

1
3242   nn yy  

 

3. Each of the following expressions is a cubical integer: 

  214333 39331
22

1
  nnnn xxxx  

  113333 33612
11

1
  nnnn yxyx  

  315333 31299433
308

1
  nnnn xxxx  

  214333 3324108
77

1
  nnnn yxyx  

  315333 345001500
1067

1
  nnnn yxyx  

  123343 93363112
77

1
  nnnn yxxx  

  133353 12993643312
1067

1
  nnnn yxyx  

  123343 3243610812
264

1
  nnnn yyyy  

  133353 450036150012
3696

1
  nnnn yyyy  

  325343 93129931433
22

1
  nnnn xxxx  

  244343 9332431108
11

1
  nnnn yxyx  

  325343 934500311500
77

1
  nnnn yxyx  

  234353 1299324433108
77

1
  nnnn yxyx  

  335353 129945004331500
11

1
  nnnn yxyx  

  234353 45003241500108
264

1
  nnnn yyyy  
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4. Each of the following expressions is a bi-quadratic integer: 

  132412431
22

1
32225444   nnnn xxxx  

  6644812
11

1
22224444   nnnn yxyx  

  184841732433
308

1
42226444   nnnn xxxx  

  4624432108
77

1
32225444   nnnn yxyx  

  6402460001500
1067

1
42226444   nnnn yxyx  

  462124483112
77

1
22324454   nnnn yxxx  

  640217324843312
1067

1
22424464   nnnn yxyx  

  15844324810812
264

1
22324454   nnnn yyyy  

  221766000481512
3696

1
22424464   nnnn yyyy  

  132124173231433
22

1
42326454   nnnn xxxx  

  6612443231108
11

1
32325454   nnnn yxyx  

  4621246000311500
77

1
42326454   nnnn yxyx  

  4621732432433108
77

1
32425464   nnnn yxyx  

  66173260004331500
11

1
42426464   nnnn yxyx  

  158460004321500108
264

1
32425464   nnnn yyyy  

 

5. Each of the following expressions is a quintic integer: 

  2143336555 10310515531
22

1
  nnnnnn xxxxxx  

  1133335555 1012056012
11

1
  nnnnnn yxyxyx  

  3153337555 10433052165433
308

1
  nnnnnn xxxxxx  

  2143336555 1010805540108
77

1
  nnnnnn yxyxyx  

  3153337555 1015000575001500
1067

1
  nnnnnn yxyxyx  

  1233435565 310120155603112
77

1
  nnnnnn yxyxxx  

  1333535575 433012021656043312
1067

1
  nnnnnn yxyxyx  

  1233435565 10801205406010812
264

1
  nnnnnn yyyxyy  

  1333535575 15000120750060150012
3696

1
  nnnnnn yyyyyy  

  3253437565 3104330155216531433
22

1
  nnnnnn xxxxxx  

  2243436565 310108015554031108
11

1
  nnnnnn yxyxyx  

  3253437565 310150001557500311500
77

1
  nnnnnn yxyxyx  

  2343536575 433010802165540433108
77

1
  nnnnnn yxyxyx  
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  3353537575 433015000216575004331500
11

1
  nnnnnn yxyxyx  

  2343536575 15000108075005401500108
264

1
  nnnnnn yyyyyy  

 

 

REMARKABLE OBSERVATIONS 

 

III. Employing linear combinations among the solutions of (2.1), one may generate integer solutions for other choices of 

hyperbola which are presented in the Table 5 below: 

 

    Table: 5 Hyperbolas 

 

S.NO 
Hyperbolas 

(X,Y) 

1 193612 22  XY  


















21

12

31

,9

nn

nn

xx

xx
 

2 37945612 22  XY  


















31

13

433

,125

nn

nn

xx

xx
 

3 2371612 22  XY  


















21

12

108

,31

nn

nn

yx

xy
 

4 455395612 22  XY  


















31

13

1500

,433

nn

nn

yx

xy
 

5 2371612 22  XY  


















12

21

3112

,9

nn

nn

yx

xx
 

6 455395612 22  XY  


















13

31

43312

,125

nn

nn

yx

xy
 

7 27878412 22  XY  


















12

21

10812

,31

nn

nn

yy

yy
 

8 5464166412 22  XY  


















13

31

150012

,433

nn

nn

yy

yy
 

9 193612 22  XY  


















32

23

31433

,1259

nn

nn

xx

xx
 

10 48412 22  XY  


















22

22

31108

,319

nn

nn

yx

xy
 

11 2371612 22  XY  


















32

33

311500

,4339

nn

nn

yx

xy
 

12 2371612 22  XY  


















23

32

433108

,31125

nn

nn

yx

xy
 

13 48412 22  XY  


















33

33

4331500

,433125

nn

nn

yx

xy
 

14 27878412 22  XY  


















23

32

1500108

,31433

nn

nn

yy

yy
 

15 48412 22  XY  


















11

11

12

,

nn

nn

yx

xy

 

 

 

 

 

 

 

 

 

http://www.jetir.org/


© 2019 JETIR June 2019, Volume 6, Issue 6                                                             www.jetir.org (ISSN-2349-5162) 

JETIR1908349 Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org 307 
 

 

 

IV. Employing linear combinations among the solutions of (2.1), one may generate integer solutions for other choices of 

parabolas which are presented in Table 6 below: 

 

 

Table: 6 Parabolas 

 

S.

NO 
Parabolas (X,Y)

 

1 19361222 2  XY  


















4431

,9

3222

12

nn

nn

xx

xx
 

2 37945612308 2  XY  


















616433

,125

4222

13

nn

nn

xx

xx
 

3 237161277 2  XY  


















154108

,31

3222

12

nn

nn

yx

xy
 

4 4553956121067 2  XY  


















21341500

,433

4222

13

nn

nn

yx

xy
 

5 237161277 2  XY  


















1543112

,9

2232

21

nn

nn

xx

xy
 

6 455396121067 2  XY  


















213443312

,125

2242

31

nn

nn

yx

xy
 

7 27878412264 2  XY  


















52810812

,31

2232

21

nn

nn

yy

yy
 

8 54641664123696 2  XY  


















7392150012

,433

2242

31

nn

nn

yy

yy
 

9 19361222 2  XY  


















4431433

,1259

4232

23

nn

nn

xx

xx
 

10 4841211 2  XY  


















2231108

,319

3232

22

nn

nn

yx

xy
 

11 237161277 2  XY  


















154311500

,4339

4232

23

nn

nn

yx

xy
 

12 237161277 2  XY  


















154433108

,31125

3242

32

nn

nn

yx

xy
 

13 4841211 2  XY  


















224331500

,433125

4242

33

nn

nn

yx

xy
 

14 27878412264 2  XY  


















5281500108

,31433

3242

32

nn

nn

yy

yy
 

15 4841211 2  XY  





















2212

,

2222

11

nn

nn

yx

xy
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