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Abstract: Consider an inventory system in which three machines are operating in series. The
mathematical expressions for optimal reserve inventories between the first two machines as well as that
between last two machines are derived based on the repair items of the first machine. The truncation
point is also a random variable which follows any one of the probability distributions. Numerical values
are obtained for optimal reserve inventory for varying holding costs, shortage costs and inter-arrival times
between breakdowns and also graphically exhibited.
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1. Introduction

In inventory control theory, determining the optimal reserve inventory between two machines is
an important model and these models have been studied by many researchers. The two machines
problem may be conceptualized as follows.

A system in which there are two machines My and M in series and the output of machine My is
the input to the machine M.. Whenever the machine Mz goes in the breakdown state, it affects the
productive level of Machine M2 in order to avoid the idle time of machine M2, a reserve inventory is to
be maintained between the machines. Hence, there are two costs namely holding cost and idle time cost
involved in this process and therefore to balance out the two costs an optimal reserve inventory needs
to be derived.

This type of model is basically introduced by Hanssmann (1962) and these types of models have
been discussed by many researchers under the assumption that the repair time of machine M: is a
random variable.

Sachithanantham et al., (2006) have studied a model with the assumption that the probability
function of the repair time undergoes a parametric change after the truncation point. The very basic
concept of parametric change known as the Setting the Clock Back to Zero (SCBZ) property has been
first discussed by RajaRao and Talwalker (1990). The model for optimal reserve inventory between two
machines under the assumption that the repair time of machine M satisfies the SCBZ property with the
truncation point is being a random variable has been derived by Sachithanantham et al., (2007). The
same type of model has been discussed by Srinivasan et al., (2007a) with the assumption that the inter
arrival times between successive break downs of machine My is a random variable, which satisfies SCBZ
property. The same model with a modification of the probability function of truncation point has been
discussed by Ramathilagam et al., (2014). The same model has been extended by Sachithanantham and
Jagathesan (2017) and they authors have obtained the optimal reserve inventory under the assumption
that the repair time of machine My is a random variable which satisfies the SCBZ property. It is also
assumed that the truncation of repair time distribution is itself a random variable which follows mixed
exponential distribution. Rajagopal and Sathiyamoorthi (2003) have studied the model in which there
are three machines in series and derived the optimal reserve inventories between “Mi and M2” and that
between “M> and Ms” under the assumption that the repair time of machine My is a random variables.
Venkatesan et al., (2016) have discussed same model with the assumption that the consumption rates of
the reserve inventories by the machines M2 and M3z are random variable. The improvement over this
model is being studied in this paper, in which the repair time of M: is a random variable and its
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probability function undergoes a parametric change after the truncation point. It is also assumed that the
truncation point itself is a random variable which follows uniform distribution.

2. Assumptions
There are three machines M1,M2 and M3 in series.

Q) The output of My is the input for M2 and the output of M2 is the input for M3

(i) Mz is in down state where as M2 and Mz are in upstate.

(i) The idle time cost of M3 is very costly

(iv)  The repair time of Machine My is a random variable and its distribution satisfies the SCBZ

property.

3. Notations

ry, r2 - : Consumption rates of M2 and M3 respectively.

hi,h2 @ Inventory holding costs per unit of S; and S respectively

di,d2 : Down time cost of M2 and M3 respectively

S1,S2 @ Reserve inventory between M1 and M2, M2 and M3 respectively.

M1, M2 : Average inter arrival time between breakdowns of M1 and M respectively
t : Repair time of M1

4. Model 1

In this model, M1 is in the downstate and both M and M3 are in the upstate. The expected
total cost of this model is given by
d, (* Sy d, (* S; Sy
E(C) = hySy + hyS, + —f (t K —)g(t)dt e (t _m_ —)g(t)dt )
My Js1 7 51,52
&1

U JS1y n on
o

where the first two terms are the inventory holding costs, the third term is the idle time cost of M. after
the failure of M1 and before it is repaired and the fourth term is the idle time cost of M3 after the failure
of Mz and before it is repaired.

Equation (1) is partially differentiating with respect to S; and Sz and equating them to zero, we

obtain.
d, [ S d S, S
hy + — 1—0(—1)]——2 1—G(—1+—2)]:0 (2)
HaT1 L 41 H1Tq rn o n
and
dy | Sy S
h, — —— 1—6(—1+—2>]=0 (3)
Ty L n o n

Solving the equations (2) and (3), the optimal values of S; and S, can be obtained. This model
has been discussed by Rajagopal and Sathiyamoorthi (2003).

5. Results

In this model, a novel concept, the so called SCBZ properly is applied to the probability function
of the repair time of Machine M1. In doing so, the probability function of the repair time of machine M1
is assumed to follow exponential distribution and which takes a parametric change (SCBZ) after the
truncation point. It is also assumed that the truncation point itself a random variable, which follows
uniform distribution.

Thus the pdf of the repair time is
g(t,0) = e 9 Jft < x,
g(t,0) = 0*e teX0-0) ift > x,
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It can be shown that fooog(t)dt = 1. where X, is a random variable denoting that truncation

point, which follows uniform distribution (a, b).
Hence the p.d.f of repair time can be stated as

f@) =gt 0Pt <x,)+9g(t0")P(t > x,) (4)
b 1
P(th0)=P(x0St):j P dx,
= ?f dx,
=—I[b—1] (5)

P(t>x,)=P(x, <t)= f dx, (6)

b—a
a
Substituting equations (5) and (6) in the equation (4), we get

f(£) =079 (= )(b ) + GeTtexo@=0) (ftbﬁdxo) 7

The expected cost is given by

d
E(C) = h.S, + h,S, + —f t— —1>f(t)dt + 2 (t 2 S—Z)f(t)dt (8)
41 Ha J2L 22 non
1 2

It can be shortly rewritten as
E(C) = h151 + hZSZ + T1T2 (9)

Here,

T1=Z—i ;<t 2){0 “(bi )(b—t)+6’*e §¢po(0'~ 6’)<Lt(bia)dxo>}dt

T, = ) 51+52 (t 3 i—z) {Ge‘at (ﬁ) (b=1t) + GeFtexo(d-0) (fat (ﬁ) dxo)} dt

K2 "% 7, T1

To obtain the optimal values of S; and S», differentiate the equation (9) with respect to S; and Sa.

Q) _ sy + 204 2L (10)

1 1 1
d, [© 1

T, = —= (t—s—1>{6’e_9t< )(b—t)+9*e Ftgxo(f - ")U dxo>}dt
H1 % &1 b— a

Using Leibnitz rule of differentiation of an integral, we get

oT, d, (© 1 afl 1 It t/, 1

9h _ G2V g (N (p — 't yxo(0'~0) (

0S1 W Js ( r1> {He (b — a) (b—0)+ e e fa b —
1

)}«

JETIR1908480 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | 120


http://www.jetir.org/

© 2019 JETIR June 2019, Volume 6, Issue 6 www.jetir.org (ISSN-2349-5162)

=—Lf { b —-t)+ de” gkt(f oV~ @dxo)}d

uiri(b—a)
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where
L= s 0e?t (f;exo('g*_‘g)dxo)dt
1

= G- H)fsl Ge gkt[et(gk 0 _ gal(d- 9 ]dt

— [fl -d't t(a“ @dt—f e—Hkt a(d - @dt]
( 0)

1

[fsl e=0tgr — a(a*-a)fioe-a*tdt]

(H* )0 -
o a(g-6)-te
h=G- H)[ ¢ ' ] (12)
Thus,
Ty dy s 1) 2o A Lo a(0-0)-2d
25, | mam-a) [{b " 0}6 v (ﬁ—ae{e - ¢ ' }] (13)
Similarly, ﬁ can be obtained as
dT, _ dz {b _ (5_1 Sz) _ l}e—(i—i+i—§)9
051 ueni(b—a) non 0.
g (51452 _o) (51452
+—(gk_ H)g{e (T1+T2)0_ ea(g* 9) (T1+T2)g*}] (14)
Substituting (13) and (14) in (10), the resultant equation is,
d
ﬂ =0=
85,
__d s Dm0 (o e-0-3d
ﬂlrl(b_a) [{b Tl 9} e ! + (H*_g)e{e ' }:l
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G l{b — (S_l + S_2> _ 1} e‘(i_ﬁ%)g + L{e‘(%’%)g _ ea(e‘*—e)—(i—i+i—§)€*}l =0(15)
211 (b — a) norn 0 (7 -00
In a similar way it can be shown that

aE(C):O:}
S,
d, [ 1y %) D)
et (24 2)- e
P G-l \n Tn) 0
N (9“49)9 {e-(i—i+i—§)9_ ca@-0,~(+72)7 }]:0 (16)

Solving the equations (15) and (16), we get

dl 51 1 _i_lg gk _i_lg a _S_lg*
— _— —_——_—— = 1 _ 1 — (gk_g) T1 } =
hyr; — hyry 0 —a) {b - e}e + 7 = 6’)6’{6 e e 0 (17)

Using the equations (16) and (17) the optimal value of S and S» can be obtained for fixed values of
h1, ha, d1, d2 , 1, 2,11, 12, 6,07, aand b.
6. Numerical illustrations

The variations in $1 and Sz in hy, h2, d1, d2, p1 and 2 have been studied by assuming other
parameters has

h: =15 di= 50 rn=2 M1=0.8 6=12 a=1

h, = 10 di= 60 rp=2 M2 =1.0 6*=1.0 b=2
The computed values and their curves are presented here.

Table 1 The optimal reserve inventory for varying h;
h1 15 16 17 18

S1 0.9274 0.7528 0.6036 0.4731

204 - =51

O T T T T T T T 1
14.5 15 15.5 16 16.5 17 17.5 18 18.5

holding cost (h,)

Fig 1 The optimal reserve inventory for varying h;
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Table 2 The optimal reserve inventory for varying h»

ha 9 10 11 12
Si 0.7528 0.9274 1.1383 1.4065
> 0.5262 0.3856 0.2591 0.1441
16 -
14 -
F
212 -
o
E 1-
S
g 08 -
;‘: 0.6 - M
£ —=-52
Z 04 -
(@)
0.2 -
0 T T T T T T T 1
8.5 9 9.5 10 105 11 115 12 125
holding cost (h,)
Fig. 2 The optimal reserve inventory for varying h;
Table 3 The optimal reserve inventory for varying d:
d1 40 50 60 70
$1 0.7134 0.9274 1.1000 1.2445
1.4 -
1.2 -
z
o
£
o 0.8 -
2
[}
$ 06 -
= —0—51
E 04 -
3
€02 -
0 T T T T T T T 1
35 40 45 50 55 60 65 70 75

shortage cost (d,)

Fig. 3 The optimal reserve inventory for varying di
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Table 4 The optimal reserve inventory for varying d»

d2 60 70 80 90
S 0.3856 0.5916 0.7717 0.9320

o
Vo]
1

o
(o]
1

o
~
1

o
(o))
1

=li=S52

Optimal reserve inventory
o
(03]
1

o
IS
1

o
w

55 65 75 85 95
shortage cost (d,)

Fig. 4 The optimal reserve inventory for varying d»

Table 5 The optimal reserve inventory for varying [

M1

0.8

0.9

1.0

1.1

0.9272

0.8148

0.7143

0.6211

© o 0 o o
oo N o bR

Optimal reserve inventory
o
SN

©c o 0o
N W

o

=51

0.75 0.85

0.95

M

1.05

1.15

Fig. 5 The optimal reserve inventory for varying [
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Table 6 The optimal reserve inventory for varying p2

M2 1.0 1.1 1.2 13

AY! 0.3856 0.2591 0.1441 0.0387

0.45 -

o
© w ©
w a »

1

0.25 -

o
N
1

=ll=S52
0.15 -

Optimal reserve inventory
=]
-
1

0.05 A

27}

Fig. 6 The optimal reserve inventory for varying .
7 Conclusion

It is seen from the above numerical illustration that the determination of optimal S: and $>
depends upon various parameters pi, J2 and also on the values of the costs di,d2, hy and hz. Also two
rates of consumption M2 and Mz namely r1 and r2 play a role in the optimal size of S; and S;. The
changes in the values of S1 and S2 due to changes of p1, P2 hi, hz, di and dz have been studied. The
optimal reserve inventory level increases in the first inventory when increasing both inventory costs, but
the second inventory level does not altered due to the changes of its corresponding inventory cost. On
the other hand, second inventory level decreases for increasing its inventory cost. Due to the changes of
down time costs, the corresponding inventory level changes in the same direction, but others remain the
same. Similarly, the levels of both inventories changes in opposite direction due to the changes of
average inter-arrival times, but others do not changes.

References

1. Hanssmann, F 1962, ‘Operations Research in Production and Inventory Control’, John Wiley and
Sons, Inc New York, pp. 45-46.

2. Raja Rao, B & Talwalkar, 1990, ‘Setting the Clock Back to Zero Property of a Family of Life
Distributions’, Journal of Statistical Planning and Inference, vol.24, pp. 347-352.

3. Rajagopal, K & Sathiyamoorthi, R 2003, ‘An extension of the optimal Reserve Inventory level
between machines model’, Second National Conference on Mathematical and Computational
Models, Coimbatore PSG December 11-12, 2003. pp. 57-62.

4. Ramathilagam, S, Henry, L & Sachinthanantham, S 2014, ‘A model for optimal Reserve
inventory between two machines in series with repair time undergoes a parametric change’, Ultra
scientist vol.26, no.3, pp.227-237.

5. Sachithanantham, S, & Jagadeesan, R, 2017, ‘A model for Optimal Reserve inventory Between
Two Machines with reference to the distribution of repair time’, International Journal of
Mathematics Trends and Technology (IJMTT), vol.47 no.1, pp.74-80.

6. Sachithanantham, S, Ganesan, V & Sathiyamoorthi, R 2007, ‘A model for Optimal Reserve
inventory Between Two Machines in Series;, Journal of Indian Acad. Math, vol.29, no.1, pp.59-
70.

JETIR1908480 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | 125


http://www.jetir.org/

© 2019 JETIR June 2019, Volume 6, Issue 6 www.jetir.org (ISSN-2349-5162)

7. Sachithanantham, S, Ganesan, V, & Sathiyamoorthi, R, 2006, ‘Optimal Reserve between Two
Machines with Repair Time having SCRZ Property’, Bulletin of Pure and Applied Science, vol.
25E, no.2, pp. 487-497.

8. Srinivasan, S, Sulaiman, A & Sathiyamoorthi, R 2007a, ‘On the Determination of Optimal
Inventory with Demand distribution as order statistics’, Bulletin of Pure and Applied Sciences,
pp. 25-32.

9. Venkatesan, T, Muthu, C & Sathiyamoorthi, R 2016, ‘determination of optimal reserve between
three machines in series’, International Journal of Advanced Research in Mathematics and
Applications, vol.1, no.1,pp.74-82.

JETIR1908480 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | 126


http://www.jetir.org/

