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ABSTRACT 

In this paper we have studied univalent functions with missing even coefficients by using Salagean differential operator. Here we 

have obtained some properties of 𝑓(𝑧) = 𝑧 −  ∑ 𝑎2𝑘+1𝑧2𝑘+1∞
𝑘=1 , 𝑎2𝑘+1 ≥ 0 like convolution results, coefficient bounds 

and Hadmard product. 
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1. INTRODUCTION 

Let M denote the class of normalised univalent functions of the form 𝑓(𝑧) = 𝑧 + ∑ 𝑎𝑘𝑧𝑘∞
𝑘=1   is analytic in the 

unit disk, E={𝑧/|𝑧| < 1} 

Let R = {𝑤/𝑤 𝑖𝑠 𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐 𝑖𝑛 𝐸, 𝑤(0) = 0, |𝑤(𝑧)| < 1 𝑖𝑛 𝐸 } 

Let 𝐺(𝐴, 𝐵) denote subclass of analytic functions in E, which are of the form 
1+𝐴𝑤(𝑧)

1+𝐵𝑤(𝑧)
  ,    -1≤A<B<1 where 

𝑤(𝑧)𝜖𝑅. 

In this paper we study another subclass S* of M which consist of functions of the form, 𝑓(𝑧) = 𝑧 −

 ∑ 𝑎2𝑘+1𝑧2𝑘+1∞
𝑘=1         , 𝑎2𝑘+1 ≥ 0 

 

Let Salagean introduced differential operator, 

𝐷𝑛 : M → M, n∈ 𝑁    by   𝐷0(𝑓(𝑧)) = 𝑓(𝑧),         𝐷1(𝑓(𝑧)) =z 𝑓 ′(𝑧)…….. 

                                             ….  𝐷𝑛(𝑓(𝑧)) = 𝐷(𝐷𝑛−1𝑓(𝑧)) 
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Consider the following definitions, 

M*(𝐴, 𝐵) =  {𝑓/𝑓 ∈ 𝑀𝑎𝑛𝑑 
𝐷𝑛+1 𝑓(𝑧)

𝐷𝑛 𝑓(𝑧)
 𝜖 𝐺(𝐴, 𝐵)} 

H(𝐴, 𝐵) =  {𝑓/𝑓 ∈ 𝑀𝑎𝑛𝑑 (
𝐷𝑛+1 𝑓(𝑧)

𝐷𝑛 𝑓(𝑧)
)
′

𝜖 𝐺(𝐴, 𝐵)} 

S*(𝐴, 𝐵) =  {𝑓/𝑓 ∈ 𝑆𝑎𝑛𝑑 (
𝐷𝑛+1 𝑓(𝑧)

𝐷𝑛 𝑓(𝑧)
)  𝜖 𝐺(𝐴, 𝐵)}                                      C(𝐴, 𝐵) =  {𝑓/𝑓 ∈

𝐻𝑎𝑛𝑑 
(𝐷𝑛+1 𝑓(𝑧))′

𝐷𝑛 𝑓(𝑧)
 𝜖 𝐺(𝐴, 𝐵)} 

 

If  𝑓(𝑧) = 𝑧 −  ∑ 𝑎2𝑘+1𝑧2𝑘+1∞
𝑘=1  ,   𝑔(𝑧) = 𝑧 − ∑ 𝑏2𝑘+1𝑧2𝑘+1∞

𝑘=1   then their convolution is defined by, 

ℎ(𝑧) = 𝑓 (𝑧) ∗ 𝑔(𝑧) 

                                                       ℎ(𝑧) = 𝑧 −  ∑ 𝑎2𝑘+1𝑏2𝑘+1𝑧2𝑘+1∞
𝑘=1  

 

2. PRELIMINARY AND MAIN RESULTS 

We start with following lemma which will be required for further investigation. 

 

Lemma 1. A function,  𝑓(𝑧) = 𝑧 −  ∑ 𝑎2𝑘+1𝑧2𝑘+1∞
𝑘=1  ,  𝑎2𝑘+1 ≥ 0 is in 𝑆∗(𝐴, 𝐵) iff 

∑ (
(2𝑘+1)𝑛(2𝑘(𝐵+1)+(𝐵−𝐴))

(𝐵−𝐴)
)∞

𝑘=1  ≤ 1. 

Proof :  Let  𝑓(𝑧) = 𝑧 −  ∑ 𝑎2𝑘+1𝑧2𝑘+1∞
𝑘=1 . 

𝐷𝒏 𝑓(𝒛) = 𝑧 − ∑ (2𝑘 + 1)𝑛𝑎2𝑘+1𝑧2𝑘+1  ∞
𝑘=1  and  

𝐷𝒏+𝟏 𝑓(𝒛) = 𝑧 − ∑(2𝑘 + 1)𝑛+1𝑎2𝑘+1𝑧2𝑘+1

∞

𝑘=1

 

Therefore,  
𝐷𝑛+1𝑓(𝑧)

𝐷𝑛𝑓(𝑧)
 = 

𝑧−∑ (2𝑘+1)𝑛+1𝑎2𝑘+1𝑧2𝑘+1∞
𝑘=1

𝑧−∑ (2𝑘+1)𝑛∞
𝑘=1 𝑎2𝑘+1𝑧2𝑘+1  

            Now,  
𝐷𝑛+1𝑓(𝑧)

𝐷𝑛𝑓(𝑧)
 𝜖 𝐺(𝐴, 𝐵) if and only if 

            
𝑧−∑ (2𝑘+1)𝑛+1𝑎2𝑘+1𝑧2𝑘+1∞

𝑘=1

𝑧−∑ (2𝑘+1)𝑛∞
𝑘=1 𝑎2𝑘+1𝑧2𝑘+1 =  

1+𝐴𝑊(𝑧)

1+𝐵𝑊(𝑧)
 . 

∑ −2𝑘(2𝑘 + 1)𝑛∞
𝑘=1 𝑎2𝑘+1𝑧2𝑘+1 + 𝑤(𝑧)[(𝐵 − 𝐴)𝑧 + ∑ (2𝑘 + 1)𝑛(𝐴 −  (2𝑘 + 1)𝐵)∞

𝑘=1 𝑎2𝑘+1𝑧2𝑘+1]. 

Note that, |𝑤(𝑧)|  ≤ 1. Thus we get,  

|
∑ 2𝑘(2𝑘+1)𝑛𝑎2𝑘+1𝑧2𝑘+1∞

𝑘=1

(𝐵−𝐴)𝑧 + ∑ (2𝑘+1)𝑛∞
𝑘=1  (𝐴−(2𝑘+1)𝐵)𝑎2𝑘+1𝑧2𝑘+1|  1 

Allowing |𝑧| = 𝑟 → 1  we get, 

 
∑ 2𝑘(2𝑘+1)𝑛𝑎2𝑘+1
∞
𝑘=1

(𝐵−𝐴)+∑ (2𝑘+1)𝑛(𝐴−(2𝑘+1)𝐵)𝑎2𝑘+1
∞
𝑘=1

 ≤ 1  

            ∑ (2𝑘 + 1)𝑛((𝐵 − 𝐴) + 2𝑘(𝐵 + 1))𝑎2𝑘+1  ≤ 𝐵 − 𝐴∞
𝑘=1   

            ∑ (
(2𝑘+1)𝑛(2𝑘(𝐵+1)+(𝐵−𝐴))

(𝐵−𝐴)
) 𝑎2𝑘+1

∞
𝑘=1 ≤ 1 . 
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Lemma: 2 

A function  𝑓(𝑧) = 𝑧 −  ∑ 𝑎2𝑘+1𝑧2𝑘+1∞
𝑘=1   , 𝑎2𝑘+1 ≥ 0 is in 𝐶(𝐴, 𝐵)  if and only if 

∑ (
(2𝑘+1)𝑛(2𝑘(𝐵+1)+(𝐵−𝐴))

(𝐵−𝐴)
) 𝑎2𝑘+1

∞
𝑘=1 ≤ 1.  

Proof:  We have  𝑓(𝑧) = 𝑧 −  ∑ 𝑎2𝑘+1𝑧2𝑘+1∞
𝑘=1  ∈ 𝐶(𝐴, 𝐵)                                                               

Then  (
𝐷𝑛+1 𝑓(𝑧)

𝐷𝑛 𝑓(𝑧)
)
′

∈ 𝐺(𝐴, 𝐵) 

  If and only if      1−∑ (2𝑘+1)𝑛+2𝑎2𝑘+1𝑧2𝑘∞
𝑘=1

1−∑ (2𝑘+1)𝑛+1∞
𝑘=1 𝑎2𝑘+1𝑧2𝑘

 = 
1+𝐴𝑤(𝑧)

1+𝐵𝑤(𝑧)
  

∑ −2𝑘(2𝑘 + 1)𝑛+1𝑎2𝑘+1𝑧2𝑘 + 𝑤(𝑧)[(𝐵 − 𝐴) + ∑ (2𝑘 + 1)𝑛+1(𝐴 − (2𝑘 + 1)𝐵)𝑎2𝑘+1𝑧2𝑘∞
𝑘=1 ]∞

𝑘=1 = 0  

∑ 2𝑘(2𝑘 + 1)𝑛+1𝑎2𝑘+1𝑧2𝑘 = 𝑤(𝑧)[(𝐵 − 𝐴) + ∑ (2𝑘 + 1)𝑛+1(𝐴 − (2𝑘 + 1)𝐵)𝑎2𝑘+1𝑧2𝑘∞
𝑘=1 ]∞

𝑘=1   

Since |𝑤(𝑧)| ≤ 1 we get , 

∴ |
∑ 2𝑘(2𝑘+1)𝑛+1𝑎2𝑘+1𝑧2𝑘∞

𝑘=1

(𝐵−𝐴)+∑ 2𝑘(2𝑘+1)𝑛+1(𝐴−(2𝑘+1)𝐵)𝑎2𝑘+1𝑧2𝑘∞
𝑘=1

| ≤ 1  

Allowing |𝑧| = 𝑟 → 1 we get , 

∑ (2𝑘+1)𝑛+12𝑘 𝑎2𝑘+1
∞
𝑘=1

(𝐵−𝐴)+∑ (2𝑘+1)𝑛+1(𝐴−(2𝑘+1)𝐵) 𝑎2𝑘+1
∞
𝑘=1

≤ 1  

∑ (2𝑘 + 1)𝑛+1(2𝑘(𝐵 + 1) + (𝐵 − 𝐴)) 𝑎2𝑘+1 ≤ 𝐵 − 𝐴∞
𝑘=1   

∴  ∑ (
(2𝑘+1)𝑛+1(2𝑘(𝐵+1)+(𝐵−𝐴))

𝐵−𝐴
)∞

𝑘=1 𝑎2𝑘+1 ≤ 1  

We define ℎ(𝑧) = 𝑓(𝑧) ∗  𝑔(𝑧) = 𝑧 − ∑ 𝑎2𝑘+1𝑏2𝑘+1𝑧2𝑘+1∞
𝑘=1    , 𝑎2𝑘+1, 𝑏2𝑘+1 ≥ 0 

For 𝑓(𝑧) & 𝑔(𝑧) members of 𝑠∗(𝐴, 𝐵) and C(A,B). 

 Theorem 1 

If 𝑓(𝑧) = 𝑧 − ∑ 𝑎2𝑘+1𝑧2𝑘+1 , 𝑔(𝑧) = 𝑧 − ∑ 𝑏2𝑘+1𝑧2𝑘+1,∞
𝑘=1

∞
𝑘=1   

𝑎2𝑘+1 , 𝑏2𝑘+1 ≥ 0 are elements of classes 𝑠∗(𝐴, 𝐵) and C(A,B) then ℎ(𝑧) = 𝑧 − ∑ 𝑎2𝑘+1𝑏2𝑘+1𝑧2𝑘+1∞
𝑘=1  is an 

element of 𝑠∗(𝐴1, 𝐵1) with −1 ≤ 𝐴1 ≤ 𝐵1 ≤ 1 , where 𝐴1 ≥  −1 , 𝐵1 ≤
𝐴1−2𝑅

1+2𝑅
 and these bounds for 𝐴1& 𝐵1 

are sharp. 

 

Proof:-    

 By lemma 1. We have, 

∑ (
(2𝑘+1)𝑛(2𝑘(𝐵+1)+(𝐵−𝐴))

(𝐵−𝐴)
)∞

𝑘=1 𝑎2𝑘+1 ≤ 1                                              (1.1) 

Since 𝑓 ∈  𝑠∗(𝐴, 𝐵)  

∑ (
(2𝑘+1)𝑛(2𝑘(𝐵+1)+(𝐵−𝐴))

(𝐵−𝐴)
)∞

𝑘=1 𝑏2𝑘+1 ≤ 1                                               (1.2) 
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We want to find  𝐴1 , 𝐵1 , Such that  

−1 ≤  𝐴1 <  𝐵1 ≤ 1 for ℎℎ(𝑧) = 𝑓(𝑧) ∗ 𝑔(𝑧) ∈ 𝑠∗(𝐴1, 𝐵1) 

Now , ℎ(𝑧) ∈ 𝑠∗(𝐴1, 𝐵1) if , 

∑ (
(2𝑘+1)𝑛(2𝑘(𝐵1+1)+(𝐵1−𝐴1))

(𝐵1−𝐴1)
)∞

𝑘=1 𝑎2𝑘+1𝑏2𝑘+1 ≤ 1                                  (1.3) 

 ∑ 𝑢1 𝑎2𝑘+1 𝑏2𝑘+1 ≤ 1∞
𝑘=1  where, 𝑢1 = (

(2𝑘+1)𝑛(2𝑘(𝐵1+1)+(𝐵1−𝐴1))

(𝐵1−𝐴1)
)   

By Cauchy Schwarz inequality, 

 ∑ √𝑢𝑎2𝑘+1 𝑢𝑏2𝑘+1 ≤ (∑ 𝑢𝑎2𝑘+1 ∞
𝑘=1 )

1
2⁄ (∑  𝑢𝑏2𝑘+1

∞
𝑘=1 )

1
2⁄ ≤ 1∞

𝑘=1     (1.4)   

Where 𝑢 = (
(2𝑘+1)𝑛(2𝑘(𝐵+1)+(𝐵−𝐴))

(𝐵−𝐴)
)                                                       (1.5) 

(1.3) is true if, 

𝑢1𝑎2𝑘+1 𝑏2𝑘+1 ≤ 𝑢√𝑎2𝑘+1 𝑏2𝑘+1                                                           (1.6) 

Where 𝑢1 = (
(2𝑘+1)𝑛(2𝑘(𝐵1+1)+(𝐵1−𝐴1))

(𝐵1−𝐴1)
)  

 𝑢1√𝑎2𝑘+1 𝑏2𝑘+1 ≤ 𝑢  

Also from (1.4), 

𝑢1√𝑎2𝑘+1 𝑏2𝑘+1 ≤ 1 for k=1,2,3……                                                    (1.7) 

Therefore it is enough to find 𝑢1 such that , 

1

𝑢
≤  

𝑢

𝑢1
  ie 𝑢1 ≤ 𝑢2

                                                                                                                             (1.8) 

Therefore 

(
(2𝑘+1)𝑛(2𝑘(𝐵1+1)+(𝐵1−𝐴1))

(𝐵1−𝐴1)
) ≤ (

(2𝑘+1)𝑛(2𝑘(𝐵+1)+(𝐵−𝐴))

(𝐵−𝐴)
)

2

= 𝑢2  

(2𝑘 + 1)𝑛(2𝑘(𝐵1 + 1) + (𝐵1 − 𝐴1)) ≤ (𝐵1 − 𝐴1)𝑢2   

𝐴1 ≥  
2𝑘(2𝑘+1)𝑛(𝐵1+1)+((2𝑘+1)𝑛−𝑢2)𝐵1

((2𝑘+1)𝑛−𝑢2)
                                                       (1.9) 

Take 𝐵1 = 1 and 𝑘 = 1 in (1.9) & (1.5) above. 

Therefore 

 𝐴1 ≥
2(3𝑛)(2)+(3𝑛−𝑢2)

(3𝑛−𝑢2)
  

  𝐴1 ≥
5 3𝑛−𝑢2

3𝑛−𝑢2
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 Where , 𝑢2 = (
 3𝑛(2(𝐵+1)+𝐵−𝐴)

(𝐵−𝐴)
)

2

  

               𝑢2 = (
 3𝑛(3𝐵−𝐴+2)

𝐵−𝐴
)

2

  

Therefore                     

𝐴1 ≥  
5.3𝑛(

 3𝑛(3𝐵−𝐴+2)

𝐵−𝐴
)

2

3𝑛(
 3𝑛(3𝐵−𝐴+2)

(𝐵−𝐴)
)

2 ≥ 1 + 4 [
3𝑛(𝐵−𝐴)2

3𝑛(𝐵−𝐴)2−(3𝑛(3𝐵−𝐴+2))2]  

Let us verify for a particular  𝑓 and 𝑔 ∈  𝑠∗(𝐴, 𝐵) 

Consider  

𝑓(𝑧) = 𝑔(𝑧) = 𝑧 − (
3𝑛(3𝐵−𝐴+2)

(𝐵−𝐴)
) 𝑧3 ∈  𝑠∗(𝐴, 𝐵)  

Their convolution is  

ℎ(𝑧) = 𝑧 − (
3𝑛(3𝐵−𝐴+2)

(𝐵−𝐴)
)

2

𝑧3  

Thus ℎ(𝑧) ∈ 𝑠∗(𝐴1, 𝐵1) if  

3𝑛(2(𝐵1+1)+(𝐵1−𝐴1))

𝐵1−𝐴1
= (

3𝑛(3𝐵−𝐴+2)

𝐵−𝐴
)

2

  

 
3𝑛(3𝐵1−𝐴1+2)

𝐵1−𝐴1
= (

3𝑛(3𝐵−𝐴+2)

𝐵−𝐴
)

2

  

Substitute 𝐵1 = 1 to get , 

3𝑛(5−𝐴1)

1−𝐴1
= (

3𝑛(3𝐵−𝐴+2)

𝐵−𝐴
)

2

   

𝐴1 - 1 = 
4.3n (𝐵−𝐴)2

[3𝑛(𝐵−𝐴)2−(3𝑛(3𝐵−𝐴+2))
2

]
 

 𝐴1 = 1 + 4R Where R =  
3𝑛 (𝐵−𝐴)2

[3𝑛(𝐵−𝐴)2−(3𝑛(3𝐵−𝐴+2))
2

]
 

This asserts that h(z)  𝑠∗(1+4k,1) with 

R =  
3𝑛 (𝐵−𝐴)2

[3𝑛(𝐵−𝐴)2−(3𝑛(3𝐵−𝐴+2))
2

]
 

 Theorem 2 

If 𝑓(𝑧)  𝑠∗(A,B) and g(z)  𝑠∗(𝐴′ , 𝐵′). Then h(z)  𝑠∗(𝐴1, 𝐵1) 

Where 𝐴1 ≥ -1 , 𝐵1  
𝐴1+2𝑅

1−2𝑅
 with 

R = 
(𝐵−𝐴)(𝐵′−𝐴′)

(𝐵−𝐴)(𝐵′−𝐴′)−3𝑛(3𝐵−𝐴+2)(3𝐵′−𝐴′+2)
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Proof :- 

Proceeding with the argument developed in Theorem 1, we require 

(2𝑘+1)𝑛(2𝑘(𝐵1+1)+(𝐵1−𝐴1))

(𝐵1−𝐴1)
≤ {

(2𝑘+1)𝑛(2𝑘(𝐵+1)+(𝐵−𝐴))

(𝐵−𝐴)
} {

(2𝑘+1)𝑛(2𝑘(𝐵′+1)+(𝐵′−𝐴′))

(𝐵1−𝐴1)
} = α                 (1.10) 

2𝑘(𝐵1+1)(𝐵1−𝐴1)

(𝐵1−𝐴1)
  

α

(2𝑘+1)𝑛 

2𝑘(𝐵1+1)

(𝐵1−𝐴1)
 ≤

α

(2𝑘+1)𝑛
− 1  

2𝑘(𝐵1+1)

(𝐵1−𝐴1)
   

α − (2𝑘+1)𝑛

(2𝑘+1)𝑛                                                                     (1.11) 

𝐵1−𝐴1

2𝑘(𝐵1+1)
    

(2𝑘+1)𝑛

α − (2𝑘+1)𝑛
    

  
𝐵1−𝐴1

(𝐵1+1)
  

2𝑘(2𝑘+1)𝑛

α − (2𝑘+1)𝑛 

𝐵1−𝐴1

𝐵1+1
  

2𝑘(2𝑘+1)𝑛

((
(2k+1)n(2k(B+1)+(B−A))

(B−A)
)(

(2𝑘+1)𝑛(2𝑘(𝐵′+1)+(𝐵′−𝐴′))

(𝐵′−𝐴′)
))− (2𝑘+1)𝑛

 

 
𝐵1−𝐴1

𝐵1+1
  

2𝑘(2𝑘+1)𝑛(𝐵−𝐴)(𝐵′−𝐴′)

(2𝑘+1)𝑛(2𝑘(𝐵+1)+(𝐵−𝐴))((2𝑘+1)𝑛(2𝑘(𝐵′+1)+(𝐵′−𝐴′)))−(2𝑘+1)𝑛(B−A)(𝐵′−𝐴′)
  

Taking k = 1 

𝐵1−𝐴1

𝐵1+1
  

2(3)𝑛(𝐵−𝐴)(𝐵′−𝐴′)

3𝑛(3𝐵−𝐴+2)3𝑛(3𝐵′−𝐴′+2)−3𝑛(𝐵−𝐴)(𝐵′−𝐴′)
 

𝐵1−𝐴1

𝐵1+1
  

2(𝐵−𝐴)(𝐵′−𝐴′)

3𝑛(3𝐵−𝐴+2)(3𝐵′−𝐴′+2)−(𝐵−𝐴)(𝐵′−𝐴′)
 

𝐵1−𝐴1

𝐵1+1
  2R                                                                                             (1.12) 

where R = 
(𝐵−𝐴)(𝐵′−𝐴′)

3𝑛(3𝐵−𝐴+2)(3𝐵′−𝐴′+2)−(𝐵−𝐴)(𝐵′−𝐴′)
  

 𝐵1  
𝐴1+2𝑅

1−2𝑅
                                                                                            (1.13) 

But 𝐵1 ≥  −1 

 -1  
𝐴1+2𝑅

1−2𝑅
 

 𝐴1 ≥  -1 

Now consider, 

𝑓(𝑧) = z – 
(𝐵−𝐴)

(3𝐵−𝐴+2)3𝑛
𝑧3  ∈  𝑠∗(𝐴, 𝐵) 
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g(z) = z - 
(𝐵′−𝐴′)

3𝑛(3𝐵′−𝐴′+2)
𝑧3  ∈  𝑠∗ (𝐴′, 𝐵′) 

Then , ℎ(𝑧) = 𝑓(𝑧)g(z) 

ℎ(𝑧) = z – 
(𝐵−𝐴)(𝐵′−𝐴′)

(3n)2(3𝐵−𝐴+2)(3𝐵′−𝐴′+2)
𝑧3 

where 𝐴1 & 𝐵1 can be found by the following 𝑟𝑒𝑙𝑛 , 

3𝑛(3𝐵1−𝐴1+2)

 𝐵1−A1
 = 

(3n(3B−A+2))(3n(3𝐵′−𝐴′+2))

(𝐵−𝐴)(𝐵′−𝐴′)
 

On simplification and substituting 𝐵1 = 1 , We get  

(5−𝐴1)

1−𝐴1
 = 

(3𝐵1−𝐴1+2)3𝑛(3𝐵′−𝐴′+2)

(𝐵−𝐴)(𝐵′−𝐴′)
 = 𝛼 

5−𝐴1

1−𝐴1
 =  , where  α =  

3𝑛(3𝐵1−𝐴1+2)(3𝐵′−𝐴′+2)

(𝐵−𝐴)(𝐵′−𝐴′)
 

𝐴1 = 1 + 4𝑅  

Where  𝑅 =  
1

1− α
  

𝑅 =  
1

1−
3𝑛(3𝐵−𝐴+2)(3𝐵′−𝐴′+2)

(𝐵−𝐴)(𝐵′−𝐴′)

   

𝑅 =  
(𝐵−𝐴)(𝐵′−𝐴′)

(𝐵−𝐴)(𝐵′−𝐴′)− 3𝑛(3𝐵−𝐴+2)(3𝐵′−𝐴′+2)
  

 Theorem 3      

If 𝑓(𝑧)  ∈ C (A,B) & 𝑔(z) ∈ C (𝐴′, 𝐵′) then 𝑓(𝑧) ∗ g(z) ∈ C (𝐴1 , 𝐵1) 

Where 𝐴1 ≥  −1 , 𝐵1 ≤  
𝐴1+2𝑅

1−2𝑅
 with  

𝑅 =  
(𝐵−𝐴)(𝐵′−𝐴′)

(𝐵−𝐴)−9(3𝑛(3𝐵−𝐴+2)(3𝐵′−𝐴′+2))
                                                         (1.14) 

Proof :-Let us verify with following examples, 

𝑓(𝑧) =  𝑧 −
(𝐵−𝐴)

3.3𝑛(3𝐵−𝐴+2)
 𝑧3  ∈ C (A,B) 

g(z) = 𝑧 −  
(𝐵′− 𝐴′)

3.3𝑛(3𝐵′− 𝐴′+2)
 𝑧3  ∈ C ( 𝐴′, 𝐵′) 

Then , 

ℎ(𝑧) =  𝑓(𝑧) ∗ g(z)  

ℎ(𝑧) =  𝑧 −  
(𝐵−𝐴)( 𝐵′− 𝐴′)

9( 3𝑛)2(3𝐵−𝐴+2)(3 𝐵′− 𝐴′+2)
  𝑧3 ∈ C (𝐴1, 𝐵1) 

If , 
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3𝑛(2(𝐵1+1)+(𝐵1−𝐴1))

(𝐵1−𝐴1)
 = 

9(3𝑛)2(3𝐵−𝐴+2)(3𝐵′−𝐴′+2)

(𝐵−𝐴)( 𝐵′− 𝐴′)
 

Take 𝐵1 = 1  

(5−𝐴1)

1−𝐴1
 = 

9(3𝑛)(3𝐵−𝐴+2)(3𝐵′−𝐴′+2)

(𝐵−𝐴)( 𝐵′− 𝐴′)
 = 𝛼 

(5−𝐴1)

1−𝐴1
 =  , Where  𝛼 = 

9(3𝑛)(3𝐵−𝐴2)(3𝐵′−𝐴′+2)

(𝐵−𝐴)( 𝐵′− 𝐴′)
 

𝐴1= 1 +
4

1−α
  

𝐴1 = 1 +
4

1−(
9(3𝑛)(3𝐵−𝐴2)(3𝐵′−𝐴′+2)

(𝐵−𝐴)( 𝐵′− 𝐴′)
)
  

𝐴1 = 1 +  
4(𝐵 − 𝐴)(𝐵′ − 𝐴′)

(𝐵 − 𝐴)(𝐵′ − 𝐴′) − 9(3𝑛(3𝐵 − 𝐴 + 2)(3𝐵′ − 𝐴′ + 2))
 

𝐴1 = 1 + 4𝑅    Where , 

𝑅 =   
(𝐵 − 𝐴)(𝐵′ − 𝐴′)

(𝐵 − 𝐴)(𝐵′ − 𝐴′) − 9(3𝑛(3𝐵 − 𝐴 + 2)(3𝐵′ − 𝐴′ + 2))
 

 Theorem 4 

            If 𝑓(𝑧) ∈ 𝑠∗(𝐴, 𝐵) , g(z) ∈  𝑠∗(𝐴′, 𝐵′) then 𝑓(𝑧) ∗ g(z) ∈ C (𝐴1, 𝐵1) where 𝐴1 ≥ -1 and 𝐵1 ≤  
𝐴1+2𝑅

1−2𝑅
 

with  

𝑅 =
3(𝐵−𝐴)(𝐵′−𝐴′)

3𝑛(3𝐵−𝐴+2)(3𝐵′−𝐴′+2)−3(𝐵−𝐴)(𝐵′−𝐴′)
                                                                 (1.15) 

Proof:- 

          𝑓(𝑧) ∗ 𝑔(𝑧) ∈  𝐶 (𝐴1, 𝐵1) 𝑖𝑓 , 

(2𝑘+1)𝑛+1(2𝑘(𝐵1+1)+(𝐵1−𝐴1))

𝐵1−𝐴1
≤  {

(2𝑘+1)𝑛(2𝑘(𝐵+1)+(𝐵−𝐴))

(𝐵−𝐴)
} {

(2𝑘+1)𝑛(2𝑘(𝐵′+1)+(𝐵′−𝐴′))

(𝐵′−𝐴′)
} = α  

Proceeding as in Theorem 2 with k=1 we get, 

3𝑛+1(2(𝐵1+1)+(𝐵1−𝐴1))

(𝐵1−𝐴1)
≤  α  

(3𝐵1−𝐴1+2)

𝐵1−𝐴1
≤

α

3𝑛+1  

 
(𝐵1−𝐴1)

2(𝐵1+1)
≥  

3𝑛+1

α−3𝑛+1 = 𝑅  

𝐵1−𝐴1

2(𝐵1+1)
≥ 𝑅  

∴ 𝐵1 ≤  
𝐴1+2𝑅

1−2𝑅
  

But , 𝐵1 ≥  −1  
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𝐴1+2𝑅

1−2𝑅
≥  −1  

∴  𝐴1 ≥  −1  for , 

R =  
3(B−A)(B′−A′)

3n(3B−A+2)(3B′−A′+2)−3(B−A)(B′−A′)
  

 

 Remark  : -    Consider  the functions , 

𝑓(𝑧) = z – 
(𝐵−𝐴)

3𝑛(3𝐵−𝐴+2)
𝑧3  ∈  𝑠∗(𝐴, 𝐵) 

g(z) = z - 
(𝐵′−𝐴′)

3𝑛(3𝐵′−𝐴′+2)
𝑧3  ∈  𝑠∗ (𝐴′, 𝐵′) 

Then 𝑓(𝑧) ∗ g(z)  ∈ C (A1, B1)  with 𝐵1 ≤  
𝐴1+2𝑅

1−2𝑅
  , 𝐴1 ≥  −1 with  𝑅 as in (1.15). This clearly indicates 

that our bounds are best possible. 

 Theorem 5 

 If 𝑓(𝑧) = z − ∑ 𝑎2𝑘+1𝑧2𝑘+1∞
𝑘=1  , a2k+1 ≥ 0 belongs to 𝑠∗(𝐴, 𝐵) and g(z) = 𝑧 − ∑ 𝑏2𝑘+1

∞
𝑘=1 z2k+1 with 

|𝑏2𝑘+1| ≤ 1 for 𝑘 ≥ 1 then 𝑓(𝑧) ∗ g(z) ∈  𝑀∗(𝐴, 𝐵) 

Proof : -  Since , 𝑓(𝑧) ∈ 𝑠∗(𝐴, 𝐵) we have , 

∑ {(2𝑘 + 1)𝑛 (
2𝑘(𝐵+1)+(𝐵−𝐴)

𝐵−𝐴
)}∞

𝑘=1 𝑎2𝑘+1𝑏2𝑘+1 ≤  ∑ {(2𝑘 + 1)𝑛 (
2𝑘(𝐵+1)+(𝐵−𝐴)

(𝐵−𝐴)
)}∞

𝑘=1 𝑎2𝑘+1|𝑏2𝑘+1| ≤ 1                                                    

(1.16)  

From (1.16) and the fact that , |𝑏2𝑘+1| ≤ 1 . 

This  shows  that , 

𝑓(𝑧) ∗  g(z) = 𝑧 − ∑ 𝑎2𝑘+1
∞
𝑘=1 z2k+1  

 Theorem 6 

 If  𝑓(𝑧) = 𝑧 − ∑ 𝑎2𝑘+1
∞
𝑘=1 z2k+1  C (A,B) , 𝑎2𝑘+1 ≥ 0 and g(z) =  𝑧 − ∑ 𝑏2𝑘+1

∞
𝑘=1 z2k+1;  |𝑏2𝑘+1| ≤ 1 for 

𝑘 ≥ 1 then 𝑓(𝑧) ∗  g(z) ∈ C (A,B) 

  Same as above theorem. 

  Theorem 7 

 If 𝑓(𝑧), g(z) ∈ 𝑠∗(𝐴, 𝐵) then h(z) =  z − ∑ (a2k+1
2 + b2k+1

2 )z2k+1 ∈ s(A1, B1)∞
k=1  where         𝐴1 ≥

−1 , 𝐵1 ≤  
𝐴1+4𝑅

1−4𝑅
  with 𝑅 =  

𝑘(2𝑘+1)𝑛(𝐵−𝐴)2

(2𝑘+1)2𝑛(2𝑘(𝐵+1)+(𝐵−𝐴))
2

−(𝐵−𝐴)2
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Proof :  Since , 𝑓(𝑧) , g(z) ∈ 𝑠∗(𝐴, 𝐵) we have , 

∑ (2𝑘 + 1)𝑛 (
2𝑘(𝐵+1)+(𝐵−𝐴)

𝐵−𝐴
)∞

𝑘=1 𝑎2𝑘+1 ≤ 1 and 

 ∑ (2𝑘 + 1)𝑛 (
2𝑘(𝐵+1)+(𝐵−𝐴)

𝐵−𝐴
)∞

𝑘=1 𝑏2𝑘+1 ≤ 1  

Note that, 

∑ (
(2𝑘+1)𝑛(2𝑘(𝐵+1)+(𝐵−𝐴))

𝐵−𝐴
)
2

𝑎2𝑘+1
2 ≤  (∑ (

(2𝑘+1)𝑛(2𝑘(𝐵+1)+(𝐵−𝐴))

(𝐵−𝐴)
)∞

𝑘=1 𝑎2𝑘+1)
2

≤ 1∞
𝑘=1                                       

(1.17) 

Similarly  ∑ (
(2𝑘+1)𝑛(2𝑘(𝐵+1)+(𝐵−𝐴))

𝐵−𝐴
)
2

𝑏2𝑘+1
2 ≤ 1 ∞

𝑘=1                           (1.18) 

Adding (1.17) & (1.18) we get, 

∑ (
(2𝑘+1)𝑛(2𝑘(𝐵+1)+(𝐵−𝐴))

𝐵−𝐴
)
2

(𝑎2𝑘+1
2 + 𝑏2𝑘+1

2 )∞
𝑘=1 ≤ 2                           (1.19)    

Now 𝑓(𝑧) ∗ 𝑔(𝑧) ∈ 𝑠(𝐴1, 𝐵1) if , 

∑ (
(2𝑘 + 1)𝑛(2𝑘(𝐵1 + 1) + (𝐵1 − 𝐴1))

𝐵1 − 𝐴1
) (𝑎2𝑘+1

2 + 𝑏2𝑘+1
2 )

∞

𝑘=1

≤ 1 

(1.19) implies that it is enough to show that , 

(2𝑘+1)𝑛(2𝑘(𝐵1+1)+(𝐵1−𝐴1))

(𝐵1−𝐴1)
≤

1

2
(

(2𝑘+1)𝑛(2𝑘(𝐵+1)+(𝐵−𝐴))

(𝐵−𝐴)
)
2

=
𝑢2

2
  

2𝑘(𝐵1+1)

𝐵1−𝐴1
 ≤  

𝑢2

2(2𝑘+1)𝑛 − 1  

𝐵1+1

𝐵1−𝐴1
≤  

𝑢2−2(2𝑘+1)𝑛

4𝑘(2𝑘+1)𝑛   

𝐵1−𝐴1

𝐵1+1
≥

4𝑘(2𝑘+1)𝑛

𝑢2−2(2𝑘+1)𝑛 =  𝛽(𝑘)  

Note that , 𝛽(𝑘) decreases as 𝑘 increases on substituting 𝑘 = 1 and simplifying we get , 

𝐵1−𝐴1

𝐵1+1
≥ 4𝑅 , where 𝑅 =

𝑘(2𝑘+1)𝑛

𝑢2−2(2𝑘+1)𝑛
   

∴  𝐵1 ≤  
𝐴1+4𝑅

1−4𝑅
  

But 𝐵1 ≥  −1 

∴  −1 ≤  
𝐴1+4𝑅

1−4𝑅
  

∴   𝐴1 ≥ −1  

With , 

𝑅 =  
𝑘(2𝑘+1)𝑛

((2𝑘+1)𝑛(
2𝑘(𝐵+1)+(𝐵−𝐴)

(𝐵−𝐴)
))

2

−2(2𝑘+1)𝑛

  

𝑅 =  
𝑘(𝐵−𝐴)2

(2𝑘+1)2𝑛(2𝑘(𝐵+1)+(𝐵−𝐴))
2

−2(𝐵−𝐴)2
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