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Abstract
In this article we have define a subclass s(y,a,1,A) of univalent functions with negative odd coefficients defined by
Salagean derivative operator in the unit disk U={zeC:|z|<1}. We have obtained different properties like coefficient
inequality distribution theorem, radii of starlikeness, convexity, close to convexity and close to starlikeness and

hadamard product for class s(y,a,u,A).
Keywords : Univalent function, Salagean derivative, Distribution theorem, Closure theorem.

1. Introduction
A denote the class of function of the form

o0
fo=z+ ¥ a ()
k=2
which are analytic and univalent in open unit disk U={ze C:|z|<1}.
f(z) is given by (1) and g(2) is in class 4 defined by

o0
gzt Y b2
k=2
then Hadamard product of fand g is

(00]
(*Q)y=z+ X (ab) zeU.(3)
k=2
Let S denote the subclass of 4 consisting of a function of the form,

o0

flo)y=z— 2. azkﬂzzkH, a, . .20.(4)
k=1

aim to study the subclass S(y,o,1,A) consisting of function f€S§ and satistying,

1(ey-22)
D@

z

<u, zeU(5)
a(D(z))+(1-y)

for 0<y<1,0<0<1,0<u<I and D(z) is Salagean derivative defined by
Dfizy=fz),  Ffizy=zf'(2)

D) =D(D" 'fz))=z— > (2k+1)2k+1225"1 (6)
k=1
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2. Coefficient Inequality
In the following theorem we obtain a necessary and sufficient condition for function to be class S(v,o.,L,A).
Theorem 2.1 : Let function f'defined by (4). Then f €S(y,a, 1) if and only if
o0
2 k(o 2k D +(1=y)] 2k 12 1<p(at(1-y)),
k=1
where 0<u<1,0<y<1,0<a<1 and y>—1. The result is sharp for the function
e p(ot1-y) .
[2hey+p((2k+1)o+(1=y))] (2k+1)*
Proof : Suppose that the inequality holds true and |z]=1. Then we obtain

2k+1
, k>1.

’ V(DE)= %Z)’ - ’ a(D(2))+(1y) D_S)‘

o0
2 Y2k 2kt 1)k 12
k=1

o0
< 3 QkH)M2krHu(@k Doct 1), ~u(orH(1-7)<0.
k=1
Hence by maximum modulus principle /" €S(y,o,1,A).
assume that /' €S(y,a,1,A) so that

w0y 22
<u, zeU.
a(DE)+(1-p) 22
Hence
D(z D(z
1022 < |aeyran 2.
Thus,
3 [2ky+u( o2 1y H(1=7)) kDR <p(ar (1))
k=1
Therefore,

4 < pat(1-y))
20017 2y (o 2k+1)+H(1—y))](2k+1)
Corollary 2.1 : Let the function feS(y,o,11,A) then
4 < pat(1-y))
2617 [2(y (U 2k (1)) ] (A1)

3. Distortion and Covering Theorem
We introduce the growth and distortion theorems for the functions in the class S(y,o,u1,A).
Theorem 3.1 : Let function f €S(y,a,,A) then,
- 5 p(at(l i)) —f2)Ilel p(at(l 11))
yHuatl—y))3 2ytu@Botl-y))
The result is sharp to attained

Az)=z—

S

poH(l=y)
QrGo+l-p)3”

Proof : Let
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o0
e+l
= 2 azk+1z2

fle) =
k=1
o0
J]((Z)| — 7 za ZZk+1
o 2k+1
o0
<zt Ela2k+l|zz’f“|
o0
fal < B Xay,,,
By Theorem 2.1, we get
o0
p(ot(1=y))
<
kzla%ﬂ_ QrtuGar i3
Thus
wot(d=y) 5
<|lzH+ .
Also
wot(d—y) 5
>
Therefore,
p(ot(1=y)) p(ot(1-y))

Z —
o eruGor )
Theorem 3.2 : Let / €S(y,a,1,A) then,
~_ p(at(1=y)) .
2y+u(ort1—)]3"
with equality for,

SRSkl

<f()<1+

wot(1-y))

Qy+uBatl-y))3™

wot(d=y)
[2y+u(3o1-y)13*

z|2

3

Nz)y=z—-
Proof : Note that
0
> (2k+1)a2kﬂs
k=1
Theorem 2.1,
@)

2y+uGort1-p)]3*

3 2y+uBatl—y)] Y k+1)a
k=1

2k+1

< Y Qk+D)[2ky+ (ot 1)+ 1—y)](2k+1)2k+1

k=1
<u(ot1=y).
u(ot1—y)

[2y+u(3a+1—y)]3”(9)

0
1= ¥ 2ktl)a,,,

k=1
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o0
< 1P Y Qk+a

2k+1°

k=1
From (9)
plotl=y)
<
Similarly,
o0
f@F |1- X @ktDa,,, 2
k=1
pulotl—y) 2
>1—
ORI T et P
By combining (10) and (11) we get,
plotl=y)

T R2ytu@atl-y)3H

Z|2

platl=y)
VO DornGaripF

4. Radii of Starlikeness, Convexity, Close to Convexity and Close to Starlikeness

Theorem 4.1 : Let f €S(y,a,1u,A) then fis starlike in ]z\<R1 of order 8,0<0<1 where,
(1=8)Qk+ D" [2ky+((Rk+1) ot 1—y)]

R1=infk {

(2k+1-0)u(at+1-y)

12k
} , k=1.(12)

Proof : Let fis starlike of order =del,0<5<1 if Re {'Z%Z}XS.

is enough to show that,

zj\Z

fo)

Thus

That is

o0
1- Y Qk+l)a, z*

2kt
_ k=1 {

(0.0)
2k
- X Apr1?
=1
o0
2k
=) 2kay =
k=1

o0
2k
1 z a2k+ IZ

e}
> 2ka
k=1
o0
1- Zazk+1|z|2k

2k
2k+1 |Z|
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o0

2. (2K)a,, 2P
k=1

<1-%
o0
-2 a2k+1|z|2k
k=1

o0

> (2k+1-8)a
k=1
L (2k+1-3) 8)

kz‘l (1-9) Dot

By Theorem 2.1, equation (13) becomes true if,
(2k+1-3) Pt Qlc+ DM 2ky+u((hk+ 1o+ 1-y)]
(1-9) ! p(or+1—y)

2%
2Pl 518

[2<1.(13)

or if

1
(1-8) 2k D" [2hky+p((Rk+1)o+1 —y)]} 2
ps | B ' ¥
Theorem 4.2 : Let /' €S(y,0,p,A). Then fis convex in |z[<R, of order 6,0<8<1 where
. (1—5)(2k+1)x[2ky+p((2k+l)(x+l—y)]}
R,=ind, { @k DQkH—S)(atl—y) | L1
Proof : Let fis convex in [z|<R, of order 8,0<6<1 if

7o)
e {1420
‘176
Thus it is enough to show that
- sz(ZkH)aZkﬂ 2
zf"(2) _ k=1
f@)
1- Z(2k+1)a2k+l
k=1
ZZk(2k+1)a2k+1| 2|
k=1
1- 2(2k+1)a2k 2 2|
k=1
Thus
© (2k+1)(2k+1-8)a,, . |z |
f() <1-9 if* ] s <1.(16)
k=1

Hence by Theorem 2.1, (16) will be true if
Qk+1)(2k+1- 6)|z|2k< [2hy+u((Rk+1)a+ 1-y)](2k+1)*
1-9 - u(ot+1-y)

g1

or if,

2% (1—5)(2k+l)k[2kv+((2k+1)a+1—v)]}
|z[*'< [ Qe+ 1)(2k+1-8)p(ot+1-y) , k>1.(17)
Theorem 4.3 : Let /' €S(y,0,p,1). Then fis close to convex in [z[<R, of order 6,0<8<1, where,
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A+l 172k
R3=infk{(1_6)(2k+l) i(zﬁt(;;(zkﬂ)ﬂ—a)]} 2L38)

Proof : Let fis close to convex in [z[<R, of order §,0<5<1 if Re{f(z)}>3.

is enough to show that,

o8]
-1 = '— > @ktDa,,, 2
k=1
< - 2k
< Y (@2ktla,,, [
k=1
Thus
[f(2)-1]<1-8
if
o (2ktDa,, |zI*
s <109
k=1

Hence by Theorem 2.1, (19) will be true if
k1) . Qi+ 1) 2k (0 2k+1)+1-0)]
-6 ~ u(o+1-y)

or if

A+l 12k
i< { (1-8)(2k+1) J(zolfztt%c(zkﬂ)ﬂ—y)]} F21.20)

Theorem 4.4 : Let /' €S(y,a,p,1). Then fis close to starlike in [z|<R, of order ,0<6<1 where

(1=8)Qk+1)"[2ky+p(ou(2k+1)+1—y)]| 2
w(ot1-y) } , k=1.(21)

Proof : Let f €S(y,a,u,A) 1s close to starlike in [z[<R, of order 8,0<6<1, if
Re {@}>8.

4

R 4=infk {

It is enough to show that,

D |- < k
‘ P ZaZkHZ2 .
k=1

12 s 2%
‘ Y a7
k=1

‘ 1
z

z*<1-8.(22)

o0
<1-8 if* ) ay.
k=1
Hence by Theorem 2.1, (22) will be true if
2 [2hy(e2hkt D)+ 1-0)]k+ 1)
-0~ u(ot+1-y)

or if

i< { (1-8)2Uk+ 1) [2hy (e 2h+ 1)+ )]

T/Zk
k21023
ratl-y) )
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5. Closure Theorem
Theorem : Let fie S(y,a,u,8),i =1,2,..,s. Then
s
g Y cf@)eSHoumh).
i=1

0 s
For f(z)=z- Zaklz%rl where 3 c=1.

k=1 i=1
Proof :
s
g = T/
j=1
© S
— 7 Z z ciaklzzkﬂ
=1i=1
o0
_ 7= z ek 22k+1
=1
where
S
e= > Cay
i=1
Thus g(z) eS(y,o,u,A) if
O Rhy+(akt1)+1=y)]2k+1)*
2 u(or+1-y) et
=1
that is if

v v Rhyr(aQi)+-y)] k1)

I ca, .
k=1 i=1 (=) o
O Rkyru(a2kt+1)+1—y)](2k+ 1) S
- 2 ¢ w(ot+1-y) ak,zS z cl_=1
=l k=1 i=1
Theorem 5.2 : Let £, g €S(y,a,,1,A). Then
o0
hE=Z— 3 (aapertbope)) 22
k=1

belongs to S(y,a,/,A) where
> Akyp*(ot1-y)
" [k (a2 D) P2k D20 T=y) a2k 1) +1=y)
Proof : Let f, g €S(y,a,1,\), so by Theorem 2.1

O Rky+tu(a2k+1)+1-)](2k+1) 2
kzl pu(ot+1-y) Ly <1
and
© [ Rky+ru(a2k+1)+1—y)](2k+1)* 2
,‘El { natl-y) b%ﬂ} =t
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From above equations we get,

< 2 2kt 1)+ 1—y)] 2k 1)
z {[ ky+u(a(p(—(;+)l—+_—y)Y)]( — } (a§k+1+b§k+1)S2.
=1

212 2t 1)+ 1=y)](2k+1))

IEI ! { [ ky+u(a(u(;)l+_y)v>]( +1) } (@b <1 (20)

But 4(2)eS(y,a.,/,1) if and only if,
L Rky+H(ok+D+1-9)]2k+1)
y PRreBm I mnCEIr 2 vl <129)
—1 (a+1-y)
where 0</<1, however (24) implies (25) of
[2hy (@it D+ 1-P] k1) 1 [ [2ky+u(a(2k+1)+1—y)](2k+1)]2
0(o+1-y) ~2 w(art1=y)

we get
Ay’ (act1-y)
2hey+p(a(2k+ D)1= P QA+ =22 (a+1—=y)(o(2k+1)+1—y)

KZ[
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