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Abstract: In this paper we proves the existence for the first order functional differential equations in Banach algebra with maxima.
A step by step procedure (algorithm) for the solution is developed and it is shown that certain sequence of successive approximations
converges, monotonically to the solution of the related perturbed differential equations under some suitable mixed hybrid conditions.
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1. Introduction

The importance of the functional differential equations with maxima lies in the real world problems of automatic regulation of the
technical systems and such differential equations is a special class of functional differential equations n which the present state of
unknown function related to the systems based upon the maximum value of the earlier state in some earlier interval of time. See
Mangomedov[11, 12] and the references therein. Again, Myshkis [15] signalized the need to study the differential equations with
maxima and since then several classes of ordinary and partial differential equations with maxima have been discussed in the literature
for different qualitative aspects of the solutions. A handful particulars on the topic appears in the monograph of Bainov and Hristova
[1] and the research papers by Otrocol and Rus[11], Dhage and Otrocol [10] and the references therein. Also hybrid differential
equations are build up in Dhage[2] to cover different dynamic systems of the real world problem.

In this research work we blend these two ideas together and studied the hybrid differential equations with maxima for
existence and numerical aspects of the solutions. The originality of our paper lies in the fact that our problem as well as our solution
is new to the literature in the theory of functional differential equations with maxima.

2. Statement of the Problem

Given a closed and bounded interval | =[l,,l, +a] of the real line R for some |,,a€ R with 1, >0,a > 0 consider
the initial value problem (IVP) of first order functional differential equation (in short FDE) with maxim viz.,

d|__x®
E[m} =g[tx®),X(@®)], tel,
X(to) =1, €R,,
where f:1xRxR—>R\{0}and g: 1 xRxR —R are continuous functions and
X(t)= max x(€) for sometel .

By the solution of the FDE(2.1) we mean a function X € C(l,%R) that satisfies

(i) t— —X(t)
f (6 x(0), X ()
(ii) X satisfies the equation in (2.1) on I,

where C(I,%R) is the space of continuous real valued functions defined on 1. In the following section we give some basic definitions

and results which will be used in the subsequent parts of the paper.

is differentiable function, and

3. Auxiliary results
In this paper, unless and until mentioned, it follows that, let E denote a partially ordered real normed linear space with an

order relation <and the norm || . || in which the usual addition and the scalar multiplication by positive real numbers are preserved
by <. Some details of a partially ordered normed linear space appear in Heikkila and Lakshmikantham [12] and the references
therein. Two elements a and b in E are said to be comparable if either the relation a <b or b <ahold.

A non-empty subset C of E is called a chain or totally ordered if all the elements of Care comparable. It is known that set E is regular
if a non-decreasing sequence {a, }inset E is suchthat &, — a*as n — oo,then @, <a* (resp.a, > a*) for all ne N .The

conditions guaranteeing the regularity of set E may be found in Heikkila and Lakshmikantham [12] and the references therein.
We require the following definitions in the sequel.
Definition 3.1. A mapping 3: E — E is called isotone or nondecreasing if it preserves the order

relation < thatis, if X<y = 3x<Jy forall x,yeE.
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Definition 3.2. A J:E — Eiis called partially continuous at a point a € E if for €> Othere exists a o >0 Such that
||SX - Sy|| <ewhenever x is comparable to a and ||X — a|| < 0. Jis called partially continuous on E if it is partially continuous

at every point of it. It is clear that J is partially continuous on E, then it is continuous on every chain C contained in E.

Definition 3.3. A non-empty subset $ of the partially ordered Banach space(POBS) E is called partially bounded if every chain C
in S is bounded. An operator J: E — E is called partially bounded if every chain C in T(E) is bounded. J is called uniformly
partially bounded if all chains C in S(E) are bounded by the unique Constant. J is called bounded if T(E) is a bounded subset of

E.
Definition 3.4. A non-empty subset S of the POBS E s called partially compact if every chain C in $ is compact. An operator

3. E — E is called partially compact if every chain C in J3(E) is relatively compact subset of E. J is called uniformly partially
compact if J(E) is a uniformly partially bounded and partially compact on E. J is called partially totally bounded if for any

bounded subset S of E, J ( S) is a relatively compact subset of E. If J is partially continuous and partially totally bounded, then it
is called partially continuous on E.

Remark : Suppose that J is a nondecreasing operator on E into itself. Then J is a partially bounded or partially compact if J(C)
is a bounded or relatively compact subset of E for each chain C in E.

Definition3.5.  The order relation <and the metric d on a non-empty set E are said to be comparable if {Y, }is a monotonic

sequence , that is, monotonic decreasing or monotonic increasing sequence in E and if a subsequence {ynk}Of {y, }converges to
y* implies that the original sequence {yn}converges to y*.Similarly, given a partially ordered normed linear space (E, S,” . ||),
the order relation <and the norm || ; || are said to be comparable if < metric d defined through the norm and the || . || are comparable.
Definition 3.6.  An upper semi —continuous and nondecreasing function @ : R, — ‘R _ is called a p-function provided ¢(0) =0
. Let (E,S,” . ||) be a partially ordered normed linear space. A mapping 3: E — E is called partially nonlinear & -Lipschitz if

there exists a ~ -function @ : R, — R such that
[5x=3y[ <o (lx-l) (@)
for all comparable elements X,y € E.If ¢@(r) =kr, k > 0,then J is called a partially Lipschitz with a Lipschitz constant k.

Let (E, <, || . ||) be a partially ordered normed linear algebra. Denote

E" ={xe E: x> 06,where @ is the zero element of E}

and w ={E"cE:uveE" forallu,ve E'}. (3.2

The elements of the set K are called the positive vectors in E. The following lemma follows immediately from the definition of the
set K which is often times used in the hybrid fixed point theory of Banach algebra and applications to nonlinear differential and
integral equations.

Lemma 3.1 [3] If u,,u,,v,,V, € k are suchthat u, <v, and u, <v,, thenu,u, <v\v,.
Definition 3.7. An operator 3: E — E is said to be positive if the range R(3J) of Jis such that R(J) < .7
Theorem 3.1.[Dhage[3]] Let (E, S,” . ||) be a regular partially ordered complete normed linear algebra such that every compact
chain of E is Compatible Banach Space . Let ..~ . E — 7 and ~ : E — E be three nondecreasing operators such that

(@) .~ and « are partially bounded and partially nonlinear < -Lipschitz with & -functions { _and i/  respectively.

(b) .7 is partially continuous and uniformly partially compact,

(© 0<My (r)+My, (r)<r,r>0, where M =Sup{| #(C)||:C is a chainin E}, and

(d) there exists an element &, € X suchthat oy < v a, 7o, + 70y OF Q= v a, 70, + ¢ ¢ .then the

operator equation

SRR X=X (3.3)
has a solution x* and the sequence {X,}of successive iterations defined by X, = X, 2X, +7 X,,n=0,1,2...; converges

monotonically to x*.
Remark 3.2 The condition that every compact chain of E is Banach holds if every partially compact subset of E possesses the

compatibility property with respect to the order relation <and the norm || . || init.

Remark 3.3 We remark that hypothesis (a) of Theorem 3.1 implies that the operators .-~ and ~ are partially continuous and
consequently all the operators .<~,.%# and # in the theorem are partially continuous on E.
The regularity of E in the above Theorem 3.1 may be replaced with a stronger continuity condition of the operators .o/ ,.%7 and #
on E which is a result proved in Dhage[3,4]
4. Main results

The FDE (2.1) is considered in the function space C(I,%R) of continuous real-valued functions defined on J. We define a norm
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|| : || and the order relation <in C(I,%R) by

X[ = sup x(t)| (4.1)
tel
and
X<y Xx(t) <y() (4.2)
for all t € | respectively. Clearly, C(I,%R) is a Banach algebra with respect to above supremum norm and is also partially ordered

with respect to the above partially order relation <. It is known that the partially ordered Banach algebra C(I,R) has some nice
properties with respect to the above order relation in it. The following lemma follows by an application of Arzela —Ascoli theorem.

Lemma 4.1 Let (C(I ,%),S,” . || )be a partially ordered Banach space with the norm || . || and the order relation <defined by

(4.1) and (4.2) respectively. Then every partially compact subset S of C(I,R) is Banach.

Proof. The proof of the lemma is given in Dhage and Dhage[6,7,8,9] and so we omit the details of it. We use the following definition
for proving main result

Definition 4.1 A function U € C(l,%R) is said to be a lower solution of the FDE (2.1) if the function t S S is
f(t,u(),u(t))
differentiable and satisfies
d u(t)
— o | S 9 u(t), U(t),
dt| f(t,u(t),U(t)
u(ty) <7,
forall t e I,whereU (t) = tm?)i u($) fortel. Similarly, afunction v.e C(l,%R) is said to be an upper solution of the FDE

(2.1) if it satisfies the above property and inequalities with reverse sign.
We consider following set of assumptions in what follows:

X
(Ao) The map X — ———— is injection foreach t € .
f(t, x,X)

(A1) T definesafunction f I xXRxR >N, .
(A2) There exists a constant M, >0 suchthat 0< f(t,x,y) <M, foralltel and X,y € k.
(As) There existsa .~ -function ¢ such that
0<f(t, %, %)~ ft Yy, Y,) <o(Max{X —y;, X, — Y,}),
forall tel and x,X,,y,, Y, €R,x >y, and x, > Y,.
(B1) g defines a function g : 1 xR xR >N ..
(B2) There existsa M, >0 suchthat g(t,x,y) <M, foralltel and X,y e R.
(Bs) g(t, X, y)is nondecreasing in xand y forall t e l.
(Cy) The FDE (2.1) has a lower solution U € C(l,R).
Remark 4.1. Note that the hypothesis (Ag) holds in particular if the function X = ﬁ is increasing for each t € |.

Lemma 4.2. Suppose that hypothesis (Ag) holds. Then a function X e C(I , R) is a solution of the FDE (2.1) if and only if it is a
solution of the nonlinear functional integral equation (in short FIE) ,

t
x(t) = f(t, x(t), X (t))| ce ™ + Ie‘““s)g(s, x(s), X (s))ds (4.3)
)
Mty
forall te |, where ¢ .
F (1720770
Theorem 4.1. Assume that hypothesis (Ao)-(As),(B1)-(Bs) and (C4) hold. If
Tl
——+M_,a |p(r)+a(r)<r,r>0. (4.4)
(f(to'no’no) ’ ]

Then the FDE (2.1) has a solution X *defined on | and the sequence {Xn}f:1 of successive approximations defined by

Xpa =[ (6%, (1), X,,(1))] CeM+je“‘S)Q(S,Xn(s),xn(s))ds , (4.5)

t

where X; = U, converges monotonically to X*.
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Proof. Set E =C(I,R)then by Lemma 4.1 , every compact chain in E possesses the compatibility property with respect to the
norm || . || and the order relation <inE.

Define three operators .-~ 7 and ~ on E by

LX) = f (6 x@), X)), tel, .6)
7x(t) =ce ™ + je“‘s’g(s, x(s), X (s)), t e, @.7)
and ’
Ax() = f (& x(E), X)), tel. “8)

We know from the continuity of the integral, that ..~ and .7 definethe map ../, 7 . E — 7.
Now by Lemma 4.2, the FDE(2.1) is equivalent to the operator equation
LX) 27X ()« X () =x(t), tel. (4.9)
We shall show that the operators..~,.% and # satisfy all the conditions of theorem 3.1. This is achieved in
the set of resultant steps.

Step I: .o/ and . are nondecreasing on E.
Let X, Y € E be such that x > y. then X(t) > y(t) for all t € 1.Since Y is continuous on [&,1], there exists a
&*e[a,t] such that y(&*) = m?x y(&). By definition of <, one has X(&*) > y(&*).
asé<t

consequently, we obtain
X (1) = maxx() > x(£%) 2 y(£) = max y(£) =Y (1)

for each t € | . Then by hypothesis (As), we obtain
X() = @ X(E), X () = f(t,X@)Y () = y(t),

for each t € | . This shows that .-~ is nondecreasing operator on E into E. Similarly using hypothesis (B3), it is shown that the
operator . is also nondecreasing on E into itself. Thus .« and . are nondecreasing positive operators on E into itself.

Step 1l: .o/ is partially bounded and partially & -Lipschitz on E.

Let X € E be arbitrary. Then by (Ay),

| x@)] < | f @t x(t), X (@®)| <My,
for all t € |. Taking supremum over t, we get || /X|| <M and so, ~ isbounded. This further implies that ./ is partially
bounded on E.

Now , let X,y € E be such that X > Y. Then, we have
[x®) - y(® <[X@®) =Y ()
and that

X®)-Y®)[=X{1)-Y (1)
= max x(¢) —max y()

ty<ést to<est
< max[x(£) - Y(£)]
= max|x(¢) - y(&)|
<[x-y]

for each t € . Thus we obtain from this
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[AX(O) - By(O)] = | £ (€. X0, X () - F (€, YO.Y )
< o{max |-yl [x O -Y (0}
<o(lx-yl).

forall t € | with X > y.Hence, ../ is a partially nonlinear & -Lipschitz on E witha & -function ¢ and which further implies

that ../ is a partially continuous operator on E. Similarly , it can be shown that ~ is a partially nonlinear & -Lipschitz on E with a
2 -function @ and which is again a partially continuous operator on E.

Step I11: 7 is partially continuous on E.

Let {X,},. be asequence ina chain C of E such that X, — X for all n € N.Then by dominated convergence theorem, we
have

t
lim 7, (t) = limce™* + lim j e 9g(s, x. (), X, (5))ds
fo

—cet 4 jew” [m g(s, % (s), Xn(s))} ds

f

—ce M 4 je“‘s) [ lim g (s, X(5), X (s))} ds

7 X(t),
for all t € |. This shows that .7 X, converges to .-~ X point wise on I.
Now we will prove that { 28 }neN is an equicontinuous sequence of functions in E.

Let t,t, € E witht, <t,.Then

7%, () = 7% (t,)] <[ce ™ —ce 2

{09 9(5,%, (9, X, (s e g5, x,5), X, (5)ds

f f

+ tje_wz_s)g (s, %, (8), X,,(s))ds —]%e_l(tz_s)g (5, %, (8), X,,(s))ds

f fo

t
< ‘Cef’ul —Cef’uz n I‘e—l(tl—s) _e—l(tz—s)

|g(s' Xq (S)! Xn(S))|dS

f
b
+{[la(s,x,(s), X, (s))| s
tZ
to+a
<lce —ce [+ M [ e —e I ds + M [t, |
f

—0as(t,—t,)—>0

uniformly for all N € N . This shows that the convergence .~ X, — .7 X is uniform and hence this proves that .- is partially
continuous on E.

Step 1V: .7 is uniformly partially compact operator on E.
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Let C be an arbitrary chain in E. We have to show that .27(C) is uniformly bounded and equicontinuous set in E. First we show

that .27(C) is uniformly bounded. Let y €.%7(C) be any element . Then there is an element X € C such that y = /X .Now , by
hypothesis (B>),

ce ™+ je””)g (s, X(s), X (s))ds

%

ly(t)| <

IA

.t[e’””)g (s, X(s), X (s))ds

)

‘ce’lt ‘ ¥

th+a

m+ tj |9 (s, X(s), X (s))|ds

IA

IA

— T __iMa=M,
f (te:720:72)

for all t € |. Taking supremum over t, we obtain ||y|| = #X

|<M forall ye #(C).

Hence, .%7(C) is uniformly bounded subset of E. Moreover,

K% (C)|| <M for all chains C in E. Hence,,
% is uniformly partially bounded operator on E.

Next, we will show that .27(C) is an equicontinuous setin E. Let t,,t, € | witht, <t,.Then, for any y € -7(C) one has

|y(t2) - Y(t1)| = | 2X(t,) - //X(tl)|

< ‘ce‘“l —ce

+ ife‘“tl‘s’ g(s, x(s), X (s))ds — ]1 e * &g (s, x(s), X (s))ds

f f

+ }e‘“‘fs) (s, x(s), X (s))ds — }e‘“tz_s’ g(s, x(s), X (s))ds

t t

4
-He—i(tl—s) _ e—l(tz—s)
t

+

<|ce —ce e |g(s,x(s), X (5))ds|

+

[latsx(). X (s)ds

ty+a
M . J‘ ‘e—i(tl—s) _ e—i(tz—s)
fo

= |y(t,) - y(t)| >0ast,—t, -0

< ‘ce’ltl —ce ™

ds+Mg|t1—t2|

uniformly for all 'y € »7(C).Hence ..7(C) is an equicontinuous subset of E. Now, .%7(C) is uniformly bounded and
equicontinuous set of functions in E, so it is compact. Consequently, .7 is a uniformly partially compact operator on E into itself.

Step V: u satisfies the operator inequality U < o/U.%U + < U.

By hypothesis (C1), the FDE (2.1) has a lower solution u defined on I. Thus we have

d u(t)
a{m}ﬁg“'”“””“”

u(ty) <,

(4.10)
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for all t € |. Multiplying the above inequality by the integrating factor e™  we obtain

fFEu),u ()

forall t € . A direct integration of (4.11) from t, and t yields

(e’“ LJ <e™g(t,u(t),U (1)), (4.11)

u(t) < f(t,u(t),U )+ ce‘“+je‘““5)g(s,u(s),u(s))ds . (4.12)

N

for all t € |. From definition of the operator .~ and .7 it follows that u(t) <. u(t). zu(t) + ~u(t), forall t € I. Hence
u<.~suzu+-~u.

Step VI: & -function @ and  satisfy the growth condition
O<My (r)+y (r)<r,r>0.

Finally , the & -function ¢ of the operator .-/ satisfies the inequality given in hypothesis (d) of Theorem (3.1) . Now from the
estimate given in step 1V, it follows that

My (r)+z,u/(r)£[¢+ Mgaj+(p(r)+co(r)<r
f (t, 770, 725)

forall r > 0.

Thus .o~ and .7 satisfy all the conditions of Theorem (3.1) and we apply it to conclude that the operator equation
/XA X+ X=X has asolution. Consequently the integral equation and the FDE(2.1) has a positive solution X *defined on | .

Furthermore, the sequence {Xn}‘::1 of successive approximations defined by (4.5) converges monotonically X *. This completes
the proof.

Remark 4.2. The conclusion of Theorem 4.1 also remains true if we replace the hypothesis with the following :
(C2) The FDE(2.1) has an upper solution V € C(I, R).

The proof of this can be carried out using similar procedure as mentioned above with appropriate modifications.

Remark 4.3. We note that if the FDE(2.1) has a lower u as well as upper solution v such that U <V, then under the given
conditions of Theorem (4.1) it has corresponding solutions X, and X *and these solution satisfy X, < X*. Hence they are the

minimal and maximal solutions of the FDE (2.1) in the vector segment [U,V] of the Banach space E =C(l,‘R), where the
vector segment [u,V]isasetin C(I,%R) defined by

[uv]={xeC(l,R) |lu<x<y}

This is because the order relation <defined by (4.2) is equivalent to the order relation defined by the order cone
7 ={xeC(l,R) | x> G}which is a closed setin C(I,R).

References:

[1] D.D. Bainov, S. Hristova, Differential equations with maxima, Champa & Hall/CRC Pure and Applied Mathematics, New York,
NY, USA, 2011.

[2] B.C.Dhage, Fixed point theorems in ordered Banach algebras and applications, Pan Amer Math.J. 9(1999),93-102.

[3] B.C. Dhage , Hybrid fixed point theory in partially ordered normed linear spaces and applications to fractional integral
equations, Differ Equ. Appl. 5 (2013), 155-184.

[4] B.C. Dhage, Global attractivity results for comparable solutions of nonlinear hybrid fractional integral equations, Differ. Equ
Appl. 6(2014),165-186.

[5] B.C.Dhage, Partially condensing mappings in partially ordered normed linear spaces and applications to functional integral
equations, Tamkang J.Math. 45(2014) , 397-427.

[6] B.C. Dhage , S.B.Dhage , Approximating solutions of nonlinear pbvps of hybrid differential equations via hybrid fixed point
theory, Indian J.Math. 57 (2015),103-119.

JETIR1908959 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | 142


http://www.jetir.org/

© 2019 JETIR June 2019, Volume 6, Issue 6 www.jetir.org (ISSN-2349-5162)

[7] B.C. Dhage, S.B.Dhage , Approximating solutions of nonlinear first order ordinary differential equations, GIMS special issue
for Recent Advances in Mathematical Sciences and Appications-13,GJMS 2 (2013),25-35

[8] B.C. Dhage , S.B.Dhage , Approximating positive solutions of PBVPs of nonlinear first order ordinary hybrid differential
equations, Cogent Math. 2(2015), 1023671.

[9] B.C. Dhage, S.B.Dhage , Approximating positive solutions of nonlinear first order ordinary differential equations, Appl. Math.
Lett. 46(2015),133-142.

[10] B.C Dhage , D. Otrocol , Dhage iteration method for approximating solutions of nonlinear differential equations with maxima,
Fixed Point Theory, in press

[11]D. Otrocol, 1. A. Rus, Functional — differential equations with maxima of mixed type argument, Fixed Point Theory, 9 (2008),
207-220.

[12]S. Heikkila, V. Lakshmikantham. Monotone Iterative Techniques for Discontinuous Nonlinear Differential Equations, Marcel
Dekker inc., New York 1994.

[13]S.S.Bellale and G. B. Dapke, Existence theorem and extremal solutions for perturbed measure differential equations with
Maxima, International journal of Mathematical Archive-7(10),2016, 1-11.

[14]S.S. Bellale and Pimple Nishank Sudhakar, Inequality and Comparison Theory for Non- linear Differential and Integral
Equations, Journal of Emerging Technologies and Innovative Research (JETIR) 2019,JETIR April 2019, Vol. 6, Issue 4,281-
288.

[15] A.R. Magomedov, On some questions about differential equations with maxima , lzv. Akad. NaukAzer-baidzhan . SSR Ser.
Fiz-Tekhn. Mat. Nauk, 1 (1977), 104-108(in Russian).

[16] A.R. Magomedov, Theorem of existence and uniqueness of solutions of linear differential equations with maxima, Izv. Akad.
NaukAzer-baidzhan . SSR Ser. Fiz-Tekhn. Mat. Nauk, 5 (1979), 116-118(in Russian).

[17]A.D. Myshkis, on some problems of the theory of differential equations with deviating argument, Russian Math. Surveys 32
(1977), 181-210.

JETIR1908959 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | 143


http://www.jetir.org/

