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Abstract
In this paper, an existence theorem for a nonlinear abstract measure quadratic Integro-differential equation is proved via a nonlinear
alternative of Leray-Schauder type. An existence result is also proved for extremal solutions for Caratheodory as well as discontinuous case
of the nonlinearities involved in the equations.
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11 INTRODUCTION

As a generalization of ordinary integro-differential equations, there is a series of papers dealing with the abstract measure
integro-differential equations in which ordinary derivative is replaced by the derivative of set functions, namely, the Radon-Nokodym
derivative of a measure with respect to another measure. See Dhage [4, 5], Dhage and Bellale [8] and the references therein. The
above mentioned papers also include some already known abstract measure differential equations those considered in Sharma [15,
16] and Shendge and Joshi [14] as special cases.

The origin of the quadratic integral equations appears in the works of Chandrasekhar's H-equation in radioactive heat transfer,
but the study of nonlinear integral equations via operator theoretic techniques seems to have been started by Dhage [3] in the year
1988. Similarly, the study of nonlinear quadratic differential equations is relatively new and initiated by Dhage and O'Regan [11] in
the year 2000. In the beginning, the development of the subject was slow, but recently this topic has gained momentum and growing
very rapidly. Several fixed point principles have been formulated for this purpose in Banach algebras by Dhage et al. [6]and Dhage
and O'Regan [11]. Since then, several nonlinear quadratic differential and integral equations have been studied in the literature. The
following nonlinear differential equation appear in Dhage et al. [6].

For a given closed and bounded interval J = [0; a] in R, the set of real numbers, consider the following integro-differential
equation (in short IGDE)

dl x | _ ‘ A
&l T®) =g t,x(t),.([k(s,x(s))ds ae tel

(1.1)

X(0) =x,
where f : J xR — R —{0} iscontinuous, g:J xRxR —>R and k: J xR — R.
The existence of the solutions to IGDE (1.1) is proved in Dhage et al. [10] by using a new nonlinear alternative of Leray-
Schauder type developed in same paper. In this paper we apply a nonlinear alternative of Leray-Schauder type due to Dhage and
Bellale [8] involving the product of two operators in a Banach algebra under some weaker conditions than that given in Dhage and

O’Regan [11] to a quadratic abstract measure differential equation related to IGDE (1.1) for proving the existence results. The
existence of extremal solutions is also proved using a fixed point theorem of Dhage in ordered Banach algebras.

1.2 QUADRATIC INTEGRO-DIFFERENTIAL EQUATIONS

Let X be a real Banach space with a convenient norm || : || Let X, Y € X . Then the line segment XY in X is defined by
(2.1)

Let X, € X be afixed pointand Z € X . Then for any X € m , we define the sets SX and SX in X by
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S, ={rx|—o<r<1},
(2.2)

S, ={rx|—o<r<1}
Let X, X, € X_y be arbitrary. We say X; < X, if le c sz, or, equivalently Xy X; C XX, . In this case we also write Xz > X1.

Let M denote the O -algebra of all subsets of X such that (X, M) is a measurable space. Let ca(X, M) be the space of all
vector measures (real signed measures) and define a norm | . | on ca(X, M) by

el = [pPI(X) . (2.3)
where, | p | is a total variation measure of p is given by
| PI(X)=sup>_| P(E)I.E = X, (24)
i=1
where supremum is taken over all possible partition {Ei e N} of X. It is known that ca(X, M) is a Banach space with respect to
the norm || . || given by (2.3). For any nonempty subset S of X, let Llﬂ(S, R) denote the space of [/ -integrable real-valued
functions on S which is equipped with the norm || -{| , given by
y]

1l = 16001 dp-
for g € Llﬂ (S,M).Let p,, p, € AC(X, M) and define a multiplication composition o in ca(X, M) by
(P o P)(E) = p.(E)p,(E)

forall E € M . Then we have:
Let 4 bea O -finite positive real measure on X, and let ) € AC(X, M). We say p is absolutely continuous with respect

to the measure L/ if ,LI(E) =0 implies p(E) = 0 for some E € M . In this case we also write p<< U.

Let X, € X be fixed and let Mo denote the & -algebra on SXO .Let Z & X such that z > xo and let M, denote the O -

algebra of all sets containing Mo and the sets of the form SX, XeX,)Z.

Givena P € ac(X ) M ) with p << L, we consider the abstract measure integro-differential equation (AMIGDE) of the

form
d p(S,) ( 5 S ) 3
X~ 1=g(X, p(S,), | _k(t, p(S,))du] ae. on x,z (2.5
32| (. p(3) g(x P(S,). [ok(t p(S))du) ae. [u] on x,
and
P(E)=a(E), EeM,, (2.6)
where q is a given known vector measure, /I(S_) - p(Sx)_ is a signed measure such that 3 —— ,,, dA isa
TR (xp(S)) d e

Radon-Nikodym derivative of A with respect to
1, T:S,xR—->R—-{0}, g:S,xRxR—>R,Kk:S, xR — R and the map

x> g (x PG [_k(t. p(E))dx)
is o -integrable foreach pe AC(X,M,).
Definition 2.1. Given an initial real measure g on Mo, a vector measure p € ca(S,,M,)(z > X,) is said to be a solution of

AMIGDE (2.5)-(2.6), if
() p(E)=q(E),E € My,

(i) p<< uon @,and
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(iii) p satisfies (2.5) a.e. [(£] on X,Z.
Remark 2.1. The AMIGDE (2.5)-(2.6) is equivalent to the abstract measure integral equation (in short AMIE)

P(E) — [ f(x, p(El))](J‘Eg (x, P(SD. J K, p(S_x))d,u)),

ifEeM, Ec Xz, @27)
and
p(E)=q(E) fEeM, (2.8)
A solution p of abstract measure AMIGDE (2.5)-(2.6) in X,Z will be denoted by p(Sxo ) q).
Note that our AMIGDE (2.5)-(2.6) includes an abstract measure differential equation considered in Dhage and Bellale [7] as

a special case. To see this, define f (X, y) =1foral X e X,Z,and Y € R then AMIGDE (2.5)-(2.6) reduces to

dp _ gl x, D(SX),jk(t, p(S.)du | ae [4] on X2, (29
du &
and

P(E) =q(E),E € M, (2.10)
Thus, our AMIGDE (2.5)-(2.6) is more general and we claim that it is a new to the literature on measure differential equations.
Therefore, the results of the present study are new and original contribution to the theory of nonlinear differential equations and
include some of earlier results as special cases. In the following section we shall prove some auxiliary results which will be needed
in to each sequel.

13 AUXILIARY RESULTS

Let E be aBanachalgebraand let T : X —> X . T is called compact if T (X ) is a compact subset of X. T is called totally

bounded if for any bounded subset S of X, T(S) is a totally bounded subset of X. T is called completely continuous if T is continuous
and totally bounded on X. Every compact operator is totally bounded, but the converse may not be true, however, the two notions are
equivalent on a bounded subset of X.

Anoperator T : X —> Y is called D-Lipschitz if there exists a continuous and nonde-creasing function i : R* — R"

such that
ITX=TylI<w (I x—yll) (3.1)

forall X,y € X, where ¥ (0) = 0. The function 1 is called a D-function of T on X. In particular, if ¥/ (I') = af,a >0,T
is called a Lipschitz with the Lipschitz constant f. Further if & < 1, then T is called a contraction with contraction constant ¢ . Again
if 1//(r) <'I forr>0,then T is called a nonlinear contraction on X with D-function ¥/ .

Now we are ready to state a fixed point theorem which will be employed in the subsequent of the chapter.
Theorem 3.1 (Dhage [3]). Let U and U_ denote respectively the open and closed bounded subset of a Banach algebra X such that
OcU . Let A B ‘U — X betwo operators such that
(a) A is D-Lipschitz,
(b) B is completely continuous, and
© Mg(r)<r,r >0, where M =| B(U) ||
Then, either
(i) the equation AXBX = X has a solution in J or
(ii) there is a point U € OU such that U= AAUBU forsomeo < A <1, where OU isa boundary of U in X.

An interesting corollary to Theorem 3.1 in the applicable form is
Corollary 3.1. Let B, (0) and B_(0) denote respectively the open and closed balls in a Banach algebra centered at origin 0 of
radius r for some real number r > 0. Let A, B : B_r 0) — X betwo operators such that

(@ A is D-Lipschitz with Lipschitz constant & ,
(b) B is compact and continuous, and

JETIR2002028 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | 172


http://www.jetir.org/

© 2019 JETIR February 2019, Volume 6, Issue 2 www.jetir.org (ISSN-2349-5162)

©  aM <1uwhere o B(B, ()1l
Then either
(i) the operator equation AXBX = X has a solution x in X with [| X|I€r, or
(ii) thereisan U € X with || U |[= T such that AAUBU =U for some 0 < A <1.
We define an order relation < in ca(S,, M) with the help of the cone Kiin ca(S,,M,) given by

K={peca(S,,M,)| p(E) =0 forall EcM,} 3.2)
Thus, forany p,, P, € ca(s,,M,) we have
P, < P, ifandonlyif p, — P, € K (3.3)
or, equivalently
P, < p, < Pi(E) = p,(E) (3.4)

forall E€eM,.

Obviously the cone K is positive in ca(S,, M, ). To see this, let P;, P, € K. Then p,(E)=0and p (E)>0
forall E « M ,- By the multiplication composition,

(pyo P.)(E) = p,(E)p,(E) =0
foral EeM,. Asaresult P,op, € K', and so K is a positive cone in ca(S,,M,) The following lemmas follow
immediately from the definition of the positive cone K'in ca(S,,M ).

1.4 EXISTENCE RESULTS
We need the following definition in the sequel.

Definition 4.1. A function 3:S, x Rx R — R is called Caratheodory if

i) X = B(X,Y,,Y,) is f-measurable for each Y, Y, € R, and

(ii) the function (y,,Y,) — B(X,Y,,Y,) iscontinuous almost everywhere [ ££] on X,Z .
A Carathreodory function ﬂ ons xRxR is called Llu -Carathreodory if

(i) for each real number r > 0 there exists a function h; € | 2 R ) such that
y23 Sz Y aF

| B Y ¥,) 1< b (X) e [u] on %oz

forall y;,Y, € Rwith [y, [<Tand |y, [ST.

Afunction 1R, — R, is called submultiplicative if y(Ar) < Ay (r) for all real number

A >0. Let ¥ denote the class of functions V. R+ —> R+ satisfying the following properties:
(i) Y is continuous,
(ii) Y isnondecreasing, and
(iii) W/ is submultiplicative.
A member i € ¥ is called a D-function on R, . There do exist D-functions, in fact, the function ¥ : R, &> R, defined
w(Ar) < Ay (r) isaD-functionon R, :

We consider the following set of assumptions:
(Ao) For any z > X, the O -algebra M, is compact with respect to the topology generated by the pseudo-metric d defined on M,

by 1(E,, E,) = u(E,AE,), E,, E, e M,
(A1) The function x | f (x,0)| isbounded with F, =sup,.s | f(x,0)].

(A2)  The function fis continuous and there exists a bounded function « : S, — R* with bound || a || such that

|G = FOGY) € a() Y, — Y, | ae. [ul, xe Xz,
forall y,,Y, €R.
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(Bo) q is continuous on M, with respect to the pseudo-metric d defined in (A1).
(B1) The function x — k (X, p(S_x)) is A -integrable and there is a function 5 < S)l((sz,u ) satisfies

Ik V) [€7() | y| ae[z] om x,z
forall Y € R.

(B2)  The function g(X,Y,,Y,) isCarathreodory.
(Bs)  There exists a function ¢ e Llu(sZ,R+) such that ¢(Xx) >0 ae [4] on x,z and a D-function

y :[0,0) — (0,0) such that

| 9(X Y1: Y2) € 6w (| yo [ +1 Y. ) ae. [u] on X,z
forall y;,Y, €R.
We frequently use the following estimate of the function g in the subsequent part of the paper. Forany p < ca(S,,M,)

, one has

|9 (% PG [, k(t. PB0)dw)
= GO (1 P(S.O 1+ [ 1 Kk(t. P(5)) 1 d e
= #Cow (I PSS+ [, »()P(5) 1 d )
= 40w (Il P+, »® 1l pllide)
=40 (Il pll+1l 71,0l PlI)

= 40O (1+ 117 g, )v Al PID-
Theorem 4.1. Suppose that the assumptions (Ao)-(A2) and (Bo)-(B3) hold. Suppose that there exists a real number r > 0 such that

Folllall+ll¢lly @+lizllwm ]| .
-llell lall+1gll, @yl )w |

where || o || [” all+1| ¢”L§, (1_,_ Il 7/“'—1# )w(l’):| <1 and F, =sup| f(x,0)] then the AMIGDE (2.5) —(2.6) has a

xeS,

r>

solution on XOZ .

Proof. Consider an open ball Br (0) in ca(S;, M) centered at the origin 0 and of radius r, where r satisfies the inequalities in (4.1).

Define two operators
A,B:B (0) —>ca(s,,M,)

1, ifEeM,,
BY  Ap(E)= L 4.2)
f(x,p(E)), IfEeM,, EcXx,z
and
q(E), IfEeM,,
Bp(E) = (4.3)

Joo(x PE[ k(1 p(G)) du)du, IfEM, Eckz

We shall show that the operators A and B satisfy all the conditions of Corollary 3.1 on Br (O) .

Step | : First, we show that A is a Lipschitz on B_r (0) .Let P, P, € B_r (0) be arbitrary. Then by assumption (Ay),
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| Ap,(E) — Ap,(E) [=] T (X, p.(E)) — T (X, p,(E))|
<a(X)| p(E) = p.(B)|

el p, = p,|(E)
forall E € M, . Hence by definition of the norm in ca(S,, M) one has

I AP, — AR, [l lll P — P |l
forall P;, P, € ca(SZ, M Z). As aresult A is a Lipschitz operator on Br (O) with the Lipschitz constant || a || :

Step Il : We show that B is continuous on Br (0) . Let {pn} be a sequence of vector measure of vector measures in

Br (O) converging to a vector measure p. Then by dominated convergence theorem,

lim Bp, (E) = lim [ (%, P,(5. [, (t. p,(5)) dus)d s

~[.9(x PG [ K(t. ) du)du

=B,(E)
forall EeM,,E c@.Similany, if E€ M, then
limB,,(E) =q(E) =Bp(E).
and so B i a continuous operator on B, (0).

Step 111 : Next, we show that B is a totally bounded operator on B_r (O) Let { pn} be a sequence in B_r (O) . Then we
have || P, |[< 1 for alln € N . We shall show that the set {Bp,, : N € N} is uniformly bounded and equi-continuous set in
ca(Sz, My). In this step, we first show that {Bpn} is uniformly bounded.

Let E € M, . Then there exists two subsets F « M, and G € M,,G < x,z such that

E=FUGad FNG=4¢4.
Hence by definition of B,

B0, (B) = |a(F)1+] g[s, (S k(e pn(sTt))duJ du
< llall+ [#00(1+11 Iy Ju l p, Ibds
< llall+ Joeo(L 171l Ju)dl p, Dd s
<

Qi+l gl (L1171l vl P, I

forall E € M, . From (3.3) it follows that
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IIBp, Il = |Bp,I(S,)

— sup> | Bp, (E)|
g i=
= Hali+l el (Ll 71l )wdRiD

= Al +1ally (171l Jw

forall N € N . Hence the sequence {Bp.} is uniformly bounded in B(B_Ir (0)).

Step 1V: Next we show that {Bpn Ne N} is a equi- continuous set in ca(S;, M;). Let E1, E; € M,. Then there exist subsets

Fl’ Fz = Mo and G,,G, e M, ,G, c@,Gz C@ such that
El = Fl uGl with Flmel :ﬂ
and
E,=F, UG, with F,nG, =4
We know the identities

Gl:(Gl_GZ)U(GZmel)’} (4.4)
G, =(G,-G) (G, NG,).

Therefore, we have

Bp,(E)) —Bp,(E,) <a(F) —a(F,) + f g(x, pn(S_Z),jk(t,pn(s‘t)dﬂ)Jdﬂ

G276‘1 §x
Since g is Caratheodory and satisfies (Bs), we have that

- J g£X1 pn(S_x)!'[k(t’ pn(S_t))d/JJdl[l

| Bp, (E,) - Bp,(E,) <l a(F) —a(F,) |+ | du,

GAG,

g(x, p.(5). [K(t.p,(5) dﬂ}

S«

<lq(R)—a(R) [+ [ g0o(B+117 Il Jwl p,lhd s

GLAG,
Assume that
d(E,.E,) 4 4| (EAE,) 0.
Then we have E; — E, . Asaresult K — F,and | 12| (G,AG,) — 0. As q iss continuous on compact M, , it is uniformly

continuous and so

| Bp, (E) - Bp, (E;) <l a(R) —a(R) |+ | d u

GAG,

g (x, P.(S). k(. p,(5)) dﬂJ

§X

— 0OasE —E,
uniformly forall E,E, € M, and NeN,

This shows that {Bpn ‘Ne N) is a equi-continuous set in ca(S;, Mz). Now an application of the Arzela-Ascolli theorem yields
that B is a totally bounded operator on Br (O) . Now B is continuous and totally bounded operator on Br (0) , it is completely

continuous operator on B, 0).
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Step V: Finally, we show that hypothesis (c) of Corollary 3.1. is satisfied . The Lipschitz constant of A is|| a || . Here, the

number M in the hypothesis (c) is given by
M = B(B,(0)) ||

=sup{|| Bp||: p B, (0)}

=sup{| Bp[(S,): pe B, (0)}.
(4.5)
Now, let E « M, . Thenthereare sets F « M, and G € M,,G < x,z such that

E=FuUGadFG=4d.
From the definition of B it follows that

Bp(E) = q(F) +jg(x, p(S). [k(t, p(S_t))d,qu#
Therefore , X

| Bp(E) Il a(F) |+ d zz

g (x, P(S,), [ k(t, p(St))duj

<lall+[#Co(1 171l Jwdl PIDd 4

lall+ [ 00 (117 lly )yl pIDd s

XoZ

all+1 4l (L7l )wdl P

Hence, from (4.6) it follows that
IBpli=llall+Il#lls @+IlIl: v dl pID

forall p e |§r(0).AsaresuIt we have
M =| B(B.(0) | BDIISIIQII+II¢IIL£, (1+||7||L1#)l//(|| pl)-

Now,
oM el lall+14l, (Ll Jwo | <t
and so, hypothesis (c) of Corollary 3.1 is satisfied.
Now an application of Corollary 3.1 yields that either the operator AXBX = X has a solution, or there is a u e ca(S,, M) such that

|| u ||= I satisfying U= AAXBX for some 0 < A < 1. We show that this latter assertion does not hold. Assume the contrary.
Then we have

u(E) = ﬂ[f(x,u(E))]{J'g{x,u(S_x),J'k(t,u(S_t))d,u}dﬂ]:
fEecM, Ecx,z
and uE)=q(E), if EecMq
forsome0< A <1.

If E<e M, , thentheresets F « M, and GGM_Z,GCE suchthat E = F WG and FﬁGzﬂ . Then, we have
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u(E)=AAu(E)Bu(E)

=q(F) +A[f (x,u(G))][Ig(x,u(S_X), | k(t,u(S_t))d,qu,uJ

dﬂ]

=a(F) + AL f (xu(G)) - f(x@](fg{x,u(s_o,jk(t,u(S‘t))dquuJ

= a(F)| +(Ig {x,u(i), | k(t,U(S_t))d,qu,uJ

g[x,u(s‘o,jk(t,u(s‘t))duj

G

+] f(x,0)|(j

Hence
+Af (x,o{jg(x,u(s?x), j k(t,u(S_t))d,quu]

lu(E) I 1a(F) [ +A( f(x,u(G)) — f(x,0) |>[jg[x,u(8‘x),jk(t,u(S‘t))dquuj

dﬂJ

<llqll+2(a(| u(G)|+F0)( [#0o (Ll 71, Jwdiul dﬂ]

G

+|f(x,0)|[j

g(x,u@x), Jk(t,u<i>)dﬂJ

<llq ||+[||a|||u|(E)|+Fo][J¢(x)(1+||y||¢)w(nu Il)duj

XoZ

<lall+ll e|llu] (E)I+Fo][II¢IIL1N A+l 71l Jw(lu II)],

which further implies that

lutihat(lemul[igl, (Lol Jeaun])
Ry 161, (L1171l Jwaui |

lall+Fo| gl (2171, Jwdiun |
<
=Nl gl (L0171 Jwu|

Substituting || u ||= I' in the above inequality yields
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lall+Fo[ Il (21171l Jwdiulb |
r<
-l 1161l (B 171l Jwdiu |

which is a contradiction to the first inequality. In consequence, the operator equation p(E) = Ap(E)Bp(E) has a solution U(§XO, Q)

in ca(S;, M;) with || u ||S I . This further implies that the AMIGDE (2.5)-(2.6) has a solution on @ This completes the proof.
Example 4.1. Given P € ca(S,, M) withp << £, consider the AMIGDE.

d( p6S) | #x)p(6)

— |= =~ a.e. %Z . (4.8)
dul (1) Tepis) 2o
pS,)=9eR., (4.8)
where @ @ — R" is p4-integrable,
Define the functions f:S,xR—>R—{0} and g:S,xR—>R by f(x,y)=1+|y]| and
g(xy) =22

1+ y?
respectively. Below we shall show that the functions f and g satisfy all the conditions of Theorem 4.1. Obviously f is continuous on
the domain of its definition. Let Y;, Y, € R . Then we have

[T Y) =T Y,) 1= 11+ Yy | 1=y, ||
= |y, =Y, |l

=< | Yi—Y> |
which shows that f(x, y)satisfies the Lipschitz condition in y with the Lipschitz constant & = 1. Obviously the function g(x, y) is

Caratheodory on X,Z . To see this, note that the function is obvious x —» &)Zsly [ -measurable for all Y € R and the
1+

#(X)y I~

> is continuous for all X € XOZ . Again,
1+y

function Y —>

g% Y1 V,) = G(X,Yy) = ‘Q’(XJ < $() |= 20w (| ¥, ),
+VY;

where i/ . R" — R™ is defined by w(r)=1.
Thus, if || q ||+ & |||_1<1’ then all the assumptions (Ao)-(A2) and (Bo)-(Bs) of Theorem 4.1 are satisfied. Hence, the

AMIGDE (4.7) has a solution p(S_XmQ) defined on X,Z .
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