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1 INTRODUCTION

Henriksen and Jerison [1] investigated the space of minimal prime ideals of a commutative ring extending the
considerations of Kist [2]. They succeeded in obtaining sufficient conditions for their respective spaces to be compact. This
inspired Speed [9] [10] to investigate minimal prime ideals of a distributive lattice with 0. Fortunately, the lattice theoretic
situation enabled Speed [9] to obtain much deeper results; so much so, he could characterize the compact-

-ness of the space of minimal prime ideals of a distributive lattice with 0 in a much more elegant manner. Later Pawar
and Thakare [8] studied the space of minimal prime ideals when it was carried the hull-kernel topology.

In this paper, we shall mainly be concerned here with the space of minimal prime S-ideals when it carries the hull-
kernel topology.

2 Preliminaries
In this section, we collect a few important definitions and results which are already known and which will be used
more frequently in the text.

Definition 2. 1 : An ASL with O is an algebra (L, o, 0) of type (2, 0) satisfies the following conditions:
1)(xoy)oz=x0(yoz)
2)(xoy)oz=(yox) oz
3) xox=x
4) 0ox=0,forallx,y,z€L.

Definition 2. 2 : Let L be an ASL. A nonempty subset | of L is said to be an S-ideal if it satisfies the following
conditions:

DIifx €eland a €L, thenxoa €1.

2) If x,y €1,thenthereexistsd € Isuchthatdox =x,doy =y.

Definition 2. 3 : A nonempty subset F of an ASL L is said to be a filter if F satisfies the following conditions:
D x,y € Fimpliesxoy €F.
2)Ifx e Fanda € Lsuchthataox = x,thena € F.

Definition 2. 4 : A proper S-ideal P of an ASL L is said to be a prime if forany x,y e L, xoy € P imply x e P
oryeP.

Definition 2. 5 : Let L. be an ASL with unimaximal element. Then a proper filter F of L is said to be a prime
filter if for any filters F; and F, of L,F; N F, < F implies that either F;, € F or F, C F.

Definition 2. 6 : A proper filter F of L is said to be maximal if for any filter G of L suchthat F € G < L, then
either F=Gor G = L.
Definition 2.7 : Let L be an ASL with 0. Then L is said to be 0-distributive if forany x,y,z € L,xoy=0andx0z =0
then there exists d € L suchthatd oy =y,doz=zand d o x = 0.
Definition 2. 8 : Let L be an ASL with 0. Then for any non empty subset Aof L, A* ={xeL:x0a =0 foralla € A}
is called the annihilator of A.

Note that if A = { a }, then we denote A* = {a}* by [a]".
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Theorem 2.9 : Let L be an ASL with 0. Then for any ideals I,/ of L, we have the following.
W I"= Naer [a]”

@QUnj)y=0gnly

Rlc]=J]"crI

@roajycanyy

61 cir-

QDInNnj=(0] elc ] =] c

(0 rvj)y=rnj
Theorem 2.10: Let L be an ASL with 0. Then for any x,y € L, we have the following.
Wx <y =[y]"c[x]

@[x]" € [y]" = [y]" € [x]”

B x € [x]™

(4)(x]"= [x]

() (x] n [x]" ={0}

(6)[x0y]*— [yox]

M [x]"n[y]" € [xoy]

@ [xoy]™=[x]"n[y]”

(9) [« ]***—[ x ]’

(L0) [x]" € [y]"if andonly if [y]™ < [x]™

Theorem 2 11 : Let L be an ASL with 0, in which intersection of any family of S-ideals is again an S-ideal. Then the
following are equivalent:
(1) L is O-distributive ASL
(2) A" isan S-ideal, forall A(# @) < L.
(3) SI(L) pseudo- complemented semilattice.
(4) SI(L) is O-distributive semilattice.
(5) PSI(L) is O-distributive semilattice.
Theorem 2. 12 : Let L be an ASL and P be a proper S-ideal of L. Then P is prime S-ideal if and only if for any
S-idealsIandJof L, I Nn] S Pimplyl < Por] < P.
Theorem 2. 13 : Every proper filter in ASL L is contained in a maximal filter.
Theorem 2. 14 : Let L be a O-distributive ASL. Then every maximal filter of L is a prime filter.
Theorem 2. 15: Let be L an ASL. Then a subset P of L is a prime S-ideal if and only if L — P is a prime filter.
Theorem 2. 16 : Let L be a O-distributive ASL. Then a subset M of L is a minimal prime S-ideal ifand only if L — M isa
maximal filter.
Theorem 2. 17 : Let L be a O-distributive ASL. Then a prime S-ideal M of L is minimal ifandonly if [x |[* — M # @ for
any x e M.
Corollary 2. 18 : Let L be a O-distributive ASL. Then a prime S-ideal M of L is minimal if and only if it contains
precisely one of { x }, [x ]* for every x € L.
Corollary 2.19 : Let L be a O-distributive ASL and let P be a minimal prime S-ideal in L. Then foreveryx € L, [x]™ &
Pifandonlyif[x]* S P.
Theorem 2. 20 : Let L be a O-distributive ASL in which intersection of any family of S-ideals is again an S-ideal. Then for
any S-ideal I of L, I is the intersection of all minimal prime S-ideals not containing I.
Corollary 2. 21 : The intersection of all minimal prime S-ideals of a O-distributive ASL is {0}.
Lemma 2. 22 : Let L be a O-distributive ASL and let a (# 0) € L. Then there exists a minimal prime S-ideal not
containing a.
Lemma 2. 23 : Let L be a O-distributive ASL. Thenforany x e L, [x]*=n{M € M:x ¢ M }.
3. Notation and Theorem

Let L be a O-distributive ASL. As usual, for a subset R of 9t (the set of all minimal prime S-ideals in L), we write
the kernel of R, denoted by K (R), the set given by n { P : P € R }. For a nonempty subset A of L, the hull of A, denoted
by h(A), istheset { P € M : A < P }. Let us also adopt the notation M, to denote the set { P € M : x ¢ P }. The hull-
kernel topology on Mt is obtained by taking the family { M,, : x € L } as the base for open sets. 0t together with this
topology is called the minimal spectrum of L; and we shall continue to designate it by 9t. Also, it can be easily seen that in
the hull-kernel topology on 9t open sets are of the form M;, where M; ={P € MM :1 Z P}and h(I) = M — M,.

In this section, we derive a set of identities for 9t to be compact in its hull-kernel topology. For this, first we need
the following.
Theorem 3. 1: Let L be an ASL and let P be a prime S-ideal of L. Then P is a minimal prime S-ideal if and only if L — P
is a maximal prime filter.
Proof : Suppose P is a minimal prime S-ideal of L. Now, we shall prove that L — P is a maximal prime filter. Then by
lemma 2.15, L — P is a prime filter. Suppose Q is a prime filter of L suchthat L—P < Q.ThenL —Q < P and
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L — @Q isaprime S-ideal. Therefore L — @ = P since P is minimal. It follows that Q = L — P. Therefore L — P isa

maximal prime filter. Conversely, suppose L — P is a maximal prime filter. Then by lemma 2.15, we get P is a prime S-

ideal. Suppose Q is a prime S-ideal of L suchthat Q € P. ThenL — P < L — Q and L — @ is a prime filter. Therefore L —

P =L — Q. Hence P = Q. Therefore P is a minimal prime S-ideal.

Corollary 3.2 : Let L be a O-distributive ASL. Then a filter Q of L is maximal if and only if Q is a maximal prime filter.
Now, we improve some important relations between the S-ideals of 0-distributive ASL and the corresponding open

sets in the hull-kernel topology on Dt.

Lemma 3.3 : Let L be an O-distributive ASL. Then for any I, ] € SI(L), we have the following.

nIc]=McM,

2)I €] =h(J)<Sh(I)

M, n M= M,

AHh(I)UVR(J)=hU N]))
Proof : 1. Suppose! < Jandsuppose P € M;.ThenI & P.Therefore /] & P. Hence P € M;.ThusM; < M.

2. Suppose I < Jand suppose P € h (J).Then J < P.Therefore/ € P. HenceP € h (I). Thush(J)ES h(I).
3. Clearly, M;n; € M; n M;. Conversely, suppose P € M;n M;.Then P € M;and P € M;. Therefore | &
Pand] € P. Itfollowsthat! nj & P. Therefore P € M;,. Thus M, n M; € M;,. Therefore M;n, = M; n

M; .

4 h(I)Uh(J)=Mf UM =(M nM) =(Mq) =h(n))
Corollary 3.4 : Let L be an O-distributive ASL and x,y € L. Then we have the following.

x <y = M, c M,

2)x <y = h(y) € h(x)

My N My, = My,,

4 h(x) Uh(y)=h(xoy)
Proof : 1. Suppose x < y and suppose P € M, . Thenx & P.Thereforey ¢ P.Hence P € M, .Thus M, < M,, . 2.
Suppose x < yandsuppose P h(y).Theny € P. Thereforex € P. Hence P € h(x). Thush(y) c h(x).
3.We have € M, N M, &P € MyandP € M, & x ¢ Pandy € P < x0y ¢ P &P € My,,, .

Therefore M, N My, = My, .

4, We havePeh(x)Uh(y) < P €h(x)orP Eh(y) = x EPandy EP & xo0y EP &P €

h(xoy).Thereforeh (x) UR(y)=h(xo0y).

The following lemma exhibits the relation between the annihilator S-ideal of 0-distributive ASL L and the

basic open sets, basic closed sets of 9t in the hull-kernel topology.
Theorem 3.5 : Let L be a O-distributive ASL and x,y € L. Then we have the following.

DM, =h([x]")

2)h(x)—h([x]**)

3) [x ] [y]* S h(x) Sh(y)

4) My, e [x]I eyl e [y]7" € [x]”

5)[x ] =[yl" oh(x)=h([y]")
Proof : Proof of conditions (1) and (2) follows by corollary 2.18 and 2.19.
3. Suppose [x]" € [y]'and suppose P € h(x). Then x € P. Hence by corollary 2.18, we get [x]* &
P. Therefore [y ]* € P. Hencey € P.Therefore P e h (y).Thush (x) € h(y). Conversely, suppose h(x) <
h(y). Let a & [y] Then aoy # 0.Therefore by lemma 2.22, there exists a minimal prime S-ideal  (say) P of L
such that aoy € P. It follows that a ¢ Pandy & P. Hence, we get a ¢ Pand P € h (y).This implies a ¢
PandP ¢ h(x). Hence a ¢ Pand x & P. It follows that aox & P, since P is a prime S-ideal of L. Therefore
aox #0,wegeta ¢ [x]". Thus[x]* € [y]".
4, We have [x]" € [y]" ®h(x) Ch(y) ® M—h(y) € DM—h(x) & M, S M,. Therefore
[x]" € [y]" & M, € M,.
5. Suppose [x]™ = [y]*.Then h ([x]"*)=h([y]"). Hence by (2), we get h(x)=h([y]* ). Conversely,
suppose a & [x]*. Then there exists t € [x]" such that a o t # 0. Therefore by lemma 2.22, there exists a minimal
prime S-ideal P of Lsuch that aot € P. Hence a ¢ Pandt & P. Since tox=0 € P, x € P. Therefore P €
h(x)=h([y]").Hence[y]* <P,wegeta & [y]*. Thus [y]* € [x]*. Similarly, we get [x]* S [y]" .
Therefore [x ™ = [y ]*.

In [5], the authors proved that the pseudo-complement of an S-ideal | in a O-distributive ASL L is the intersection
of all minimal prime S-ideals not containing I. In the language that was introduced above one can write this assertion in the
following compact and convenient form.

Theorem 3.6 : Let L be a O-distributive ASL. Then for any S-ideal I of L, I* = K (M — h (1)).
Proof : We have I"=n{P € M:I £P}=n{PeM:Pe M} =n{PeM:Peh(l)}=n{P e M:
PeM—h(I)}=K(M—h(I)). ThereforeI* =K (M —h (1)).
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Recall that in a O-distributive ASL L for any x € L,we have [x]*=n{P € M:x ¢ P}and hence [x]* =
K (M, ). Hence we have the following.
Corollary 3.7 : Let L be a O-distributive ASL. Then for every x e L,h (K (M, ))= M, =h([x]"). In particular,
h (x)and h ([x]*) are clopen sets in 0t that are disjoint.
Proof : Let x € L.Then we have h (K (M,))=h([x]*) ={P e M: [x]" < P}={P € M:x ¢P}= M,.
Therefore h (K (M, )) = h([x]*) = M,.

By theorem 3.6, it can be easily seen that if / is an S-ideal in O-distributive ASL L, then I* = K (M —h (1)) =
K (M;)and M; is an open subset of t. Therefore we have the following.
Corollary 3.8 : A subset Y of L is the disjoint complement of I*, for some S-ideal I of L if and only if Y is the kernel of
some open subset of It.

We see that theorem 3.6, above states a property of the disjoint complement I* of an S-ideal. But, we see, an
account of theorem 3.1, much more is true.
Theorem 3.9 : Let L be a O-distributive ASL. Then for any nonempty subset A (# {0})of L,A* =K (h (A")).
Proof : Suppose A (# {0}) < L. Now, we shall prove that A* = K (h (A*)). Suppose t € Lsuch thatt ¢ A*. Then
xot #0,forsomex € A. Therefore there exists a maximal filter (say) F of L such that x ot € F. Now, since F is a
maximal filter, L — F is a minimal prime S-ideal. Let z € A*. Then we have zox =0 € L — F. Since L — F is prime,
either z € L—F or x e L—F. It follows that z € L — F since xot € F and hence x € F. Therefore A* € L —
F.Hence L—F€h(A"). Again,sincexot E Fandxot <t, t € F. Thisimpliest ¢ L — F. It follows that t &
K(h(A*)). Hence K(h(A*)) < A". Conversely, suppose t & K(h(A*)). Then t & P, forsomeP €
M such that A* < P. Itfollowsthatt ¢ A*. Thus A* € K (h(A*)). Therefore A" =K (h(A*)).

As for any two minimal prime S-ideal none of them is contained in the other we see that any two points of 9t are
T; — separated. Thus, we have the following.
Theorem 3. 10 : The hull-kernel topology on 9t is Hausdorff.
Proof : Suppose P,Q € Misuch that P + Q. Then there exists x & P such that x € Q. Therefore P € M, and Q €
h(x)=9M— M, andalsoM, Nh(x)= M, n(M— M, )= @. Therefore M is Hausdorff.

One more property of the set { M,, : x € L }is stated in the following. For, this we need the following lemmas.

Lemma 3.11 : Let L be a O-distributive ASL and letx € L. Then M, = @ifandonlyifx =0.
Proof : Suppose M, # @.Then there exists P € Msuch that P € M, .Therefore x € Pand hence x #0.
Conversely, suppose x # 0.Then by lemma 2.22, there exists P € M such that x & P. Therefore P € M, . Thus
M, = Q.
Lemma 3.12 : Let L be an ASL and let S be a nonempty subset of L. Then [S) ={x €L: x00L;s; = O], s;,
s; €S,1 <i <n,nis+ veinteger } is the smallest filter containing S.
Proof : Suppose S is a nonempty subset of L. Then forany s € S, we have s =sos and hence s € [S). Thus [S) is
nonempty. Now, we shall prove that [S)is a filter. Let x, y € [S). Thenxo (0OiL,;s;) = OjL,;s; and
yo(Oil;t;) = O2,t;, wheres; t; €S5,1 <i <nand1 <i < m.Therefore
(x0(0k;s:))o(yo(02t;)) = Ofys;002, ¢t;. It follows that (x 0y ) o OfZ" z; = O]2" z;, z; €S. Hence
xo0y €[S). Again, let x € [S)andt € Lsuchthattox =x.Then xo0(OjL;s;) = OjL;s;, s; €S,1 <i <
n. Therefore to(xo(OfL;s;))=to(OjL;s;). Hence (tox)o(OjLss;)=to(OiL;s;). It follows that
x0(0Ojysi) =to(OjL;s;). Hence OiL;s; =to (O, s;).Therefore t € [S). Thus [S)is a filter. Now, it
remains to prove that [ S ) is the smallest filter of L containing S. Suppose F is a filter of L such that S < F. Then for any
x €[S), wehave xo (OiL;s;) = OL;si, s; €S,1 <i <n.SinceS CF, s; €F. Itfollowsthat x € F. Hence
[S) < F. Therefore [ S) is the smallest filter containing S.
Theorem 3. 13 : Let £ be any indexing set and let { x,.: r € X} be a subset of O-distributive ASL L such that the
collection{ M, _} has the finite intersection property. Then the intersection of all { M, }, r € X is nonempty.
Proof : Suppose { M, : 7 € £} is a collection of sets in 9 with finite intersection property. Now, put A = {x,: r €
X}and put F=[A). Suppose F = L. Then 0 € L = F. Therefore 0., x, =000j,x,, x, € A, 1 <r <n. This
implies Oiz; x, = 0. It follows that Mqn , = My = @. Therefore N, M, = @, a contradiction to finite
intersection property. Therefore F # L. Hence F is a proper filter. It follows that there exists a maximal filter (say) H of L
such that F < H . Again, it follows that L — H is a minimal prime S-ideal. Now, let x,, € A. Then x,, € H. Therefore
X ¢ L—H.HenceL—H € M,. Therefore L—H € Ny eaMy . ThusN, _, M, # O.

We consider the family { h (x ) : x € L } to be a subbase for 9t. Then the resulting topology is called the dual hull-
kernel topology. We denote by t;, the hull-kernel topology and by t; the dual hull-kernel topology on 9t. Now, we prove
the following.

Theorem 3. 14 : The hull-kernel topology on 9t is finer than the dual hull-kernel topology.
Proof : Clearly, h (x) = M — M,, for any x € L. Also, by theorem 3.10, M, is closed in M. Therefore h (x ) is
open in M. Hence h (x) is open in the hull-kernel topology; 7y, is finer than 7, .

A sufficient condition of the equality of these two topologies T,and t; on 9t is stated in the following.

Theorem 3. 15 : Let L be a O-distributive ASL. If for every x € L, there exists x’ € L such that [ x"]* = [x]** then
Tp = Tg-
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Proof : Clearly, t; & t,. Now, we shall prove that 7, < t,;. Let M, € 7. Then x € L. Therefore there exists x’ €
Lsuchthat [x"]" = [x]™.Now, M, =h([x]")= h([x"]™) =h(x"). It follows that every basic open set in
tpisopenint,. Thust, S 14. Therefore t, = 4.
We now state our main result that provides us with necessary and sufficient conditions for 9t to be compact in its

hull-kernel topology.
Theorem 3.10 : Let L be a O-distributive ASL, in which intersection of any family of S-ideals is again an S-ideal. Then the
following are equivalent.

1) M is compact.

2) Finite unions of { M, : x € L } form a Boolean lattice.

3)Forx €L,thereexistt; € L,i =1,2,.....,nsuchthatt; € [x]*and [x]* n Nz, [¢t; 1" ={0}.
4)Forx €L, thereexistt; €L,i=1,2,...,nsuchthat [x " = N} [t ]
5) Th = T4

6) { h (x):x €L}isasubbasis for the open sets of (I, 7, ).
7){ M, : x €L }is asubbasis for the open sets of (M, 73, ).

Proof : (1) = (2) : Suppose 9t is compact in the hull-kernel topology. Now, put B, = { M, : x € L }and put B is the
set of all finite unions of elements in B;, . Now, we shall prove that B is a Boolean lattice. Now, we have h ([x]*) =
Neerxp h (t). Therefore h(x)Nh([x])=h(x)N Niefxprh(t)= Gand{h(x) Nh(t): t €
[x]*} isaclass of closed sets in the compact space h ( x ). Hence there exists t;, t,,.....,t, € [x]*suchthat h(x)nNn
h(tp))Nh(t;)N...nh(t, )= 0. Thisimplies (h(x)Nh(t;) Nh(t;)N.....n~hA(t,))° = @°. It follows
that My U M, U M, U ...... U M, = M. Hence M, U Ui, M, = M. Now, we shall prove that M, n UL, My, =
@ . Suppose M, N Ui, M., # @. Then there exists P € Mt such that P € M, and P € Uiy M,,. This implies x ¢
Pand t; ¢ Pfor some i,1 <i <n. It follows that xot; € P. Hence xot; # 0. Therefore ¢; ¢ [x]*, a
contradiction to t; € [x]*. Thus M, n Uj.; M, = @. Therefore U;_; M,, is the complement of M,. Since By, is a
bounded semilattice. It follows from theorem 1[11], B is a Boolean lattice.
(2) = (3): Assume (2). Let x € L. Then M, € B. Since B is a Boolean lattice, M, has the complement (say)
ULy M., Therefore M, n UL, M, = @ and M, U UL M, = M. Since M, n UL, M, = ,( M, 0 M) U
(My N Mg, )U...U(My N M, )= @. Therefore Myoe, U Mypp, UoweoU My = @. Hence My, = @ for
all ,1 <i <n. This implies My ,,, = My forall i,1 <i <n. It follows that x o ¢; = 0 for all { = 1,2, ....n. Hence
t; € [x]" forall i=12,...n. Now, M, U UiL; M, = 9. This implies K (M, U Uj; M) = K (9t). But, we
have K () ={0}. Therefore K (M, U Uj;M,) ={0}. It follows that K (M,) N N= K (M, ) ={0}. This
implies [x]* n NiL,[¢t; ]* ={0}.
(3) = (4): Assume (3). Let x € L. Then there exists t;, t,,....,t, € Lsuchthatt; € [x]*and [x]" N N[t ] =
{0}. Sincet; € [x]", for all i, it follows that [x |** < [¢; ] forall i. Hence [x ™ S Nj,[t;]". Supposet €
tidt;]” andy € [x]*. Thenclearly, yot € [x]" n NjL,[t;]". Hence y ot =0. Thereforet € [x]*. Thus
tlt]r € [x]™. Therefore [x ] = NL [t ]
(4) = (5) : Assume (4). Now, we shall prove that the basic open sets { M, : x € L} in 7, are open in 74. Let x €
L. Then by condition, there exists t, t,,....,t, € Lsuchthat[x ] = N [¢;]*. Henceh ([x]™) =
h (N[t 7). This implies h([x]™)= Ui h([t;]"). Hence h([x]™) = Ujz; M,. Therefore h(x)=
Ui=1 My, . Hence we get M, = N, h(t; ), which is finite intersection of open sets in 7, and hence is open. Thus M, is
open in t .
(5) = (1) : Suppose 7, = 14 . Then we have M, is a basic closed set in 90t for any x € L. Now, we shall prove that 9t
is compact. Let { M, : x € A} be a family of closed sets in 9t with finite intersection property, for some A < L. Now,
put F=[A), filter generated by A. Suppose F =L. Then we have 0 € L=F. It follows that 00O, x; =
Oi1x;,x; € A1 <i <n. This implies Oj_; x; = 0. Hence Mqr . = My = @. It follows that Ni_; My, = @, a
contradiction to finite intersection property. Therefore 0 & F . Hence F is a proper filter. Therefore by Zorn's lemma, F is
contained in a maximal filter (say) K. Then clearly, L — K is a minimal prime S-ideal. Now, let x € A. Thenx € F €
K and hence x € L — K. Therefore L —K € M,. Thus L — K € NyeaM,. Hence NyeaM, # @. Therefore M is
compact in the hull-kernel topology. The equivalence of (5), (6) and (7) is trivial.
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