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Abstract: A function between two rings preserve both additive and multiplicative structure is called a ring
homomorphism. In this paper we characterize and compute all ring homomorphism from R" to R™.
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1. INTRODUCTION

Finding the number of ring homomorphism between two rings is a basic problem in abstract algebra. Given two finite
rings, is it possible to determine the ring homomorphism between them? Certainly if the rings were specific enough, then
answer to the question is easy. But we are given two finite rings on the general form, the answer is much difficult. The
subject of ring homomaorphism is well studied in the introductory course on abstract algebra, butvery little research has
been done in this area.

In 1984, Joseph Gallian and Games Van Buskrik determined the number of ring homomorphism from Z,, to
Z,,where m and n are natural numbers[2]. After four years, Gallian and Jungreis[6] determined all ring homomorphisms
between Zy[i] into Z,[i] where 2 + 1 =0 and also the number of ring homomorphisms between rings of the form Zn[p]
into Za[p], where p? + p + 1 = 0.In 2010, Alex Cameron[1] compute the number of ring homomorphisms between the
rings of the form Zn[p] into Zn[p], where p> + 2 = 0 and as a consequence he also compute the number of ring
homomorphisms from Zn[p] into Za[p], where p? - 2 = 0. In [2], Mohammad Saleh and Hasan Yousef compute and
characterize the ring homomorphisms from Z,, X Zp,, X ... X Zp, Int0 Zy, X Zy, X ... X Zy, a result that generalizes
[1]. In this paper we characterize and compute all ring homomorphism from Z" to Z™, Q™ to Q™ and R™ to R™.

2

2. NOTATIONS AND BASIC RESULTS.
Most of the notations, functions and terms we mentioned below are standard and can be found in [3]

or [6].We use the following standard Notations : N the set of natural numbers, Z the set of integers, Q the
set of rational numbers and R the set of real number . Also for any ring R

and for any natural number n, denote R™ for the ring of n- copies of R. Let R, and R, be two rings. We
denote Hom (R;: R,) for the ring of all homomorphisms from R; to R, and |Hom (R;: R,)| for the
cardinality of Hom (R: R;).

Now we prove some basic results in ring homomorphism.

Theorem2.1: Let R and S be two rings and ¢: R — S be a ring homomorphism. If x is an idempotent element of R then
d(x) is an idempotent elements of S.

Proof: Let x is an idempotent element of R. Then x? = x .Since ¢: R — S be a ring homomorphism
d(x) = ¢(x?) = d(x)P(x). Hence d(x) is an idempotent element of S.
Theorem?2.2: The idempotent elements of an integral domain D are 0 and 1(unity of D).

Proof: Let a be an idempotent element of the integral domain D. Then a = a? and hence a(a — 1) = 0. Since D has no
zero divisors, we have eithera = 0ora = 1.

3. MAIN RESULTS

Now we are going to prove our main results.

Lemma 3.1: Let R and R;(1 < i < n) are rings, then [Hom(R: [Iix; Ry)| = [[I}=; Hom(R: R;)|
Proof: Let f;: R = R;(1 < i < n) be a ring homomorphism. Define a function f: R — [[{~, R; by f(x) =
(fl(x),fz(x), ....,fn(x)) ¥ x € R.Then for x,y € R;

FOfO) = (A6, LG, s L) (AGD, LO)s o, o)

= (f1(x)f1(J/):f2(x)f2(Y), e 'fn(x)fn(y))
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= (L), f2(xy), ., (X))
= f(xy).
Also fx+y) = (G +), 0 +3), s fulx +3))
= (L) + ), L) + ), oo, [ () + £ (1))
= (A0, 20, s f20O) + (RO 2O, s D))
=f)+f»)
Hence f:R — []i.,R; is aring homomorphism.
Conversely let h: R > [T, R; be a ring homomorphism where h(x) = (hy(x), hy(x), ..., hy(x)) ¥ x € R.
Then for x,y € R,
(hy(x + ), hy(x + ), e, hy(x +¥)) = h(x +¥)
= h(x) + h(y) , since h is homomorphism
(A) = (hy (), hy (), oo, By (X)) + (R (), hy (3, o, h (D))
= (ha () + hi (), ha(0) + hy (1), oo, By (%) + B ()
Also (hy(xy), hy (xy), ., hy (x¥)) = h(xy)
= h(x).h(y)
(B) = (h(0), ha (), v, B () ) (s (), By (), e, e (3))
= (hi (Dh (), ho (DM (1), -, B ()R (1))
Hence from (A) and (B), h;: R — R;(1 < i < n) is a ring homomorphism.

Now we define a function ¥: Hom(R: [[ix; R;) —= [, Hom(R: R;) by (h) = (hy, hy, ..., hy) ¥ h E
Hom(R: TIL; R;) ; where h(x) = (hy(x), hy(x) , ..., hy(x)) ¥ x € R. Now it is clear that i
is a bijection and |[Hom(R: [[iL; Ry) | = I[I}; Hom(R: R)|.

First we will characterize all ring homomorphisms and the number of ring homomorphisms from Z™ to Z™.

Theorem3.1: The number of ring homomorphism from Z™ to Z isn + 1.

Proof: Let ¢: Z"™ — Z be a ring homomorphism. For 1 < i < n ; denote e; for the n-tuple whose i**component is 1 and
0’s elsewhere. Since e;is an idempotent and ¢ is a ring homomorphism ¢( e;) is an idempotent element in Z and hence
d(e;) = 00r 1. Also d(e;) = () = 1 for some i # j then we have a contradiction,

0=00)=0¢(ee)=0d(e)d(e)=11=1
Thus ¢( e;) assume the value 1 for at most one value of i.
If d(e) =0 wi(1<i<n),thenforany x = (x;, x5, ..., %;, ..., X,) €Z";
o) =0 xie) =21 d(x; €) = X1 x; d(e;) = 0and hence ¢ is the trivial ring homomorphism.
Ifd(ex) =1and d(e;) =0 wi # k thenforany x = (xq, x5, ..., Xk, oo, X)) € Z™
dl) = iy xi &) = Xis d(x; €) = Xisyx; (&) = xp .

Also it is clear that the map ¢(x) = d(xq, X3, ..., X, -, Xn) = X iS @ ring homomorphism. Hence n such non-trivial
homomorphisms are there. So the number of Ring homomorphisms from Z™ to Z isn + 1.
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Theorem3.2: The number of distinct ring homomorphisms from Z™ to Z™ is (n + 1)™.
Proof: The number of ring homomorphism from Z™ to Z isn + 1 . Hence from Theorem 2.3, the number of distinct ring
homomorphism from Z™ to Z™ is (n + 1)™.

Now we will characterize all ring homomorphism and the number of ring homomorphism from Q™ to Q™.

Theorem3.3:The number of distinct ring homomorphism from Q™ to Q isn + 1.

Proof: Let ¢: Q™ — Q be a ring homomorphism. For 1 < i < n ; denote e; for the n-tuple whose i**component is 1 and
0’s elsewhere. Since e;is an idempotent and ¢ is a ring homomorphism ¢( e;) is an idempotent element in Q and hence
d(e;) = 0or 1. Also d(e;) = () = 1 for some i # j then we have a contradiction

0=000)=0¢(ee)=0d(e)dp(e)=11=1
Thus ¢( e;) assume the value 1 for at most one value of i.
Stepl: ¢(ne;) =nd(e)v¥ne€Zandv1l<i<n.
The argument is clear since ¢ is a ring homomorphism and n € Z.
Step2: d(re) =rdp(e)¥reQandvl1<i<n.

let = Z,Where pE€Zand q € N. Thenrqg =p andhence rqe; =pe;.

S0 d(rq e) = d(p €) => qd(r &) = pdp(e) => ¢(r e)) =7 d(e) =>
d(re;)) =rd(e) ¥r € Qand ¥ 1 < i < n.Hence the proof of step 2 is over.
Step3: Characterize all ring homomorphisms from Q™ to Q
If d(e;) =0 ¥ i,then forany = (xq, X5, ..., Xiy .., X)) € Q™
o(x) =dCQiLix ) = X d(xe) =X, x; d(e;) = 0. Hence o is the trivial ring homomorphism.
If d(ex) = 1land d(e;) = 0 ¥i # k then forany x = (xq, x5, o) Xg, o) Xn) € Q"
() =0 xie) =21 b €) =X x; d(e) = x, . Also it is clear that the map ¢(x) =

O(xq, Xgy ooy Xpy ey X)) = X IS @ ring homomorphism. Hence n such non-trivial homomorphisms
are there. So the number of ring homomorphism from Q™ to Q isn + 1.

Theorem3.3: The number of distinct ring homomorphism from Q™ to Q™ is (n + 1)™.
Proof: The number of ring homomorphism from Q™ to Q is n + 1.. Hence from Theorem 2.3, the number of distinct
ring homomorphism from Q™ to Q™ is (n + 1)™.
Now we will characterize all ring homomorphism and the number of ring homomorphisms from R™ to R™.

Theorem3.4:The number of distinct ring homomorphism from and R™ to Risn + 1.
Proof: Let ¢:R™ — R be a ring homomorphism. For 1 <i <n ; denote e; for the n-tuple whose
i*"component is 1 and 0’s elsewhere. Since e;is an idempotent and ¢ is a ring homomorphism ¢( e;) is an
idempotent element in Rand hence ¢(e;) =0o0r1.Also ¢(e;) = (1)( ej) =1 for some i+ j then we have a
contradiction

Thus ¢ ( e;) assume the value 1 for at most one value of i.
Stepl: ¢p(ne;)) =nd(e)vneZandvl<i<n.
The argument is clear since ¢ is a ring homomorphism and n € Z.

Step2: d(re;) =rdp(e)vreQandv1<i<n.

Letr = s,wherep €Zand q € N. Thenrq = pand hence rqe; = pe;.

Sod(rge;) = d(pe) =>qd(re) =pd(e) => d(re) = g‘b( ;) =>

b(re) =rdp(e) ¥r € Qand ¥ 1 < i < n.Hence the proof of step 2 is over.
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Step3: Fora <banda,b € R, p(ae;)) <bp(e)v1<i<n.
Since a < band a,b € R,we have b —a > 0.50 b — a = t?, for some t € R.
This imply(b — a) e; = t?e; = t? ¢;> =t e;.t e;, Since e;2 = e;.
Hence d((b —a) e;) = d(tei.te) = d(teddp(te) = [d(te)]* 20
This gives ((b—a)e;) = d(be) —d(ae) =0
Thatis ¢(ae;) < bd(e;) ¥ 1 <i<n and the step 3 is completed.
Step4: ¢: R™ — R is continuous.
Leta = (a,,a;,..,a,) € R*and € > 0 be given.
Chose a rational number r such that 0 <r < e.Thenforanyy = (y;,¥2, .. ,¥») € B(a; 1),
where B(a; r) denote the open ball centered at a and radius r in R™, we have
ly; —a;l <rv¥l1<i<n
=> —r<y;—a;<r
=> —r<y,—a; <r
=> d(-re) <d((yi—a)e) <P(re) vi(l<i<n) ;bystep3.
=> —rd(e) <oy, e;—aje) <rd(e) ¥i(l1<i<n) ;bystep?2.
=> 1 d(e) <d(ie) —d(aje) <rd(e) ¥i(l<isn)

=> oy e;) — d(aie)| <rd(e) ¥ i(1<i<n)

=> lb(y; ) —d(a;e)| <r ¥ i(1<i<n);sinced(e;) =00rl
=> ld(yi€) —dlaie)| <r v i(1<i<n)
=> 19 e) —dlae)l <r<> <= ¥i(l<i<n)...(A)

Hence |¢(}’) - (l)(a)l |¢((Y1 1 Y2 9 e 'yn)) - q)((al 1 A2y eeey an))l

b,y e) — d(Xi, a; el

= |QE1 00 e) — (Zizg d(a; el
= QL1900 e) — d(a; el
bW e)) — d(a; €)] ; by triangle inequality of R

< YE.-=¢ ;by (A) above.
Thus ¢: R™ — R is continuous and the step 4 is completed.
Step5: ¢(xe;) = xd(e)¥x ERandv1<i<n.
Let x € Rand ¥ 1 < i < n. Then there exist a rational sequence 7, such that 7, - xinR.
Thenn, e; = x e; inthe space R™. Sine ¢ is continuous at x, we have ,

d(xe) = T}lilr;o d(r,e;)) = (limr, )d(e;) =xd(e;) and hence step 5 is over.

m-—oo
Step6: Characterize all ring homomorphism from R™toR.
Letx = (x;,%5,..,%,) ER" Ifd(e) =0 vi(1<i<n);

Then, d(x) = d(Xiz, x; €;) = Xiz, d(x; €) = Xz, x;d( e;) = 0 and hence ¢
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is the trivial ring homomorphism. Otherwise, ie, If d(ex) = land If d(e;) =0 ¥ i # k;

PO0) = Py, Xz, e, xn) = PUir i €) = Ximg d(x; ) = Xing x;d( ;) = x,.d(eg) = xp.
Clearly ¢ is a ring homomorphism. Hence non-trivial ring homomorphism from R™ to R has the form
b(xy, %5, 0, Xn) = x5;(1 < k < n). So the number of ring homomorphisms from R™ to Risn + 1.

Theorem3.5: The number of distinct ring homomorphism from R™ to R™is (n + 1)™.

Proof: The number of ring homomorphism from R™ to R is n + 1. Hence from Theorem 2.3, the number of distinct ring
homomorphism from R™ to R™is (n + 1)™.
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