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Abstract. In this paper the concept of the total outer independent geodetic domination number of a graph G 

is introduced.  An outer independent geodetic dominating set S  V(G) is said to be a total outer 

independent geodetic dominating set of G if the subgraph < S > has no isolated vertices. The minimum 

cardinality of a total outer independent geodetic dominating set is called the total outer independent geodetic 

domination number and is denoted by gt
oi(G). Some general properties satisfied by this concept are studied. 

The total outer independent geodetic domination number of certain classes of graphs are determined. It is 

shown that for every pair m, n of integers with 3 ≤ m ≤ n, there exist a connected graph G of order n such 

that gt
oi(G) = m.  Also, it is shown that for any three integers p, q and r such that 2 ≤ p ≤ q  r there exists a 

connected graph G with g(G) = p , g(G) = q and gt
oi (G) = r. 
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Introduction 

 By a graph G = (V, E), we mean a simple graph of order at least two. The order and size of G are 

denoted by p and q respectively. For basic theoretic terminology, (see [1]). The neighborhood of a vertex v is 

the set N(v) consisting of all vertices u which are adjacent with v. The closed neighborhood of a vertex v is 

the set N[v] = N(v)  N{v}. A vertex v is an extreme vertex if the subgraph induced by its neighbors is 

complete. A vertex v is a semi-extreme vertex of G if the subgraph induced by its neighbors has a full degree 

vertex in N(v). In particular, every extreme vertex is a semi-extreme vertex and a semi-extreme vertex need 

not be an extreme vertex (see [2]). 

 For vertices u and v in a connected graph G, the distance d(u, v) is the length of a shortest u – v path 

in G. A u - v path of length d(u,v) is called a u – v geodesic. A geodetic set of G is a set S  V such that 

every vertex of G is contained in a geodesic joining some pair of vertices in S. The geodetic number g(G) of 

G is the minimum order of its geodetic sets(see [3]). 

 A dominating set in a graph G is a subset of vertices of G such that every vertex outside the subset 

has neighbor in it. The size of a minimum dominating set in a graph G is called the domination number of G 
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and is denoted by (G). A geodetic dominating set of G is a subset of V(G) which is both geodetic and 

dominating set of G. The minimum cardinality of a geodetic dominating set is denoted by g(G) (see 

[4],[5],[6],[7] ). A geodetic dominating set S  V(G) in a graph G is said to be a total geodetic dominating 

set  if < S > has no isolated vertices (see [ 8,9]). 

 An independent set S  V(G) in a graph G such that no two vertices in S are adjacent in G. The 

maximum cardinality of an independent set is called the independence number and is denoted by (G). A 

geodetic dominating set S in a graph G is said to be an independent geodetic dominating set if < S > is 

independent. The minimum cardinality of an independent geodetic dominating set is called the independent 

geodetic domination number and is denoted by g
i(G). A geodetic dominating set S in a graph G is said to be 

an outer  independent geodetic dominating set if < V - S > is independent. The minimum cardinality of an 

outer independent geodetic dominating set is called the outer independent geodetic domination number and 

is denoted by g
oi(G) (see [10]). 

1. Total Outer Independent geodetic Domination Number of a graph 

Definition 1.1. An outer independent geodetic dominating set S V is said to be a total outer independent 

geodetic dominating set of a graph G the subgraph < S > has no isolated vertices. The minimum cardinality 

of a total outer independent geodetic dominating set is called the total outer independent geodetic 

domination number of G and is denoted by gt
oi(G). 

Example 1.2.   For the graph G given in Figure 1.1, S ={v1, v2, v3, v5, v6, v8, v9} is a total outer independent 

geodetic dominating set of G and is minimum so that gt
oi(G) = 7. 
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Remark 1.3.  For the graph given in Figure 1.1, S = {v1, v3, v6, v9} is an outer  independent geodetic 

dominating set of G and is minimum so that g
oi(G) = 4. Thus the outer  independent geodetic domination 

number and the total outer  independent geodetic domination number of a graph are different. 

Remark 1.4.  There can be more than one total outer independent geodetic dominating set for a graph. For 

the graph given in Figure 1.1, S1 ={v1, v2, v3, v5, v6, v8, v9}  and S2 = {v1, v3, v4, v6, v7, v9, v10} are two total 

outer independent geodetic dominating sets. 

Theorem 1.5.  For any connected graph G of order p, 2  g
oi(G)   gt

oi(G)   p. 

Proof. An independent geodetic dominating set needs at least two vertices and therefore  

g
oi(G)  2. Since every total outer independent geodetic dominating set is an outer independent geodetic 

dominating set, g
oi(G)  gt

oi(G). Since the number of vertices of G is p, 

2  g
i(G)   gt

oi(G)   p. 

Remark 1.6.  The bounds in Theorem 1.5 are sharp. For the graph given in Figure 1.1,  

g
oi(G)  = 4, gt

oi(G) = 7  and p = 10. 

Corollary 1.7.  For the star graph K1,n (n  1), gt
oi(K1,n) = n + 1. 

Theorem 1.8. For every integer n  2 we have 

gt
oi(Pn) = {

3 + (
𝑛−2

2
) 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

⌈
𝑛+1

3
⌉ + 3 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

 

Theorem 1.9. Let Wn = K1 + Cn-1 is a wheel, n  5, then 

gt
oi(Wn) =  ⌊

𝑛

2
⌋ + 1. 

Theorem 1.10. For every integer m, n  1 we have 

gt
oi(Km,n) = {

2, 𝑚 = 𝑛 = 1
𝑚 + 𝑛, 𝑚 = 1 𝑎𝑛𝑑 𝑛 ≥ 2

min{𝑚, 𝑛} + 1 , 𝑚, 𝑛 ≥ 2
 

Observation 1.11.  For every disjoint graphs G1, G2,…,Gk we have gt
oi (G1  G2 … Gk) =  

gt
oi(G1)+ gt

oi(G2) + …+ gt
oi(Gk) 

Observation 1.12.  For every graph G of order n we have gt
oi(G)  n - (G). 

Theorem 1.13.  For every graph G we have (G)  gt
oi(G)  (G). 

Remark 1.14. For any connected graph G, gt(G)  gt
oi(G). 
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Theorem 1.15. For any pair of positive integers m and n such that 9 < m  n, there is a connected graph G of 

order n and gt
oi (G) = m. 

Proof.  
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              Figure 1.2 

 

Let C1:c1,c2,c3,c4 ; C2: u1,u2,u3,u4; C3: v1,v2,v3,v4 and C4: w1,w2,w3,w4 be four cycles on the 

corresponding four vertices. Let H1 be a graph by identifying the three vertices u3, v3 and w3 in the cycles C2, 

C3 and C4 with the vertex c3 in C1. Now, let H2 be a graph by adding a set of non-adjacent vertices 

x1,x2,…,xm-9 and joining each vertex xi(1  i  m-9) with the vertex v1. Let G be graph by joining a set of 

vertices y1,y2,…,yp-m-4 with both the vertices w2 and w4 as shown in the Figure 1.2. 

 

Let S1 = {c1, c3, u1, v1, w2, w4, x1, x2,… ,xm-9}is an outer independent geodetic dominating set of G but 

it is not a total outer independent geodetic dominating set of G. Hence  

S2 = S1  {c2, w1, u2} is a minimum total outer independent geodetic dominating set of G so that  

gt
oi (G) = m. 

 

Theorem 1.16. For any three integers p, q, r such that 2  p  q  r, there exists a connected graph G with 

g(G) = p, g(G) = q and gt
oi(G) = r. 
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Proof.  
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                     Figure 1.3 

 

 

Let P5: v1, v2, v3, v4, v5 be a path on five vertices. Let Pi : ii, mi, ni, (1 ≤ i ≤ p – q – 1) be  

paths on three vertices. Let H1 be a graph obtained from P and Pi by joining each  

li (1 ≤ i ≤ p –q – 1) with the vertex v1 and joining each vertex ni(1 ≤ i ≤ p – q – 1) with the vertex v5. Let H2 

be a graph by Taking a copy of star K1,p-1 with leaves x1, x2,…,xp-1 and the support vertex v5. Subdivide the 

edges xxi , where 1 ≤ i ≤ r – q – 2,calling the new vertices y1,y2,…,yr–q–2 where xi is adjacent to yi, and yi is 

adjacent to v5 for all i ∈ {1,2,…,r – q – 2}. Let G be the given graph as shown in Figure 1.3.  

Let S1 = {v1, x1, x2,…,xp-1}. Then S1 is a minimum geodetic set of G. Then g(G) = p. Now, let S2 = S1 

 {v4, m1, m2,…,mq-p-1}. Clearly S2 is a minimum geodetic dominating set of G which contains q vertices so 

that g(G) = q. Also, let S3 = S2  {v2, v5, y1, y2,…,yr–q–2}.  Clearly, S3 is a minimum total outer independent 

geodetic dominating set of G which contains r vertices so that gt
oi(G) = r. 

 

Theorem 1.17. For every pair of integers a, b such that 2  a  b, there exists a connected graph G with g(G) 

= a and gt
oi(G) = b. 

Proof. 

 Case(i).  Let a = b. 
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            Figure 1.4 

 

Let P2: u, v be a path on two vertices. Let G be a graph by adding a set of vertices  

w1, w2,…,wa-2 and joining each wi(1  i   a - 2) with the two vertices u and v as shown in  

Figure 1.4. 

Let S = {u, v, w1, w2,…,wa-2}. Then Clearly, S is both the minimum geodetic and minimum total outer 

independent geodetic dominating set of G. Therefore g(G)  = gt
oi(G) = a = b. 

Case (ii).  Let a + 1 = b. 
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              Figure 1.5 

 

 

Let P3: u, v, w be a path on three vertices. Let H be a graph by obtaining from P3 by adding a set of new 

vertices v1, v2,…,va-2 and joining each vertex vi (1  i   a – 2) with the vertex v.   

Let G be a graph by adding a set of vertices w1, w2,…,wa-2 and joining each wi(1  i   a - 2) with the two 

vertices u and w as shown in Figure 1.5. 
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Let S1 = {u, w, v1, v2,…,va-2}. Clearly, S is a minimum geodetic set of G so that g(G) = a. Let S2 = S1  

{v} is a minimum total outer independent geodetic dominating set of G. Therefore gt
oi(G) = a + 1. 

Case (iii). Let a + 2 = b. 
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                        Figure 1.6 

Let P4: u, v, w, x be a path on four vertices. Let H be a graph by obtaining from P4 by adding a set of new 

vertices v1, v2,…,va-2 and joining each vertex vi (1  i   a – 2) with the vertex w.   

Let G be a graph by adding a set of vertices w1, w2,…,wa-2 and joining each wi(1  i   a - 2) with the two 

vertices v and x as shown in Figure 1.6. 

 

Let S1 = {u, x, v1, v2,…,va-2}. Clearly, S is a minimum geodetic set of G so that g(G) = a. Let S2 = S1  

{v, w} is a minimum total outer independent geodetic dominating set of G. Therefore gt
oi(G) = a + 2. 

Case (iv). Let a + 3  b. 
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              Figure 1.7 
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Let P3: u, v, w be a path on three vertices. Let H1 be a graph by obtained from P3 by adding a set of new 

vertices w1, w2,…,wa-2 and joining each vertex wi (1  i   a – 1) with the vertices u and w.  Let H2 be a graph 

by taking a copy of star K1,a-1 with leaves x1, x2,…,xa-1 and the support vertex w. Subdivide the edges xxi , 

where 1 ≤ i ≤ b – a – 1,calling the new vertices y1,y2,…,yb–a–1 where xi is adjacent to yi, and yi is adjacent to w 

for all i ∈ {1,2,…,b – a –1}. Let G be the given graph as shown in Figure 1.7.  

 Let S1 = {u, x1, x2,…,xa-1}. Clearly, S is a minimum geodetic set of G so that g(G) = a. Let S2 = S1   

{w, y1, y2,…,yb–a–1} is a minimum total outer independent geodetic dominating set of G and so gt
oi(G) = b. 
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