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Abstract. In this paper the concept of the total outer independent geodetic domination number of a graph G
is introduced. An outer independent geodetic dominating set S < V(G) is said to be a total outer
independent geodetic dominating set of G if the subgraph < S > has no isolated vertices. The minimum
cardinality of a total outer independent geodetic dominating set is called the total outer independent geodetic
domination number and is denoted by ygtOi(G). Some general properties satisfied by this concept are studied.
The total outer independent geodetic domination number of certain classes of graphs are determined. It is
shown that for every pair m, n of integers with 3 < m < n, there exist a connected graph G of order n such

that y¢®(G) = m. Also, it is shown that for any three integers p, g and r such that 2 < p < q < r there exists a

connected graph G with g(G) = p, ¥4(G) = q and ygt°‘ G)=r.
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Introduction

By a graph G = (V, E), we mean a simple graph of order at least two. The order and size of G are
denoted by p and q respectively. For basic theoretic terminology, (see [1]). The neighborhood of a vertex v is
the set N(v) consisting of all vertices u which are adjacent with v. The closed neighborhood of a vertex v is
the set N[v] = N(v) U N{v}. A vertex v is an extreme vertex if the subgraph induced by its neighbors is
complete. A vertex v is a semi-extreme vertex of G if the subgraph induced by its neighbors has a full degree
vertex in N(v). In particular, every extreme vertex is a semi-extreme vertex and a semi-extreme vertex need

not be an extreme vertex (see [2]).

For vertices u and v in a connected graph G, the distance d(u, v) is the length of a shortest u — v path
in G. A u - v path of length d(u,v) is called a u — v geodesic. A geodetic set of G is a set S — V such that
every vertex of G is contained in a geodesic joining some pair of vertices in S. The geodetic number g(G) of

G is the minimum order of its geodetic sets(see [3]).

A dominating set in a graph G is a subset of vertices of G such that every vertex outside the subset

has neighbor in it. The size of a minimum dominating set in a graph G is called the domination number of G
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and is denoted by y(G). A geodetic dominating set of G is a subset of V(G) which is both geodetic and
dominating set of G. The minimum cardinality of a geodetic dominating set is denoted by y4(G) (see
[4].[5].[61.[7] )- A geodetic dominating set S — V(G) in a graph G is said to be a total geodetic dominating

set if <S> has no isolated vertices (see [ 8,9]).

An independent set S < V(G) in a graph G such that no two vertices in S are adjacent in G. The
maximum cardinality of an independent set is called the independence number and is denoted by o(G). A
geodetic dominating set S in a graph G is said to be an independent geodetic dominating set if < S > is
independent. The minimum cardinality of an independent geodetic dominating set is called the independent
geodetic domination number and is denoted by ygi(G). A geodetic dominating set S in a graph G is said to be
an outer independent geodetic dominating set if <V - S > is independent. The minimum cardinality of an

outer independent geodetic dominating set is called the outer independent geodetic domination number and

is denoted by 1%/(G) (see [10]).

1. Total Outer Independent geodetic Domination Number of a graph

Definition 1.1. An outer independent geodetic dominating set S < V is said to be a total outer independent
geodetic dominating set of a graph G the subgraph < S > has no isolated vertices. The minimum cardinality
of a total outer independent geodetic dominating set is called the total outer independent geodetic

domination number of G and is denoted by y¢°'(G).

Example 1.2. For the graph G given in Figure 1.1, S ={va, V2, V3, Vs, Ve, Vs, Vo} IS a total outer independent

geodetic dominating set of G and is minimum so that y5®(G) = 7.

Vo
Vi
Vs
V3
V4
Vs
Ve
V7
Vo
V1o
G
Figure 1.1
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Remark 1.3. For the graph given in Figure 1.1, S = {v1, v3, Vs, Vo} is an outer independent geodetic
dominating set of G and is minimum so that v, (G) = 4. Thus the outer independent geodetic domination

number and the total outer independent geodetic domination number of a graph are different.

Remark 1.4. There can be more than one total outer independent geodetic dominating set for a graph. For
the graph given in Figure 1.1, S1 ={v1, V2, V3, Vs, V6, Vg, Vo} and Sz = {v1, V3, Vs, Vs, V7, Vg, V10} are two total

outer independent geodetic dominating sets.
Theorem 1.5. For any connected graph G of order p, 2 < yg°i(G) < ygtOi(G) <p.

Proof. An independent geodetic dominating set needs at least two vertices and therefore

yg‘”(G) > 2. Since every total outer independent geodetic dominating set is an outer independent geodetic

dominating set, Y¢®(G) < 7Yg®(G). Since the number of vertices of G is p,
2<74'(G) <79°(G) <p.

Remark 1.6. The bounds in Theorem 1.5 are sharp. For the graph given in Figure 1.1,
Y5°(G) =4, 14°(G) =7 and p = 10.

Corollary 1.7. For the star graph Ky (n > 1), ygt°i(K1,n) =n+1.

Theorem 1.8. For every integer n > 2 we have

3+ (nT_Z) if niseven

vg* () =
’ nTH]+3 if nisodd

Theorem 1.9. Let Wy = K1 + Cp-1 1S a wheel, n > 5, then
Yo (Wn) = 3] + 1

Theorem 1.10. For every integer m, n > 1 we have

2, m=n=1
vt (Kmpn) = m+n, m=1landn =2
min{m,n} + 1, mn =2

Observation 1.11. For every disjoint graphs Gi, Gz,...,Gk we have y5° (G1 U Gz U...U GK) =
v9t”(G)* vg”(G2) + ...+ ygt™(GW)

Observation 1.12. For every graph G of order n we have ygt°‘(G) >n - a(G).
Theorem 1.13. For every graph G we have 3(G) < y¢*(G) < A(G).

Remark 1.14. For any connected graph G, ygt(G) < y¢t*(G).
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Theorem 1.15. For any pair of positive integers m and n such that 9 < m < n, there is a connected graph G of
order nand Y (G) = m.

Proof.

Figure 1.2

Let Ci:C1,C2,C3,Ca ; Coi ugUz,UzUs; Csi vi,Vo,v3,va and Ca: wi,Wo,w3,ws be four cycles on the
corresponding four vertices. Let Hy be a graph by identifying the three vertices us, vzand ws in the cycles Co,
Csz and Cy4 with the vertex c3 in Ci. Now, let Hax be a graph by adding a set of non-adjacent vertices
X1,X2,...,Xm-9 and joining each vertex xi(1 < i < m-9) with the vertex vi. Let G be graph by joining a set of

vertices y1,Yz,...,Yp-m-4 With both the vertices w. and ws as shown in the Figure 1.2.

Let S1 = {c, C3, U1, V1, W2, Wa, X1, X2.... ,Xm-9}iS an outer independent geodetic dominating set of G but
it is not a total outer independent geodetic dominating set of G. Hence

S2 = S1 U {c2, wi, U2} is a minimum total outer independent geodetic dominating set of G so that

Vet (G) =m.

Theorem 1.16. For any three integers p, g, r such that 2 < p < g <r, there exists a connected graph G with

9(G) = p, 19(G) = g and yg(G) = .
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Proof.

Mp-g-1 Np-g-1

lp-qs

Figure 1.3

Let Ps: vi, V2, V3, V4, Vs be a path on five vertices. Let Pi: ij, mi, ni, (1 <i<p-q-1) be
paths on three wvertices. Let Hi be a graph obtained from P and Pi by joining each
li (1 <i<p-q-1)withthe vertex vi and joining each vertex ni(1 <i <p —q — 1) with the vertex vs. Let H>
be a graph by Taking a copy of star Ky -1 with leaves X1, X2,...,Xp-1 and the support vertex vs. Subdivide the
edges xxi , where 1 <i<r —q— 2,calling the new vertices y1,y»,....yr-q 2 Where x; is adjacent to yi, and yi is
adjacent to vs for all i € {1,2,...,r —q — 2}. Let G be the given graph as shown in Figure 1.3.

Let S1 = {v1, X1, X2,...,Xp-1}. Then Sy is a minimum geodetic set of G. Then g(G) = p. Now, let S = S;

U {Va, M1, Ma,...,Mgp-1}. Clearly Sz is a minimum geodetic dominating set of G which contains q vertices so
that v4(G) = q. Also, let S3 = Sz U {va, Vs, y1, Y2,...,Yr g2}. Clearly, Sz is a minimum total outer independent

geodetic dominating set of G which contains r vertices so that ygtOi(G) =r.

Theorem 1.17. For every pair of integers a, b such that 2 <a < b, there exists a connected graph G with g(G)
=aand y"(G) = b.

Proof.

Case(i). Leta=h.
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G
Figure 1.4

Let Po: u, v be a path on two vertices. Let G be a graph by adding a set of vertices

W1, W2,...,Wa2 and joining each wi(l < i

Figure 1.4.

< a - 2) with the two vertices u and v as shown in

Let S = {u, v, Wi, Wa,...,.Wa2}. Then Clearly, S is both the minimum geodetic and minimum total outer
independent geodetic dominating set of G. Therefore g(G) = y4®(G) =a =b.

Case (ii). Leta+1=h.

Vi vp
‘e Va-2
U & V¢ W
W1
Wa-2
G
Figure 1.5

Let P3: u, v, w be a path on three vertices. Let H be a graph by obtaining from Pz by adding a set of new

vertices Vi, Vz,....Va2 and joining each vertex vi (1 <

< a - 2) with the wvertex v.

Let G be a graph by adding a set of vertices wi, Wa,...,wa2 and joining each wi(1 <i < a - 2) with the two
vertices u and w as shown in Figure 1.5.
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Let S1 = {u, w, v1, v2,...,Va-2}. Clearly, S is a minimum geodetic set of G so that g(G) = a. Let S, = S; U

{v} is a minimum total outer independent geodetic dominating set of G. Therefore y4°(G) = a + 1.

Case (iii). Leta+ 2 =b.

Vi V2
L]
®e Va2
u_ vV W o X
Wy
Wa-2
G
Figure 1.6

Let P4: u, v, w, X be a path on four vertices. Let H be a graph by obtaining from P4 by adding a set of new
vertices Vi, Vo,...,Va2 and joining each wvertex vi (1 < i < a - 2) with the vertex w.
Let G be a graph by adding a set of vertices wi, W,...,Wa2 and joining each wi(1 <i < a - 2) with the two

vertices v and x as shown in Figure 1.6.

Let St = {u, X, v1, V2,...,Va2}. Clearly, S is a minimum geodetic set of G so that g(G) = a. Let S = S1 U

{v, w} is a minimum total outer independent geodetic dominating set of G. Therefore y4*(G) = a + 2.

Case (iv). Leta+3<h.

Wa-2

G
Figure 1.7
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Let P3: u, v, w be a path on three vertices. Let Hi be a graph by obtained from Pz by adding a set of new
vertices wi, Wo,...,Wa2 and joining each vertex wi (1 <i <a - 1) with the vertices u and w. Let Hz be a graph
by taking a copy of star Kia-1 with leaves X1, Xz,...,Xa-1 and the support vertex w. Subdivide the edges xxi ,
where 1 <i<b-a-1,calling the new vertices y1,y,...,yb-a-1 Where X; is adjacent to y;, and y; is adjacent to w
foralli € {1,2,...,b—a-1}. Let G be the given graph as shown in Figure 1.7.

Let S1 = {u, X1, X2,...,Xa-1}. Clearly, S is a minimum geodetic set of G so that g(G) =a. Let S, =S; U

{W, y1, ¥2,...,¥b-a-1} is @ minimum total outer independent geodetic dominating set of G and so y4°'(G) = b.
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