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Abstract:. In this paper, we apply HPM to find appropriate solutions to squeezing flow and heat transfer between two parallel disks 
with velocity slip, temperature jump which are of utmost importance in applied and engineering sciences. A concrete relation 
between the basic ideas of the proposed method and the existing literature is also presented. Numerical results coupled with 
graphical results were presented explicitly and reveal the complete reliability of the proposed algorithm. 

Indexed Terms: MHD Squeezing flow, Newtonian fluid, Velocity slip, Temperature jump, HPM, Numerical solution. 

 

1.  Introduction 

Recently, Squeezing flow of Newtonian and Non-
Newtonian fluids has been given considerable attention 
from various researchers due to its importance and its 
application in Science, engineering and Technology. Such 
flows are induced by approaching parallel surfaces on disk 
in relative motion. The first author to work on this was 
Stefan [1], He initiated the pioneering work on the 
squeezing flow by invoking lubrication approach. Domairy 
and Aziz [2] employed He’s homotopy perturbation 
method to consider the suction and injection effects on 
the flow of electrically conducting viscous fluid squeezed 
between parallel disks. Hayat et al. [3,4] extended the 
work presented in [2] to analyze the squeezing flow of 
non-Newtonian fluids by taking second grade and 
micropolar models. While Qayyum et al [5] Investigated 
the unsteady squeezing flow of viscoelastic Jeffery fluid 
between parallel disks and discussed the porosity and 
squeezing effects on the velocity profile. Besides, some 
authors studied the heat transfer characteristics of 
viscous fluid in squeezing flow between two parallel 
surfaces, Squeezing flow and heat transfer over a porous 
surface was investigated by Mahmood et al.[6] Mustafa et 
al.[7] Considered the Combine effects of heat and mass 
transfer in a viscous fluid squeezed between two parallel 

plates. Recently, Bahadir and Abasov [8] employed the 
finite difference approach to obtain numerical solution of 
hydromagnetic steady flow and heat transfer in a viscous 
fluid squeezed between parallel disks. One of the core 
concepts of fluid mechanics is the no slip boundary 
conditions, i.e. the assumption that when a liquid flows 
over a solid surface, the liquid molecules adjacent to the 
solid are stationary relative to solid [9]. This no slip 
boundary condition has been utilized in modeling several 
flow problems of viscous and viscoelastic fluids. Viscous 
flow due to a stretching sheet with surface slip and 
suction [10], Hayat et al investigated Three-dimensional 

rotating flow between two porous walls with slip and heat 

transfer [11].  Zheng et al also looked at MHD flow and heat 

transfer over a porous shrinking surface with velocity slip and 

temperature jump [12], Cherruault and Adomian Investigated 

proof of convergence of decomposition methods [13]. The 
study reported here extends the work of Domairy and 
Aziz [2] by considering the velocity slip and temperature 
jump at the surfaces of lower and upper disks. Our 
principal goal is to study the effects of slip parameters on 
the velocity and temperature profile and on the related 
physical quantities like skin friction coefficient and the 
Nusselt number. 
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Mustapha and Salau [14] worked on the solution of heat 
and mass transfer analysis in nanofluid flow using 
Homotopy perturbation method. Adomian decomposition 
method was also employed by Mustapha and Salau [15] 
for solving heat transfer analysis for squeezing flow of 
Nanofluid in parallel disks. A comparative solution of heat 
transfer analysis for squeezing flow between parallel disks 
was also investigated by Mustapha and Salau [16] using 
the mentioned method alongside Adomian 
decomposition method. In [17] Mustapha et al gave  
detailed insight to Semi-analytic solution of Riccati 
equation using Homotopy perturbation method and 
Adomian decomposition method (ADM).  Mustapha and 
Salau [18] also used HPM to get a series solution of Euler-
Bernoulli Beam subjected to a concentrated load. 

 

2.  Mathematical Formulation of Problem 

We take a look of the axisymmetric flow of an incompressible 
electrically conducting viscous fluid squeezed between two 
parallel disks separated by a variable distance ℎ(𝑡) =

𝐻√1−∝ 𝑡. Where ∝ is a characteristic parameter having a 
dimensions that of time inverse. The upper disk at 𝑧 = ℎ(𝑡)  is 
approaching the lower stationary disk at 𝑧 = 0 with a velocity 

𝑣(𝑡) =
𝑑ℎ

𝑑𝑡
. We consider the velocity profile in the form 

(𝑢, 0, 𝑤), where 𝑢 and 𝑤 are radial and axial velocities along 𝑟 
and 𝑧  axes, respectively. A uniform magnetic field 

proportional to 
𝐵0

√1−∝𝑡
 is applied along the axial component and 

electric field is taken zero. Under the stated conditions the 
continuity, momentum and energy equations can be written 
as: 

                                                                                       
𝜕𝑢

𝜕𝑟
+

𝑢

𝑟
+

𝜕𝑤

𝜕𝑧
= 0,                                                                                        (1) 
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+ 𝑤

𝜕𝑢

𝜕𝑧
) = −

𝜕𝑝

𝜕𝑟
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1
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+
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+

𝜕2𝑤

𝜕𝑧2 ),                                                 (3) 

             𝜌𝐶𝑝 (
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+
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],                      (4) 

Subject to the boundary conditions 

                                                        𝑢 = 𝛽1
𝜕𝑢

𝜕𝑧
, 𝑤 = 0,      𝑇 = 𝛾1

𝜕𝑇

𝜕𝑧
+ 𝑇0,         at      𝑧 = 0,                                                    (5a) 

 

                                                  𝑢 = −𝛽1
𝜕𝑢

𝜕𝑧
, 𝑤 =

𝑑ℎ(𝑡)

𝑑𝑡
,      𝑇 = −𝛾1

𝜕𝑇

𝜕𝑧
+ 𝑇1,         at      𝑧 = ℎ(𝑡),                                        (5b) 

Where𝜌 is the fluid density, 𝜇 is dynamic viscosity, 𝑝 is the pressure, 𝜎 is electrical conductivity, 𝐶𝑝 is the specific heat at constant 

pressure, 𝑘 is the thermal conductivity, 𝛽1 and 𝛾1 are the slip parameters with respect to velocity and temperature. Note that 𝑇, 𝑇0 
and 𝑇1(𝑇1 > 𝑇0) are the temperature of the fluid, constant temperatures of the lower and upper disks, respectively. 

Introducing the dimensionless quantities: 

                                       𝑢 =
∝𝑟

2(1−∝𝑡)
𝑓′(𝜂),     𝑤 =

𝛼𝐻

√1−∝𝑡
𝑓(𝜂),     𝑇 = 𝑇0 + (𝑇1 − 𝑇0)𝜃(𝜂),      𝜂 =

𝑧

𝐻√1−∝𝑡
                         (6) 

Substituting 𝑢 and 𝑤 into Eqs. (2-3) and eliminating the pressure gradient, we obtain the following dimensionless differential 
equation: 

                                                    𝑓′′′′(𝜂) − 𝑆(𝜂𝑓′′′(𝜂) + 3𝑓′′(𝜂) − 2𝑓(𝜂)𝑓′′′(𝜂)) − 𝑀2𝑓′′(𝜂) = 0                                    (7) 

By virtue of (6), the energy equation (4) and the boundary conditions (5) take the following form 

                                             𝜃′′(𝜂) + Pr𝑆(2𝑓(𝜂)𝜃′(𝜂) − 𝜂𝜃′(𝜂)) + Pr𝐸𝑐(𝑓′′(𝜂)2 + 12𝛿2𝑓′(𝜂)2) = 0.                           (8) 

                                                                 𝑓(0) = 0, 𝑓′(0) − 𝛽𝑓′′(0) = 0, 𝜃(0) − 𝛾𝜃′(0) = 0,                                           (9a) 

                                                                𝑓(1) =
1

2
, 𝑓′(1) + 𝛽𝑓′′(1) = 0, 𝜃(1) + 𝛾𝜃′(1) = 1,                                            (9b) 

 Where the respective values of squeeze number 𝑆, the Hartman number 𝑀 the Prandtl number Pr the Eckert number 𝐸𝑐, the 
dimensionless slip parameters 𝛽 and 𝛾 with respect to velocity and temperature, and the dimensionless number 𝛿 are  

𝑆 =
∝ 𝐻 2

2𝑣
, 𝑀2 =

𝜎𝐻2𝐵0
2

𝜇
, 𝑃𝑟 =

𝜇𝐶𝑝

𝑘
, 𝐸𝑐 =

1

𝐶𝑝(𝑇1 − 𝑇0)
(

∝ 𝑟

2(1−∝ 𝑡)
), 

𝛽 =
𝛽1

𝐻√1−∝ 𝑡
, 𝛾 =

𝛾1

𝐻√1−∝ 𝑡
, 𝛿 =

𝐻√1−∝ 𝑡

𝑟
. 

 The dimensionless physical quantities like skin friction coefficient and local Nusselt number can be calculated from the following: 

𝐶𝑓𝑟 =

𝜇
𝜕𝑢
𝜕𝑧

|
𝑧=ℎ(𝑡)

𝜌[𝑣(𝑡)]2
, 𝑁𝑢 = −

𝐻𝑘
𝜕𝑇
𝜕𝑧

|
𝑧=ℎ(𝑡)

𝑘(𝑇1 − 𝑇0)
, 

 Which is by virtue of (6) reduces to  
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√1−∝ 𝑡
𝐻2

𝑟2
𝑅𝑒𝑟𝐶𝑓𝑟 = 𝑓′′(1), √1−∝ 𝑡 𝑁𝑢 = −𝜃′(1), 

 Where  𝑅𝑒𝑟 =
∝𝐻𝑟

2𝑣
 is the local squeeze Reynolds number. 

 

 

3.  Basic idea of HPM 

The basic idea embodied in the HPM and a brief 
summary of the method can be found in [19-22]. Recent 
developments of the HPM can be found in series of 
papers by pioneering researchers such as He[23-25] and 
Yildirim[26-32]. Papers that bear close relevance to the 
present work are Mahmood et al.[31], Mehmood and 
Ali[33], and Z.Z. Ganji and D.D. Ganji[34].  

 

 

4.  Solution of Problem 

Applying HPM the equation (7) and (8)  subject to the 
boundary condition (9a) & (9b) is obtained via HPM. 

𝐻(𝑓, 𝑝) = (1 − 𝑝)(𝑓𝑖𝑣) + 𝑝(𝑓𝑖𝑣 − 𝑆(𝜂𝑓′′′ + 3𝑓′′ −

                                 2𝑓𝑓′′′) − 𝑀2𝑓′′                                (16) 

𝐻(𝜃, 𝑝) = (1 − 𝑝)(𝜃′′) + 𝑝(𝜃′′ + 𝑆 𝑃𝑟(2𝑓𝜃′ −
                 𝜂𝜃′) + Pr  𝐸𝑐(𝑓′′2   + 12𝛿2𝑓′2))         (17) 

Where primes denote differentiation with respect 
to 𝜂 to third degree and 𝑓𝑖𝑣 is representing 𝑓′′′′. 

We are going to consider a three term-solution for 𝑓 
and 𝜃 in the infinite series solution which can be seen 
below as follows 

𝑓 = 𝑓0 + 𝑝𝑓1 + 𝑝2𝑓2                                              (18a) 

𝜃 = 𝜃0 + 𝑝𝜃1 + 𝑝2𝜃2                                            (18b) 

We substitute 18a – 18b into (16) and (17) and we 
do some algebraic manipulation to obtain the 
below set of equations: 

𝑝0: 𝑓0
′′′ = 0 , 

𝑝1: −𝑚2𝑓0
′′ + 2𝑆𝑓0𝑓0

′′′ − 𝑆𝜂𝑓0
′′′ − 3𝑆𝑓0

′′ + 𝑓1
𝑖𝑣 = 0  

𝑝2: −𝑚2𝑓1
′′ + 2𝑆𝑓1𝑓0

′′′ + 2𝑆𝑓0𝑓1
′′′ − 𝑆𝜂𝑓1

′′′ −
                                               3𝑆𝑓1

′′ + 𝑓2
𝑖𝑣 = 0 ,        (19) 

Which is associated with the below initial 
conditions 

𝑓0(0) = 0 , 𝑓0
′(0) − 𝛽𝑓0

′′(0) = 0 , 𝑓0(1) =
1

2
 , 𝑓0

′(1) + 𝛽𝑓0
′′(1) = 0  

𝑓1(0) = 0 , 𝑓1
′(0) − 𝛽𝑓1

′′(0) = 0 , 𝑓1(1) =
1

2
 , 𝑓1

′(1) + 𝛽𝑓1
′′(1) = 0    (20) 

𝑓2(0) = 0 , 𝑓2
′(0) − 𝛽𝑓2

′′(0) = 0 , 𝑓2(1) =
1

2
 , 𝑓2

′(1) + 𝛽𝑓2
′′(1) = 0 , 

 

𝑝0: 𝜃0
′′ = 0  

𝑝1: 12𝑃𝑟𝐸𝑐𝛿2(𝑓0
′)2 + 𝑃𝑟𝐸𝑐(𝑓0

′′)2 + 2𝑃𝑟𝑆𝑓0𝜃0
′   

                         −𝑃𝑟𝑆𝜂𝜃0
′ + 𝜃1

′′ = 0                         (21)    

𝑝2: 24𝑃𝑟𝐸𝑐𝛿2𝑓0
′𝑓1

′ + 2𝑃𝑟𝐸𝑐𝑓0
′′𝑓1

′′ + 2𝑃𝑟𝑆𝑓1𝜃0
′   

                         +2𝑃𝑟𝑆𝑓0𝜃1
′ − 𝑃𝑟𝑆𝜂𝜃1

′ + 𝜃2
′′ = 0  

Which is associated with the below initial 
conditions  

𝑓0(0) = 0  , 𝑓0
′(0) − 𝛽𝑓0

′′(0) = 0, 𝜃0(0) − 𝛾𝜃0
′ (0) =

0 , 𝑓
0
(1) =

1

2
 , 𝑓0

′(1) + 𝛽𝑓0
′′(1) = 0, 𝜃0(1) + 𝛾𝜃0

′
(1) = 1  

𝑓1(0) = 0  , 𝑓1
′(0) − 𝛽𝑓1

′′(0) = 0, 𝜃1(0) − 𝛾𝜃1
′ (0) =

0 , 𝑓
1
(1) =

1

2
 , 𝑓1

′(1) + 𝛽𝑓1
′′(1) = 0, 𝜃1(1) + 𝛾𝜃0

′
(1) = 1  

𝑓2(0) = 0  , 𝑓1
′(0) − 𝛽𝑓1

′′(0) = 0, 𝜃0(0) − 𝛾𝜃2
′ (0) =

0 , 𝑓
2
(1) =

1

2
 , 𝑓2

′(1) + 𝛽𝑓1
′′(1) = 0, 𝜃1(1) + 𝛾𝜃2

′
(1) = 1  

                                                                                                                    (22) 

 

We obtained an analytical solution using the 
symbolic algebra package Maple16 to solve (19) 
and (21) with the associated boundary conditions 
(20) and (22) 

𝑓0(𝜂) =
1

6𝛽 + 1
(−𝜂3 +

3

2
𝜂2 + 3𝛽𝜂) 

And 

𝜃0(𝜂) =
1

2𝛾 + 1
(𝜂 + 𝛾) 

The above are the first term of the series solutions. 
The method gives a better approximation up to the 
third term. 

 

5.  Discussion of Results 

In this section, we present the graphical solution of the afore 
mentioned problem  both in 2D and 3D to show the effect of 
the pertinent parameters on the fluid flow. Which validates 
the HPM results given by the series solution (18a) and (18b), 
the three term series solution is compared with those of 
numerical solutions obtained via RKF45 for fixed values of the 
parameters 𝑆, 𝐴, 𝛿, 𝐸𝑐, Pr 𝑎𝑛𝑑 𝑀, as shown in table 1. The 
table shows that the solution obtained from HPM are 
consistent and in good agreement with the RKF45 solutions. 
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Figure 1: influence of 𝐸𝑐 on θ(𝜂) when 𝑀 = 1.0, 𝑆 = 1.0, 𝑃𝑟 =
1.0, 𝛽 = 0.1, 𝛾 = 0.1 , 𝛿 = 0.1 

 
Figure 2: influence of (𝛾) on θ(𝜂) when 𝑀 = 1.0, 𝑆 = 1.0, 𝐸𝑐 =
0, 𝛽 = 0.1, 𝑃𝑟 = 1.0 , 𝛿 = 0.1 

 
Figure 3: influence of (𝑀) on θ(𝜂) when 𝑃𝑟 = 1.0, 𝑆 = 1.0, 𝐸𝑐 =
0.5, 𝛽 = 0.1, 𝛾 = 0.1 , 𝛿 = 0.1 

 
Figure 4: influence of (𝑃𝑟) on θ(𝜂) when 𝑀 = 1.0, 𝑆 = 1.0, 𝐸𝑐 =
1.0, 𝛽 = 0.1, 𝛾 = 0.1 , 𝛿 = 0.1 
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Figure 5: influence of (𝑀) on 𝑓′(𝜂) when 𝑆 = 0.5 

 

 
Figure 6: influence of (𝑆) on 𝑓′(𝜂) when  𝑀 = 0.5

 

Figure 7: influence of (𝛾) on θ(𝜂) Profile at various values of 𝛾(−4 ≤ 𝛾 ≤ 4) where 𝛾 = 𝐿  

 

 

http://www.jetir.org/


© 2021 JETIR October 2021, Volume 8, Issue 10                                                               www.jetir.org (ISSN-2349-5162) 

JETIR2110483 Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org e549 
 

 

 Figure 8: influence of (𝛽) on 𝑓(𝜂) Profile at various values of 𝛽(−4 ≤ 𝛾 ≤ 4) 

 

 

 

 

 

 

Table 1.0 Comparison of Usman et al, Present work(HPM) solutions and Numerical for  
𝑓(𝜂) and 𝜃(𝜂)  𝛽 = 𝛾 = 0.1, 𝑆 = 1.0, 𝑀 = 1.0, 𝑃𝑟 = 1.0, 𝐸𝑐 = 1.0 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝑓(𝜂) 𝜃(𝜂) 

𝜂 Usman et al [35] Present work(HPM) (NM) Usman et al [35] Present work(HPM) (NM) 

0 0.00000 0.00000 0.00000 0.14012 0.08333 0.14006 

0.2 0.07153 0.07000 0.07153 0.36666 0.25000 0.36650 

0.4 0.18597 0.18500 0.18597 0.54379 0.41667 0.54352 

0.6 0.31402 0.31500 0.31402 0.71219 0.58333 0.71182 

0.8 0.42846 0.43000 0.42846 0.87013 0.75000 0.86967 

1 0.50000 0.50000 0.50000 0.97506 0.91667 0.97477 
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6.  Conclusions 

Analytic and numerical techniques are used to compare 
with Usman et al [35] results and analyze the influence of 
temperature and wall slip conditions on the unsteady 
MHD squeezing flow and heat transfer in a viscous fluid 
between two parallel disks. Analytical and numerical 
results are compared and an excellent agreement is 
found between them. In addition, Convergence of the 
series solution is demonstrated and it is found that the 
first term in the series solution of the analytic 
method(HPM) used in this paper is more accurate and 
converges faster than  fifth-order approximations used in 
Usman et al. The results are tabulated and 3D plot were 
presented. We can see that the results from the table and 

plots in Discussion of results section.  

Nomenclature 

 

𝑀 – magnetic field parameter 

𝑁𝑢 – local Nusselt number  

𝑃𝑟 – Prandtl number  

𝐸𝑐 − Eckert number 

𝑆 – squeeze number 

𝐶𝑝 − Specific heat at constant pressure 

𝐶𝑓𝑟 − Skin friction coefficient  

𝑘 − Thermal conductivity 

𝛼- characteristic parmeter 

𝑢, 𝑤– radial and axial velocities ms-1  

𝛽 – velocity slip parameter  

𝛾 – thermal slip parameter 

𝑇 − Temperature of fluid 

𝜂 – similarity variable 

𝜃 – dimensionless temperature 

𝛿 − dimensionless number 

𝑅𝑒𝑟 − Local squeeze Reynolds number 

 

Superscript 

′ – differentiation with respect to 𝜂 
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