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Abstract 
           This paper introduces and investigate the notion of 𝐺𝑆𝛽-disconnected sets, 𝐺𝑆𝛽-Connected set, 𝐺𝑆𝛽-

Precompact set and separation axioms via 𝐺𝑆𝛽-Preopen sets. In this paper I have introduced Grill 

Topological Space by using 𝐺𝑆𝛽-Preopen sets 
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1. Introduction 
             The idea of Grill on a Topological Space, is given by Choquet[1], goes as follows. A non empty 

collection 𝐺 of subsets of a topological space 𝑋 is said to be a Grill on 𝑋 if the following conditions holds 

1) 𝐴 ∈ 𝐺 and 𝐴 ⊆ 𝐵 ⟹ 𝐵 ∈ 𝐺 

2) 𝐴, 𝐵 ⊂ 𝑋 and 𝐴⋃𝐵 ∈ 𝐺 ⟹ 𝐴 ∈ 𝐺 or 𝐵 ∈ 𝐺 

              Let (𝑋, 𝜏) be a Topological Space along with 𝐺 be a grl upon 𝑌. We define a mapping 𝜙: 𝑃(𝑋) →
𝑃(𝑋), defined by 𝜙𝐺(𝐴, 𝜏) or 𝜙𝐺(𝐴) or simply 𝜙(𝐴) forenamed the operator combined with the Grill 𝐺 

along with the topology 𝜏, and is defined by 𝜙𝐺(𝐴) = {𝑦 ∈ 𝑌: 𝐵 ∩ 𝑉 ∈ 𝐺, ∀𝑉 ∈ 𝜏(𝑥)} where 𝜏(𝑥) erect  the 

compilation based on all open neighborhood based on 𝑥. We also entitle a mapping 𝜏: 𝑃(𝑋) → 𝑃(𝑋) by 

𝜓(𝐴) = 𝐴⋃𝜙(𝐴), for every 𝐴 ∈ 𝑃(𝑋), which is a Kuratowski closure operator([3], [4],[5]) along with 

consequently induced a topology 𝜃𝐺  upon 𝑋. Then the Triplet (𝑋, 𝜏, 𝐺) is called Grill Topological Space. 

              In  1982 Mashhour [7], introduced the notion of a Precontinuous function. In 2009 Al-Omari and 

Noiri [8], introduced the notion of 𝒩-Precontinuous function. In this paper I have investigated about 𝐺𝑆𝛽-

disconnected sets, 𝐺𝑆𝛽-Precompact sets and Seperation axioms. 

 

2. Preliminaries 
            For a Topological Space (𝑋, 𝜏) and 𝐴 ⊆ 𝑋, throughout this paper, we mean 𝐶𝑙(𝐴) and 𝐼𝑛𝑡(𝐴) the 

Closure set and Interior set respectively.  

Definition 2.1(Pre open and Pre Closed set) 
              A subset 𝐴 of a Topological Space (𝑋, 𝜏) is called Preopen set if 𝐴 ⊆ 𝐼𝑛𝑡(𝐶𝑙(𝐴)). The Complement 

of Preopen set is called Pre closed set. 
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Definition 2.2 (𝑮𝑺𝜷-Preopen and 𝑮𝑺𝜷-Preclosed sets) 

             A subset 𝐴 of a Topological Space (𝑋, 𝜏, 𝐺) is called 𝐺𝑆𝛽-Preopen set if 𝐴 ⊆ 𝐼𝑛𝑡(𝐶𝑙(𝜓(𝐴)). The 

complement of  𝐺𝑆𝛽-Preopen set is called 𝐺𝑆𝛽-Pre closed set. 

 

Definition 2.3 (𝑮𝑺𝜷-Pre continuous function) 
         A function 𝑓: (𝑋, 𝜏, 𝐺) → (𝑌, 𝜎, 𝐻) is called 𝐺𝑆𝛽-Pre continuous function if 𝑓−1(𝑈) is 𝐺𝑆𝛽-Preopen 

set in 𝑋 for every 𝐺𝑆𝛽-Preopen set 𝑈 in 𝑌. 

 

Definition 2.4 (Disconnected space) 
         A Topological Space (𝑋, 𝜏) is disconnected Space if it is union of two nonempty subsets 𝐴 and 𝐵 such 

that 𝐶𝑙(𝐴)⋂𝐵 = ∅ and 𝐴⋂𝐶𝑙(𝐵) = ∅. 

 

Definition 2.5 (Compact Space) 
         A Topological Space (𝑋, 𝜏) is called a Compact Space if every open cover of 𝐴 has a finite sub cover 

  

Definition 2.6 (Strongly Compact Set) 
          A subset 𝐴 of a topological space (𝑋, 𝜏) is called Strongly Compact Space in 𝑋 if every Preopen 

cover of 𝐴 has a finite subcover. 

 

3. 𝑮𝑺𝜷-Connected Sets 

Definition 3.1 
           Let (𝑋, 𝜏, 𝐺) be a grill topological space and 𝐴, 𝐵 be two nonempty subsets of 𝑋. The sets 𝐴 and 𝐵 are 

called a 𝐺𝑆𝛽-Seperated sets if 𝐺𝑆𝛽 𝐶𝑙(𝐴)⋂𝐵 = ∅ and 𝐴 ⋂ 𝐺𝑆𝛽 𝐶𝑙(𝐵) = ∅. 

 

Definition 3.2 
           A grill topological space (𝑋, 𝜏, 𝐺) is called 𝐺𝑆𝛽-disconnected space if it is the union of two 𝐺𝑆𝛽-

Seperated sets. Otherwise, a grill topological space (𝑋, 𝜏, 𝐺) is called a 𝐺𝑆𝛽-Connected space. 

 

Theorem 3.3 
        Any grill topological space (𝑋, 𝜏, 𝐺) with a finite set 𝑋 is a 𝐺𝑆𝛽-disconnected space if 𝑋 has more 

than one point 

Proof: 
        The Proof of the Theorem is obvious 

 

Theorem 3.4 
          Every disconnected space is a 𝐺𝑆𝛽-disconnected space 

Proof: 
        The Proof of the Theorem is clear since 𝐺𝑆𝛽 𝐶𝑙(𝐴) ⊂ 𝐶𝑙(𝐴) 

 

Theorem 3.5 
         A grill topological space (𝑋, 𝜏, 𝐺) is 𝐺𝑆𝛽-disconnected space if and only if it is the union of two 

disjoint nonempty 𝐺𝑆𝛽-Preopen sets 

 

Proof: 
        Suppose that (𝑋, 𝜏, 𝐺) is 𝐺𝑆𝛽-disconnected space. Then 𝑋 is the union of two 𝐺𝑆𝛽-Seperated sets, that 

is, there are two non empty subsets 𝐴 and 𝐵 of 𝑋 such that 𝐺𝑆𝛽 𝐶𝑙(𝐴)⋂𝐵 = ∅, 𝐴⋂𝐺𝑆𝛽 𝐶𝑙(𝐵) = ∅ and 
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𝐴⋃𝐵 = 𝑋. Take 𝐺 = 𝑋 − 𝐺𝑆𝛽 𝐶𝑙(𝐴) and 𝐻 = 𝑋 − 𝐺𝑆𝛽 𝐶𝑙(𝐵). Then 𝐺 and 𝐻 are 𝐺𝑆𝛽 Preopen sets. That is, 

𝐺⋂𝐻 = ∅ and  

                                              𝐺⋃𝐻 = (𝑋 − 𝐺𝑆𝛽 𝐶𝑙(𝐴)) ⋂ (𝑋 − 𝐺𝑆𝛽 𝐶𝑙(𝐵)) 

                                                        = 𝑋 − (𝐺𝑆𝛽 𝐶𝑙(𝐴)⋂𝐺𝑆𝛽 𝐶𝑙(𝐵)) 

                                                        ⊆ 𝑋 − (𝐺𝑆𝛽 𝐶𝑙(𝐴)⋂𝐵) 

                                                        = 𝑋 − ∅ = 𝑋 

          Conversely, suppose that (𝑋, 𝜏, 𝐺) is the union of disjoint nonempty 𝐺𝑆𝛽 Preopen subsets, say 𝐺 and 

𝐻. Take 𝐴 = 𝑋 − 𝐺  and 𝐵 = 𝑋 − 𝐻. Then 𝐴 and 𝐵 are 𝐺𝑆𝛽 Preopen sets, that is 𝐺𝑆𝛽 𝐶𝑙(𝐴) = 𝐴 and 

𝐺𝑆𝛽 𝐶𝑙(𝐵) = 𝐵. Since 𝐻 ≠ ∅ and 𝐻⋂𝐺 = ∅, then 𝐻 ⊆ 𝑋 − 𝐺 = 𝐴, that is 𝐴 ≠ ∅. So 𝐺𝑆𝛽 𝐶𝑙(𝐴)⋂𝐵 =

𝐴⋂𝐵 = (𝑋 − 𝐺)⋂(𝑋 − 𝐻) 

                                                       =𝑋 − (𝐺⋃𝐻) = 𝑋 − 𝑋 = ∅ 

 Similar, 𝐴⋂𝐺𝑆𝛽 𝐶𝑙(𝐵) = ∅. Note that 

              𝐴⋃𝐵 = (𝑋 − 𝐺)⋃(𝑋 − 𝐻) = 𝑋 − (𝐺⋂𝐻) = 𝑋 − ∅ = 𝑋 

 That is, (𝑋, 𝜏, 𝐺) is a 𝐺𝑆𝛽- disconnected space. 

 

 4. 𝑮𝑺𝜷-Pre compact Spaces 

Definition 4.1 
         Let (𝑋, 𝜏, 𝐺) be a grill topological space and 𝐴 ⊆ 𝑋. 𝐴 is called 𝐺𝑆𝛽-Precompact set in a grill 

topological space (𝑋, 𝜏, 𝐺) if for every 𝐺𝑆𝛽-Preopen cover {𝐺𝜆: 𝜆𝜖𝐼} of 𝐴 has finite 𝐺𝑆𝛽-Preopen sub cover  

{𝐺𝜆𝐾
: 𝐾 = 1,2, … 𝑛} of 𝐴 such that 𝐴 ⊆ ⋃𝐾=1

𝑛 𝐺𝜆𝐾
. Similarly , 𝑋 is called a 𝐺𝑆𝛽-Pre compact space if 𝑋 =

⋃𝐾=1
𝑛 𝐺𝜆𝐾

 

 

Theorem 4.2 
         Every 𝐺𝑆𝛽-Pre compact set is compact set. 

Proof: 
         The Proof of the theorem is clear, since every open set is 𝐺𝑆𝛽-Preopen set. 

 

Theorem 4.3 
         Every strongly Compact space is 𝐺𝑆𝛽-Pre compact space 

Proof: 
            Let {𝐺𝜆: 𝜆𝜖𝐼} be a 𝐺𝑆𝛽-Preopen cover of 𝐴 be a grill topological space and {𝐺𝜆: 𝜆𝜖𝐼} be a 𝐺𝑆𝛽-

Preopen cover of 𝑋 and 𝐴 ⊆ ⋃𝜆𝜖𝐼𝐺𝜆. By the definition of Strongly Compact space, {𝐺𝜆: 𝜆𝜖𝐼} is a Preopen 

cover of 𝑋. Since (𝑋, 𝜏) is Strongly Compact Space, then {𝐺𝜆: 𝜆𝜖𝐼} has finite 𝐺𝑆𝛽-Preopen subcover. Hence 

by the above theorem, 𝑋 is a 𝐺𝑆𝛽-Pre compact Space. 

 

Theorem 4.4 
         Every 𝐺𝑆𝛽-Pre compact subset of 𝐺𝑆𝛽-Pre compact space is 𝐺𝑆𝛽-Pre compact set. 

Proof: 
           Suppose that 𝐹 is a 𝐺𝑆𝛽-Pre closed subset of 𝐺𝑆𝛽-Pre compact space (𝑋, 𝜏, 𝐺). Let {𝑉𝜆: 𝜆𝜖𝐼} be any 

𝐺𝑆𝛽-Preopen cover of 𝐹, where 𝐼 is an index set. Since 𝐹 is a 𝐺𝑆𝛽-Pre closed set in (𝑋, 𝜏, 𝐺) then 𝑋 − 𝐹 is a 

𝐺𝑆𝛽-Preopen in (𝑋, 𝜏, 𝐺). Then  {(𝑋 − 𝐹), 𝑉𝜆: 𝜆𝜖𝐼} is 𝐺𝑆𝛽 Preopen cover of  (𝑋, 𝜏, 𝐺). Since (𝑋, 𝜏, 𝐺) is a 

𝐺𝑆𝛽-Pre compact space then there is a finite sub cover {(𝑋 − 𝐹), 𝑉𝜆𝐾: 𝐾 = 1,2, … . 𝑚}. Hence 𝐹 ⊆ ⋃𝑘=1
𝑚 𝑉𝜆𝑘. 

Hence 𝐹 is a 𝐺𝑆𝛽-Pre compact space. 
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5. 𝑮𝑺𝜷- Seperation Axioms 

Definition 5.1 
             A Grill Topological Space (𝑋, 𝜏, 𝐺) is called 𝐺𝑆𝛽-𝑇2 if for any two points 𝑥 ≠ 𝑦 ∈ 𝑋, there are 

two 𝐺𝑆𝛽-Preopen sets 𝐺 and 𝑈 in 𝑋 such that 𝑥 ∈ 𝐺 and 𝑦 ∈ 𝑈 and 𝑈⋂𝐺 = ∅ 

  

Definition 5.2 
               A Grill Topological Space (𝑋, 𝜏, 𝐺) is called 𝐺𝑆𝛽-regular space if for each closed set 𝐹 in (𝑋, 𝜏, 𝐺) 

and each 𝑥 ∉ 𝐹, there exists two 𝐺𝑆𝛽-Preopen sets 𝐺 and 𝑈 in (𝑋, 𝜏, 𝐺) such that 𝐹 ⊆ 𝐺, 𝑥 ∈ 𝑈 and 𝑈⋂𝐺 =

∅. A Grill Topological Space (𝑋, 𝜏, 𝐺) is called 𝐺𝑆𝛽-𝑇3 space if it is 𝐺𝑆𝛽-regular space and 𝑇1 space. 

 

Definition 5.3 
                A Grill Topological Space (𝑋, 𝜏, 𝐺) is called 𝐺𝑆𝛽-normal space if for each two disjoint closed set 

𝐹 and 𝑀 in (𝑋, 𝜏, 𝐺), there are two 𝐺𝑆𝛽-Preopen sets 𝐺 and 𝑈 in (𝑋, 𝜏, 𝐺) such that 𝐹 ⊆ 𝐺, 𝑀 ⊆ 𝑈 and 

𝑈⋂𝐺 = ∅. A Grill Topological Space (𝑋, 𝜏, 𝐺) is called 𝐺𝑆𝛽-𝑇4 space if it is 𝐺𝑆𝛽-normal space and 𝑇1 space. 

 

Theorem 5.4 
              If  (𝑋, 𝜏) is 𝑇𝑖 space then the grill topological space (𝑋, 𝜏, 𝐺) is 𝐺𝑆𝛽-𝑇𝑖 space for all 𝑖 = 2,3,4. 

Proof: 
            The Proof of the theorem is clear since every open set is 𝐺𝑆𝛽-Preopen set. 

 

Theorem 5.5 
               Every 𝐺𝑆𝛽-𝑇3 space is a 𝐺𝑆𝛽-𝑇2 space 

Proof: 
              Let 𝑋 be a 𝐺𝑆𝛽-𝑇3 space and 𝑥 ≠ 𝑦 ∈ 𝑋 be any points in (𝑋, 𝜏, 𝐺). Since (𝑋, 𝜏) is a 𝑇1 space then by 

known theorem,{𝑥} is a closed set in (𝑋, 𝜏) and 𝑦 ∉ {𝑥}. Since (𝑋, 𝜏, 𝐺) is a 𝐺𝑆𝛽 regular space then there are 

two 𝐺𝑆𝛽 Preopen sets 𝐺 and 𝑈 in (𝑋, 𝜏, 𝐺) such that 𝑥 ∈ {𝑥} ⊆ 𝐺 and 𝑈⋂𝐺 = ∅. Hence (𝑋, 𝜏, 𝐺) is a 𝐺𝑆𝛽-𝑇2 

space. 

 

 

 

Theorem 5.6 
               Every 𝐺𝑆𝛽-𝑇4 space is a 𝐺𝑆𝛽-𝑇3 space. 

Proof: 
            Let 𝑋 be a 𝐺𝑆𝛽-𝑇4 space. Let 𝐹 be any closed set in (𝑋, 𝜏, 𝐺) and 𝑥 ∉ 𝐹 be any point in (𝑋, 𝜏, 𝐺). 

Since (𝑋, 𝜏) is a 𝑇1 space then by known theorem,{𝑥} is a closed set in (𝑋, 𝜏) and 𝐹⋂{𝑥} = ∅. Since (𝑋, 𝜏, 𝐺) 

is 𝐺𝑆𝛽 normal space then there are two 𝐺𝑆𝛽 Preopen sets 𝐺 and 𝑈 in (𝑋, 𝜏, 𝐺) such that 𝑥 ∈ {𝑥} ⊆ 𝐺 and 

𝑈⋂𝐺 = ∅. Hence (𝑋, 𝜏, 𝐺) is a 𝐺𝑆𝛽-𝑇3 space. 
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