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Abstract: Image processing is referred as an influencing image to attain an aesthetic standard and to maintain a preferred reality.
Conversely, an image processing is precisely defined as a means of translation between the digital imaging devices and the human
visual system. Image processing helps to develop the images for the purpose for human interpretation. Information can be generated
and removed from images for Machine interpretation. The pixels in the image could be influenced to every contrast and density.
Partial Differential equation (PDE) method intends to create the Mathematical model of a PDE and to acquire the better impact.
Considering the Image Processing, Non-Linear PDEs used Non-Linear fourth order PDE model using Adaptive Zooming
Algorithm, Anisotropic Diffusion in Computed Tomography using Non-Linear PDE, Fractal Soliton model by implementing Non-
Linear PDE in image processing and object detection and image segmentation of MR image using Non-Linear PDE. Furthermore,
recent trends have been explored in the work. Literature from 2018 -2022 has been preferred for the work. During the research,
choosing the appropriate paper for the topics have been a broad task. Therefore, in the future, it is suggested that several researches
must be made in the specific stream for enhancing applications and it is proved that the existing review paper will support the
imminent researchers.

Key Words: Non-Linear fourth order PDE, Adaptive Zooming, Anisotropic Diffusion, Fractal Soliton, and Non-linear Adaptive
PDE

1. INTRODUCTION

The study of non-linear PDESs have become more popular for the last few decades. In the existing study, non-linear PDEs have been
implemented in image processing in order to enhance the quality of the image. Mathematically, a Differential Equation (DE) has
represented the relationship between one or more functions with their derivatives. In which, physical quantities have been
represented by functions and rate of change has been represented by derivatives. In complex systems, DE has been used for
modelling behaviour [1]. The study of non-linear DE and the system of DE have fascinated the attention of several authors in
contemporary years [2].Non-linear PDEs have been appealed to decode few intricate issues in several science and engineering that
has discovered accurate solutions which plays a vital role in non-linear science. Between the accurate solutions, lump solutions and
solitary waves could be utilised to examine natural spectacles which appealed in engineering, fluids and nonlinear optics [3].Several
precise mathematical techniques have been improved to build exact solutions to non-linear PDE.The Hirota Bilinear Method offers
a proficient tool to solve non-linear PDE, specifically the distinctive integrated equations like the Bousinessq equation, Kadomstev
Petviashvili(KP) and Kortewag-de-Vries(KDV).The major step is to mould the non-linear PDE onto Bilinear forms in an
appropriate dependent variable transformations [4]. Results of Non-Linear Partial Differential Equations may have huge difficulty
with nontrivial structure for an enormous range of timescales and length. Non-linear PDE models in physics and mathematics acts
as a vital role in theoretical sciences. The comprehension of the non-linear PDE is also decisive to various applied areas like
Oceanography, Meteorology and Aerospace Industry. Non-linear PDE is the most essential model in studying nonlinear spectacles
[5]. Image Processing is the method of changing an image into its digital form and executing specific operations to acquire few
beneficial information from it. The image processing system generally treats every images as 2D signals while implementing
specific encoded methods of signal processing. Image processing involved Artefact removal and optimal grey level adjust correction
detection of object boundaries that showed in harmony with information of the tomographic image process once completing the
delimitation process that replicas reconstruction precision which relates to the degree of initial scan resolution [6]. Image Denoising
is used to eliminate noise from noisy image, in order to renovate the original image. Nevertheless, as edge, noise and texture remains
apparatuses of high frequency, it is hard to deviate edge, noise and texture in the process of denoising and the image which is
denoised certainly miss few facts. Altogether, restoring useful information from noisy images during the process of noise deduction
to gain high quality images have been proficient issue in recent times. Image denoising acts as an essential role in recent image
processing systems [7]. Methods implementing Non-linear PDE have been lacking in the previous researchers. Thus, the paper has
identified other existing methods and has instigated in the work.
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1.1 PAPER ORGANISATIONS

Section 1 states the introductory concepts of the Research, Section 2 discusses the review of literature using Non-Linear PDE
methods, Section 3 talks about Comparative analysis with the methods implementing Non-Linear PDE and Section 4 concludes
the Review paper.

2. NON-LINEAR FOURTH ORDER PARTIAL DIFFERENTIAL EQUATION (PDE) MODEL USING ADAPTIVE
ZOOMING ALGORITHM

According to the view of the author Xu, [8] the suggested paper has introduced a theoretically straight forward module which is
Adaptive Zooming that concurrently resizes 2D instance bounding boxes to an integrated resolution and amends the camera intrinsic
parameters consequently. To gain better depth estimation for distance cars, the paper has presented an active strategy which is
named Adaptive Zooming (AZ). The anticipated ZoomNet covers two important stages: First, Adaptive Zooming and 2D detection,
Second, Instance-Wise Fine-grained analysis. The high 3D detection performance has proved that ZoomNet can work as a modest
and dependable backup for robot navigation and autonomous driving.

Similarly, the work[9] has suggested that a novel method on a process called Pseudo-Parabolic diffusion has to be acquired for
Texture Recognition. The suggested method has appealed for the time scales that has provided increase to the images that has been
altered by non-linear filters. Three prominent novelties have been offered in the work. First, an introduction of a Pseudo-Parabolic
model has been allied with the component of binary forms to the method of a real-world application and texture recognition to the
issue of finding species which is based on the surface of the image. Second, it has also presented a prominent and simple isolated
Pseudo- Parabolic differential operator that has been based on the texture descriptors. A study has suggested the three significant
offerings. First, a state of the art mathematical model has been associated with a limited binary patterns utilising the component and
attains encouraging outcomes even perplexing texture databases in the literature with outcomes of competitive has been linked
with the current Deep Learning methodologies and multimedia applications and tools. Second, the paper has offered an effective
and modest discrete Pseudo-Parabolic Partial Differential Equation operator that has been determinate transformation like texture
descriptors rely on the true form of the local twofold operator. Third, it has also recommended a real-world application of the
approach. When target tests have been applicable for the purpose of assessment, concrete problems regularly pose innovative
challenges to the theoretical approaches. The outcomes have revealed that the approaches such as the recommended method has
been a competitive with the pervasive Learning-based approaches, specifically while the users do not have huge amount of branded
statistics for preparation and an entrée to a powerful computational structure.

The existing work [10] has deliberated a class of modified high-order PDE ( Partial Differential Equation) models that is based on
the (p(+), g(-)). The paper has utilised Morley Finite-elements for the numerical resolution of the recommended model and provides
many numerical instances and assessments with various methodologies. Image denoising has been challenging in modelling task
with a wide range of application, especially in Medical Imaging. Numerical realisations have revealed that the suggested
methodology beats the assessed traditional approaches.

In the view of the author Theljani [11], the recommended study has suggested Non-Linear model and it has utilised Linearization
method based on a fixed-point iterative technique and verified the union of the Iterative Process. The model contains a multiscale
character that trails from a pliable selection of the exponents p () and q (-). The work has also utilised Morley finite elements for
the resolution of the recommended numerical model and contribute several instances and comparisons with various approaches.
Numerical apprehensions have demonstrated that the suggested approaches beat the assessed conventional methodologies.

Image Zooming has been the significant problem of image processing which upholds the structure and the quality of an image.
Zooming an image has imposed the extra pixels in the image data. The ultimate goal of image zooming has been to raise the
perseverance of the image to attain an exact quality of an image. Image Zooming plays an efficient role in machine vision and image
processing and adores different applications in digital cameras, medical imaging and sampling, electronic publishing, printing
industry, license plate recognition, images on web pages, also in face recognition systems. The suggested study [12] has offered a
method which is non-linear that can maintain the edges and decrease the block artefacts and the blur over the zoomed image. The
investigated outcomes have showed that the recommended method has a better presentation compared to supplementary methods
and could deliver best image quality.

In the existing study [13] a Multiscale Theory and a Coloured Image Correction Method based on the nonlinear functional
conversion according to the Multiscale Theory and Illumination- Reflection Model has been implemented in order to develop the
flexibility of image enhancement in images with less radiance .Lastly, an Image Fusion Strategy is framed and utilised to abstract
the details from the two images. The suggested algorithm could progress contrast of an image and the overall brightness when
decreasing the effect of jagged illumination. The enhanced images seem natural, clear and bright. The study might impart innovative
ideas to future studies on the correction of images with irregular illumination. The major demerits of the recommended algorithm
is that the algorithm cannot be utilised to improve video images and effort is necessary to advance the real-time performance.

The existing work has utilised a mathematical model that has been worked under minimization problem. In order to protect the
significant characteristics of the image, it has contemplated a variable exponent function p(x) which has been selected with the help
of the map provided by edge detectors that has been constructed form high-order derivatives. The recommended approach has
merged the structure tensor for efficient feature detection, based on the exponent function p (-), Anisotropic Diffusion model has
been used for the segmentation or denoising and the benefits of the topological gradient indicator. The numerical results have
revealed the better outcomes in  improving thin structures and image denoising. [14]
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3. ANISOTROPIC DIFFUSION IN COMPUTED TOMOGRAPHY USING NON-LINEAR PDE

In sinogram data, by using novel filter, mixed noise or data-fidelity problem has been resolved. Anisotropic Diffusion (AD) model
has been modified by the proposed filter. The existing paper stated that by using the fourth-order PDE, the modification in AD has
been obtained. In medical imaging field, X-Ray Computed tomography has produced various changes in clinical applications like
detection, diagnosis and intervention. Many researches have been made to reduce the Gaussian or Poisson noise during image
reconstruction. An AD is a diffusion process which has used non-linear PDE process for preserving the denoising. The performance
of the preferred approach has been validated by using four tests. Based on the experimental results it has been observed that the
proposed technique has preserved the edges of reconstructed images and produced less gradient reversal artifacts [15].

For human body examination, the images from computed Tomography (CT) and Magnetic Resonance Imaging (MRI) has been
playing an important role. By employing PDE, the recommended paper has used Non-Linear Anisotropic Filtering (NLAF)
technique for smoothening the source image into parts of homogeneous, thus, it has maintained the edge information. For medical
images, fusion approach has been applied by using Integrated Guided and Non-Linear Anisotropic (IGLNA). IGLNA has combined
both NLAF and guided filter in order to extract approximate layers from the fused source medical images [16].

In removing multiplicative speckle noise problem, AD based approach has been used widely in order to overcome the disadvantages
of linear diffusion model. Perona and Malik had proposed the noise removal technique which used non-linear diffusion technique.
In that technique, non-linear PDE with variable diffusion function has been introduced. The performance of various denoising
methods have been compared and quantified, in practical, synthetically degraded images obtained from computer simulations have
been used widely [17].

4. FRACTAL SOLITON MODEL BY IMPLEMENTING NON-LINEAR PDE IN IMAGE PROCESSING

Fractal theory has been considered as the active branch in the field of nonlinear scientific research [18].The existing paper stated
that Bilinear Neural Network Method (BNNM) has been used to solve the solutions to non-linear PDE. BNNM is a recent method
which has been used to solve the analytical solution in Non-Linear Evolution Equation (NLEE). NLEE has been acted based on
neural network and bilinear method. The method has been used for different analytical test functions [19]. An updated synchronous
permutation diffusion image encrypted algorithm has been proposed based on multi parameter fractal matrix. Fractal matrix has
been highly sensitive towards the change of parameters. Hence, any mild change of parameters have produced entirely different
Fractal matrix and produced a completely different encryption results [18].

Both BNNM and Neural network model has been applied to solve the analytical solutions of non-linear PDEs. In the recommended
study, the self-similar characteristics of Fractal Soliton waves have been found by diminishing observation range and magnifying
local images. The dynamic characteristics of Fractal Soliton waves have been observed through different density and three
dimensional plots. Moreover, BNNM has been considered as the universal method for obtaining appropriate analytical solution of
non-linear PDESs and it has been proved through universal approximation theorem [20].

5.OBJECTIVE DETECTION AND IMAGE SEGMENTATION OF MR IMAGE USING NON-LINEAR ADAPTIVE PDE

Currently, digital image processing has played an important role in medical imaging, especially in MRI of brain images. The fourth-
order, non-linear Adaptive Partial Differential Equation (APDE) method has been used in Denoising images with soft threshold
function. The main objective of the method is to improve the visual eminence of medical images. Based on the Laplace and gradient
operators, fourth-order non-linear APDE method has been used to image denoising. APDE has been considered as one of the non-
linear model. The mentioned method has been applied in denoising the image which has been represented as NI = Ol + N, whereas
Ol represented the original image, NI represented the noisy image and N represented the value added white Gaussian noise with
standard deviation and unknown variation. Two algorithms have been presented in the existing study whereas one algorithm has
been used for denoising and another one has been used for segmentation. Based on the experimental results, APDE and NCKMC
methods have been considered as the powerful methods in medical imaging especially in MRI brain images [21].

For segmentation of greyscale image, the existing study has used fourth-order non-linear PDE model. In the area of research in
image processing, image segmentation has been considered as the important process. Generally, segmentation is a process of sub
splitting of an image into many regions of image. Second-order PDE has been used for segmentation but for noisy image
segmentation fourth-order PDE has been used. The process has been implemented by two stages. Noises have removed in the first
stage and segmentation of image has been done in the second stage. For multi-phase image segmentation, two fourth-order PDE
models have been implemented based on Cahn-Hilliard equation. The model has applied channel-wiseto in grey scale image for
coloured image segmentation [22].

6. COMPARATIVE ANALYSIS
Comparative analysis of the existing research based on the methods adopted, results obtained are listed in the tabular column below

Table 1 Comparative analysis of conventional researches

S.No | Technique Objective conclusion Advantages Reference
/limitations
1 Anisotropic To reduce the | The proposed | Preserving the | [15]
Diffusion Gaussian or Poisson | technique has | denoising
noise during image | preserved the edges of
reconstruction. reconstructed  images
and produced less
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gradient reversal
artifacts.

2 APDE To improve the | It has been considered | Fourth-order non- | [21]
visual eminence of | as a powerful methods | linear APDE
medical images. in medical imaging | method has been

especially in MRI brain | used to image
images. denoising.

3 Multiscale To develop the | It helps future studies | Enhanced images | [13]
Theory and | flexibility of image | on the correction of | seem natural, clear
Ilumination- enhancement in | images with irregular | and bright.

Reflection images with less | illumination.
Model radiance.

4 Fourth-order The method has | The model has applied | Noises have | [22]
non-linear PDE | been  used  for | channel-wiseto in grey | removed in the
model segmentation of | scale image for | first stage and

greyscale image. coloured image | segmentation  of
segmentation. image has been
done in the second

stage.

7. RECENT TRENDS IN IMAGE PROCESSING USING NON-LINEAR PDE

The tremendous growth of computing resources and available data has provided way to recent advancements in data analytics and
machine learning. It has provided a transformative results in various scientific domains including image recognition. Generally non-
linear PDEs have been used to describe the neural networks. Data-driven algorithms have been designed for providing solutions to
non-linear PDEs. The rapid growth of deep learning technology has provided benefits to many scientific domains [23].

A new paradigm has been presented for studying PDE. For expressing time dependent and non-linear PDEs, a new model which
has data efficient learning machines have been introduced in order to get appropriate patterns from high dimensional data. Navier-
Stokes, kumarotosivashinsky, Schrodinger and time-dependent linear fractional equations have been used to observe the
effectiveness of the approach. At present, many adoptable solutions have been available for the problems in object recognition and
detection. For large amount of data, the solutions have attained state-of-the art performances. Particle image velocimetry data has
been governed by using Navier-Stokes to extract the patterns [24]. Deep learning has dominated the recent development of machine
learning in solving the image recognition problems [25].

8. CONCLUSION

In image processing, usually it has been corrupted by noises which greatly affects the image quality. This review has discussed the
methods which incorporates non-linear PDEs that has been used to improve the sharpness of the image, enhances the quality of the
image and to filter the noises present in the image. Various techniques such as Anisotropic Diffusion, Fractal Soliton model,
Adaptive Zooming Algorithm have been used in the process of noise detection which improves the computational efficiency. It is
very hard to collect papers since very less research papers are available. Hence, in future, it is suggested that more researches should
be made in this stream for better applications and this review paper will support for upcoming researches.
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