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Abstract: Perachi Sundari and Latha Martin introduced properties of g*s-irresolute and g*s-homeomorphism in topological 

spaces.  In this paper, we introduced mg*s-irresolute and mg*s-homeomorphism and study their basic properties in minimal 

structure. 
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I. INTRODUCTION 

In 1970, Levine [2] introduced the notion of generalized closed (briefly g-closed) sets in topological spaces and showed that 

compactness, locally compactness, countably compactness and normality etc are all g-closed hereditary. Recently many 

modifications were defined and investigated.  In 2006 [8] Takashi Noiri introduced the concept is of mg-closed sets on minimal 

spaces. We introduced the properties of g*s-closed sets in topological space, mg*s-closed sets [5,4] and mg*s-continuous 

functions in minimal structures. M.Perachi Sundari and Latha Martin [3] introduced g*s-irresolute maps and                             

g*s-homeomorphism in topological spaces. The notion homeomorphism plays a very important role in topology.  In this paper, 

we introduce a new class of irresolute map called mg*s-irresolute map and then we study mg*s-homeomorphism and           

mg*sc-homeomorphism. 

 

II. PRELIMINARIES 

 

Definition: 2.1 [5] A subset of a topological space (X, ) is called g*s-closed set [5] if scl(A)  Whenever A⊆∪,∪ is gs-open in 

X. 

 

Definition: 2.2 [10] A function f: (X, )  (Y, ) is said to be mg*s-continuous if the inverse image of every  -closed set in 

(Y, )  is mg*s-closed in (X, ). 

 

Definition: 2.3 [7] A map f: X→Y from a topological space X into a topological space Y is called g*s-continuous if the inverse 

image of every closed set in Y is g*s-closed in X. 

 

Remark: 2.4 [7] Every continuous map is g*s- continuous and g*s-continuous map is gs-continuous. 

 

Definition: 2.5 [7] A map f: X→Y is said to be strongly g*s-continuous if the inverse image of every g*s-open set in Y is open in 

X. 

 

Definition: 2.6 [7] A topological space X is g*s-compact if every g*s-open cover of X has a finite sub cover of X. 

 

Definition: 2.7 [6] A topological space X is called a g*s-connected if X cannot be written as a disjoint union of two non-empty 

g*s-open sets. 

 

Definition: 2.8 [1] A bijection f: (X,  ) (Y, ) is called a homeomorphism if f is both continuous and open. 

 

Definition: 2.9 [1] A bijection f: (X,  ) (Y, ) is called a gs- homeomorphism if f is both gs-continuous and gs-open. 

 

Definition: 2.10 [7] A subset B of a topological space X is called g*s-compact relative to X, if for every collection {Ai; I} of 

g*s-open subsets of X such that B U  Ai. 

 

 

Definition: 2.11[3] A map f: (X,  ) (Y, ) is called g*s-irresolute if the inverse image of every g*s-closed set in Y is g*s-

closed in X. 
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Definition: 2.12 [3] A bijection f: (X,  ) (Y, ) is called a g*s-homeomorphism if f is both g*s-open and g*s-continuous.  

 

Definition: 2.13[3] A bijection f: (X,  ) (Y, ) is called a g*sc-homeomorphism if both f and  are g*s-irresolute.   

 

Definition: 2.14[8] A sub family  of the power set P(X) of a non-empty set X is called a minimal structure (briefly m-structure) 

on X if   and X  . By (X, ), we denote a non-empty set X with a minimal structure  on X and call it an m-space. 

Each a member of  is said to be -open and the complement of a -open set is said to be -closed. 

 

Definition: 2.15 [8] Let X be a non-empty set and  an m-structure on X. For a subset A of X, the -closure of A and the  

-interior of A are defined in [8] as follows:  

(i) -cl(A) = { F ; A  F,  X - F  } 

(ii) -int(A) = { F ;  A,  X -  } 

 

Definition: 2.16 [8] A minimal structure  on a non-empty set X is said to have property B if the union of any family of subsets 

belong to  

 

Lemma: 2.17 [8] Let X be non-empty set and  a minimal structure on X satisfying property B. For a subset A of X, the 

following properties hold: 

(i) A   if and only if  -int (A) = A 

(ii) A is  -closed if and only if -cl(A) = A 

(iii) -int (A)   and -cl(A) is -closed. 

III. mg*s - IRRESOLUTE MAPS IN MINIMAL STRUCTURES 

 

In this section, we introduce the concepts of mg*s-irresolute maps in minimal structures. 

 

Definition: 3.1 A map f: (X, ) (Y, ) is said to be mg*s-irresolute if the inverse image of every mg*s-closed set in Y is 

mg*s-closed set in X. 

 

Theorem: 3.2 A map f: (X, ) (Y, ) is mg*s-irresolute if and only if for every mg*s-open A of Y, (A) is mg*s-open in 

X. 

Proof: Necessity: If f: (X, ) (Y, ) is irresolute, then for every mg*s-closed B of (Y, ) (B) is mg*s-closed in X. If 

A is any mg*s-open subset of Y, then  is mg*s-closed. Thus ( ) is mg*s-closed, but ( ) = ( )c. So that (A) is 

mg*s-open in X. 

Sufficiency: If for all mg*s-open subsets A of (Y, ), (A) is mg*s-open in (X, ) and if  B is any mg*s-closed subset of 

(Y, ) then  is mg*s-open. Also ( ) = ( (B))c is mg*s-open in X. Thus (B) is mg*s-closed in (X, ). Hence f is 

mg*s-irresolute. 

 

Theorem: 3.3 If a map f: (X, ) (Y, ) is mg*s-irresolute, then it is mg*s-continuous. 

Proof: Let A be a -closed in (Y, ). Since every -closed set is mg*s-closed, A is mg*s-closed in (Y, ). Since f is 

mg*s-irresolute,  is mg*s-closed in (X, ). Hence f is mg*s-continuous. 

 

Remark: 3.4 The converse need not be true as seen from the following example. 

 

Example: 3.5 Let X = Y = {a, b, c},  = {  X, {b}, {c},{b, c}} and  = { , X, {b}}. Let f: (X, ) (Y, ) be defined by 

f(b) = f(c) = a and f(a) = c. Then f is mg*s- continuous, {a} is g*s-closed in (Y, ) but (b)}={a} is not mg*s-closed in      

(X, ). Therefore f is not mg*s-irresolute. 

 

Theorem: 3.6 If f : (X, ) (Y, ) and g : (Y, ) (Z, ) are both mg*s-irresolute then gof : (X, )  (Z, ) is irresolute. 

Proof: Let A be a mg*s-open subset of (Z, ). Since g is mg*s-irresolute, (A) is mg*s-open in (Y, ). Since f is mg*s-

irresolute,  ( (A)) is mg*s-open in (X, ). Thus (gof)-1 is mg*s-open in (X, ).  Hence gof is mg*s-irresolute. 

 

Theorem: 3.7 Let (X, ), (Y, )  and (Z, ) be any minimal spaces. For any mg*s-irresolute map                            f:(X, )

(Y, ) and any mg*s-continuous map g:(Y, ) (Z, ). Then the composition, gօf : (X, ) (Z, ) is mg*s-continuous. 

Proof: Let F be a -closed set in (Z, ). Since g is mg*s-continuous, (F) is mg*s-closed in (Y, ).  Since f is mg*s-

irresolute ( (F)) is mg*s-closed in (X, ). Thus (F) = (F) is mg*s-closed in (X, ). Hence gof is mg*s-

continuous. 

 

Theorem: 3.8 If a map f: (X, ) (Y, ) is mg*s-irresolute and a subset B of X is mg*s-compact relative to (X, ), then the 

image f(B) is mg*s-compact relative to (Y, ). 

Proof: Let {Ai; i I} be any collection of mg*s-open subsets of (Y, ) such that f(B) {Ai; i I}. Then B {    

holds. By hypothesis, there exists a finite subset Io of I such that B . Therefore we have f(B) {Ai; i I} 

which shows that f(B) is g*s-compact relative to (Y, ).  

 

Theorem: 3.9 If f: (X, ) (Y, ) is mg*s-irresolute surjection and (X, ) is mg*s-connected, then (Y, ) is mg*s-

connected. 
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Proof: Suppose (Y, ) is mg*s-connected.  Let Y = A B where A and B are disjoint non-empty mg*s-open set in Y.  Since     

f is mg*s-irresolute and onto, X = (A) (B) when (A) and (B) are disjoint non-empty and mg*s-open in (X, ). 

This contradicts the fact that X is mg*s-connected. Hence (Y, ) is mg*s-connected. 

 
 

IV. mg*s- HOMEOMORPHISM IN MINIMAL SPACES 

 

In this section, we introduce the new homeomorphisms namely mg*s-homeomorphism mg*sc-homeomorphism and study some 

of their properties. 

 

Definition: 4.1 A bijection f: (X, ) (Y, ) is called a mg*s-homeomorphism if f is both mg*s-open and mg*s-continuous. 

We denote the family of all mg*s- homeomorphisms of  (X, ) onto itself by mgs*-h (X, ). 

 

Theorem: 4.2 Every homeomorphism is a mg*s- homeomorphism 

Proof: Let f: (X, ) (Y, ) be a homeomorphism. To prove that f is mg*s-homeomorphism. Since f is homeomorphism, f is 

bijection and also f is but m-open and m-continuous. Since every m-open map is mg*s-open and every m-continuous map is 

mg*s-continuous, f is bijection, mg*s-open and mg*s-continuous. Hence f is mg*s-homeomorphism. 

 

Remark: 4.3 The converse of the above theorem 4.2 need not be true as seen from the following example. 

 

Example: 4.4 Consider X = Y = {a, b, c},  = { , x, {b, c}},  = { , x,{b}}. Let f: (X, ) (Y, ) be an identity map. 

Then f is mg*s-homeomorphism but not homeomorphism. Since {b, c} is m-open in (X, ) but the image is not -open in    

(Y, ). 

 

Theorem: 4.5 Every mg*s-homeomorphism is mgs-homeomorphism 

Proof: Let f:(X, ) (Y, ) be a mg*s-homeomorphism. Since f is g*s-homeomorphism, f is bijection and also f is both mg*s-

open and mg*s-continuous. Since every mg*s-open is mgs-open and every mg*s-open is mgs-open and every mg*s-continuous 

map is mgs-continuous. We have f is mgs-open, mgs-continuous and bijection. Hence f is mgs-homeomorphism. 

 

Remark: 4.6 The converse of the above theorem need not be true as seen from the following example. 

 

Example: 4.7 Consider X = Y = {a, b, c}, ={ ,x,{a}}    ={ ,Y,{a},{c},{a, c}}.  Let f: (X, ) (Y, ) be an identity map.  

Then f is mgs- homeomorphism but not mg*s- homeomorphism. Since {a, b} is -closed but (a, b) = (a, b) is not mg*s-

closed in (X, ). 

 

Theorem: 4.8 Let f: (X, ) (Y, ) be a bijective and mg*s-continuous map, then the following are equivalent. 

(a)  f is mg*s-open map  

(b)  f is mg*s- homeomorphism 

(c)  f is mg*s-closed map. 

Proof:(a) (b): Suppose that f is mg*s-open map. By hypothesis, f is bijective and mg*s-continuous map. By definition of 

mg*s- homeomorphism, f is mg*s- homeomorphism. 

 

(b) (c): Suppose that f is mg*s- homeomorphism. Since f is mg*s- homeomorphism,  f is bijective and also f is mg*s- open and 

mg*s- continuous. Let F be a -closed set of (X, ). Then Fc is -open set in (X, ).  Since f is mg*s- open map, f(Fc) is 

mg*s- open in (Y, ). f(Fc) = (f(F))c is mg*s- open in (Y, ). Thus f(F) is mg*s- closed in (Y, ). Hence f is mg*s-closed map. 

(c) Suppose that f is mg*s-closed map.  Let A be a -closed map.  Let A be a -closed set in (X, ). Since f is mg*s-

closed map, f(A) is mg*s-closed set in (Y, ).  F(A) = ( )-1 (A) is mg*s-closed set in (Y, ), which implies  is mg*s-

continuous on (Y, ).   

 

Definition: 4.9 A bijection f: (X, ) (Y, ) is said to be mg*s-c homeomorphism if both f and f-1are mg*s-irresolute. We 

denote the family of all mg*sc-homeomorphism of  (X, ) onto itself by mg*sc-h(X, ).   

 

Theorem: 4.10  Every mg*sc- homeomorphism is mg*s-homeomorphism. 

Proof: Let f:(X, ) (Y, )  be a mg*sc-homeomorphism. Since f is mg*sc-homeomorphism, f and are mg*sc- 

homeomorphism, f and  are mg*s-irresolute and f is bijective. Now,  let V be a -closed in (Y, ). Since f is mg*s-

irresolute,  (V) is mg*s-closed in (X, ).  Thus f is mg*s-continuous.  Since f -1 is mg*s-irresolute, (f -1) -1(V) is mg*s-closed 

in (X, ).  Therefore f -1 is mg*s-continuous. By theorem, f is mg*s-open. Hence f is mg*s-homeomorphism. 

 

Theorem: 4.11 Let f :(X, ) (Y, ) and g:(Y, ) (Z, ) are mg*sc- homeomorphism.  Then their composition  

gof: (X, ) (Z, ) is also mg*sc-homeomorphism. 

Proof: Let U be a mg*s-open set in (Z, ). Since g is mg*s-irresolute, g-1(U) is mg*s-open in (Y, ). Since f is mg*s-irresolute, 

 (g-1( )) = (gof)-1( ) is mg*s-open in (X, ). Therefore, gof is mg*s-irresolute. Also for a mg*s-open set G in (X, ), we 

have (gof)(G) = g(f(G)) = g(W), where W = f(G).  By hypothesis, f(G) is mg*s-open in (Y, ) and so again by hypothesis, g(f(G)) 

is mg*s-open set in (Z, ). (gof) (G) is mg*s-open set in (Z, ) (gof)-1 is mg*s-irresolute and also gof is bijective. Hence gof is 

mg*sc- homeomorphism. 

 

Remark: 4.12 The following diagram shows that the relationships between mg*s–homeomorphism and other homeomorphism in 

minimal spaces. 
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