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Abstract : In this research paper, we introduce a new type of Z,c-linear code, where pt > 2. Here, p represents a

prime number, and t is a positive integer. We thoroughly investigate the parameters of these codes and determine their
weight distribution for rank 2.

Index Terms - sz-linear code, codes over finite rings, , rank, minimum Hamming distance.

I. INTRODUCTION

A code C is a subset of Z;lt, where Z,: represents the set of integers modulo pt, and n is a positive integer. For any two elements
xand y in ZZ:, the Hamming distance between them, denoted as d(x, y), is defined as the count of differing coordinates. In other
words, it is the Hamming weight of the difference x — y, which represents the number of non-zero coordinates in x — y.

The minimum Hamming distance d(C) of a code C is defined as follows:

d(€) =min{d(x,y)|x,y € Candx # y}
= min{wt(x —y) | x,y € C and x # y}

Here, wt(x — y) denotes the Hamming weight of x — y, representing the number of non-zero entries in the vector x — y.

Additionally, the minimum Hamming weight of C can be determined as min{wt(c) | ¢ € C and ¢ # 0}. Therefore, the terms
"minimum distance™ and "minimum weight" refer to the minimum Hamming distance and minimum Hamming weight of a code,
respectively. An (n, M,d)Z,c-code denotes a code over Z, with a length of n, a cardinality of M, and a minimum Hamming
distance of d. For more in-depth information on coding theory, please refer to [1]. The group Z,: is well-known to be a group
under addition modulo p¢. Consequently, the set th forms a group under coordinate-wise addition modulo p*, making it a Zyt-
module. A subset C of th is considered a Z,¢-linear code if it functions as a submodule of Z;t. Since Z;t is a finitely generated
Z,.-module, the code C represents a finitely generated submodule of Z;t. The rank of the code C is defined as the cardinality of a
minimal generating set for C [4].

A generator matrix of a linear code C is a matrix whose rows generate C. For any linear code C over Z, it is possible to apply a

permutation to obtain a code with a generator matrix G where the rows of G generate C. The generator matrix G takes the
following form:

Mo Mo Moz -+ Mosyq Mos
I 0 zily, zMyp; - ziMy5, z1 M5 I
G = 0 0 Zoly, v ZoMas g Z; My |
| : : S : o
Lo 0 0zl ZeaMey]

In the matrix G, M;; represents matrices over Z,, {z4,2,, ..., Zs_1} denotes the set of zero-divisors in Z,¢, and the columns are
organized into blocks of sizes ko, k4, ..., ks_1, ks, respectively.

ek e\ K2
The cardinality of C can be calculated as |C| = pt*o (p—) (p—) :

ot ks—1
zq 2z, - (zs_i) '
We define an [n, k, d]Z,-linear code as a code of rank k, length n, and minimum Hamming distance d over the ring Z,¢.
Extensive research has been conducted by several scholars on codes over finite rings, as documented in various works [2-4]. In
the past two decades, significant attention has been given to codes over the specific ring Z,z. In this study, we focus on
investigating codes over Z,¢, where p is a prime number and ¢ is a positive integer, with pt = 2.
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In the context of a Z,¢-linear code C, it has been established in references [5, 6] that the minimum Hamming distance of C is
equal to its minimum Hamming weight.

Lemma 1: For a Z¢-linear code C, the minimum Hamming distance is equivalent to the minimum Hamming weight.

Inan (n, M, d)Z,-code denoted by C, where 0 < i < n, the value A; represents the number of codewords in C with a Hamming
weight of i. The sequence {4;}%-, is commonly known as the weight distribution of the code C.

Let us examine the properties of the element p*~1 in Zyz. It has the smallest order among all elements, and the subgroup H

generated by pt~1 is the smallest subgroup that contains more than one element. To further explore these concepts, we consider
the following matrix:

e pt—
c=[0 1 12 p 1]
1 01 1 --
The matrix provided generates a code C defined as = {ax + Sy | a,B € Zp:}. Referring to Theorem 3.1 in [8], we conclude that
the code C isa [p* + 1,2,p*"*(p — 1) + 1]Z,¢-linear code.

This kind of work, has been carried out by authors in [9] However, they did in the general set up, in the sense that, authors did it
for any integer g > 1. This is our small attempt to tackle the particular case for q = p*, for p prime. This research paper is
dedicated to the comprehensive study of Z¢-linear codes, covering a wide range of topics. In Section 2, we present a detailed
introduction and analysis of a new class of Z,-linear codes, examining their specific parameters and properties. In Section 3, we
focus on the weight distributions associated with these code, providing valuable insights and results to complement our
investigations.

Il Zpt-LINEAR CODE WITH THE GENERATOR MATRIX OVER ZERO-DIVISORS OF Zpt

In this section, we proceed to construct an additional novel Z,¢-linear code and analyze its various parameters. Considering that
Lt consists of p* — p*~* units, it follows that there exist p*~* — 1 zero-divisors within this ring.

Let us define the matrix:

102122-"25
6=y 3 :

Here, z;, 2,, ..., z; represent zero-divisors, with s = p*~* — 1. The matrix G generates a [p*~! + 1,2]Z,¢-linear code denoted by
C. The code C consists of all the vectors of the form ax + By, where a, f € Z,,« and x and 'y are the first and second rows of G,
respectively. The length of the code C is pt=* + 1, and it has a rank of 2.

Theorem 1: Consider p* > 2, and let

G[lOlez-qu

where {zy, z,, ..., ,} represents the set of zero-divisors in Z,¢. The code

C generated by G is a [pf T+1.2,pt+1 - —] Z.,¢-linear code,

where a denotes the non-zero element in Zpt with the least order.

Proof:
let's consider the following cases:

Case (i): Ifa = 0and § = 0, then wt(ax + By) = 0.

Case (ii): If @ = 0 and B # 0, then min{wt(ax + fy)} =p* 1+ 1—1 = p*~1. Case (iii): If « # 0 and B = 0, let's proceed to
the next part. Let « be a non-zero element in Z,: with order r > 1. In the sequence a(0,1,2,...,p* — 1), each element in the

t t
subgroup generated by «a, denoted as (a), appears pT times. Therefore, the element 0 appears pT times in this sequence.
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Now, let's consider the case when w is a unit in Z,¢. Since o(a) = o(aw), it implies that au # 0. Hence, all the zero coordinates

in the sequence @(0,1,2, ..., p* — 1) are contributed by the terms in a(0, z;, zy, ..., z). Therefore, we have t(a(0,zy, 25, ..., 25)) =
t

s+1-1%
r

Now, let's consider the sequence « (1,0, 24, 25, ..., Z). Here, the first coordinate is 1 , followed by the terms in «(0, zy, z,, ..., Z;).
The zero coordinates in this sequence are the same as in a(0, z;, 2, ..., Z;). Therefore, we have wt(a(l,o, 21, Z3, ...,zs)) =s+

1241 =p1 2 4 1. In fact, we can sim lify this as wt(a(1,0,2;, 2, ..., Z;)) = pt~! _ 2
; 1% - . ' p Wy Ly 42y ey bs p o(a)
Consider
min{wt(a(l,O,zl,zz, wZs) la € Lopt, a0 # 0)}
. p'
= -1 lla€Zy—{0
mln{p o(@) +1lla€Z,—{ }}
pt
— t-1
= p~t 4+ 1—max{0(a) | O_’EZpt—{O}}.
t
If o(a) is minimum, then % is maximum.
Therefore,
pt
min{wt(a(l,O,zl,zz, v Zg) la#0,a€ sz)} =ptl+1-— @
where « is the least order non-zero element in Z,.
Case (iv). Leta = 0and B # 0.
t t_t-1
Let a € Z,¢, with o(a) = d # 1. In (0,2, 2y, ..., 2;), each d order element in () appears > — £ ¢(pd) times and each remaining

t
element of order less than d in () appears exactly % times.

Let BEZy,B#0. () If fea) with o(B) =d, then we(ax+py)=2+ (1 —1)-[E—EB]=pt-i+1-

t t t—1 t t ¢ ¢(d)
p_por | ¢-1_pt ptoptTt
[d d(d) ] 1+p il d@

t—-1

(ii) If B € (@) with o(8) # d and  # 0, then we(ax + By) = 1 +q — p* = p*~* — - and
(iii) If B € Z,¢ but B & (a), then wt(ax + By) = 1 + p*~™.
Therefore,

min{wt(ax + By) | @ # 0 # B and @, B € Z,}

) pt pt _ pt—l pt
— 1 t—1 __ , 1 t—-1 __ , 1 t-1
mm{ +p d+ B(d) +p d +p
: o P
= t-1 —_
mm{l +p o(a)}'

If a is the least order element, then it reaches the minimum. Therefore, for the least order non-zero element ¢ # 0 in Ly,

t

p
o(a)

min{wt(ax + By) la # 0 # fand a,p € Ze} =1+ p~t —

I11. WEIGHT DISTRIBUTION OF THE Zt-LINEAR CODE C OF RANK 2
In this section, we consider a positive integer p¢ where p > 2. According to Theorem 1, the matrix

1 0 zu zo - 2z

G=lp 1 1 1 « 1
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t
generates a [pt‘l +1,2,p 1+ 1 —%a) Z,t-linear code. Here, a represents the least order non-zero element in Z,¢, and s is
equal to pt~* — 1. The resulting code has a rank of 2 .

Theorem 2: For any integer p* > 2, the weight distribution of Z,¢-linear code of rank 2 generated by the Matrix

C = 1 0 z 2z, - Zpt—1_1]

6011 1 - 1

Ay =1,

Apt-1 = pt—1,

Apt-14y = P(d)[p* —d],d # p",
Aoy, = $@Id— (@) and

d

A ot ptt-1 = [Pp(d)]?
o2t

where d is a divisor of p® and d # 1.

Proof:
Let x and  be the first and second rows of the above matrix. Then = {ax + By | a, 8 € Zpt}.

Case (i). If @« = 0 = B, then wt(ax + Sy) = 0. Therefore,
AO = 1

Case (ii). If @ = 0 and B # 0, then f1 # 0 for all non-zero f in Z,,c which implies wt(By) = p*1 + 1 —1 and hence wt(ax +
By) = p*~* for all non-zero B € Z,:. In this way, we get p* — 1 codewords of weight p*~*.

Case (iii). Let a, 8 € Z,c witha # 0and g = 0. Leto(a) = d,d # 1. Thenwt(ax + By) =p* ™' + 1 - %t. Thus, there are ¢(d)

t

codewords of weight p*~* + 1 — 2

Case (iv). Let a, B € Z,t with @ # 0 and 8 # 0. Let o(a) = d,d # 1. In a(0,2y,2,, ..., z5),s = p*~' — 1, each d order element
_ pt—pt-1

t
@ times and each remaining element in () appears exactly % times.

in (a) appears %t

If B € (@) with o(8) = d, then wi(ax + By) = 1 +pt=t = [= - ’”:f;)'l], for all @, § € Z,,¢. Therefore, for o(a) = o(8) = d,

there are ¢(d) such a 's and ¢(d)such g 's. This gives ¢(d)¢(d) codewords of weight 1 + p*~1 — [%t - %}

If B € () witho(B) #d,B # 0, then wt(ax + By) =1+ p'~t — %t, for o(a) = d and o(B) # d. That is, for o(a) #
t

o(B),wt(ax+ By) =1+pt~1— %t. Therefore, there are ¢p(d)[d — 1 — ¢(d)] codewords of weight 1 + p*~1 — %

If B & (a), then wt(ax + By) = 1 + pt~1. This implies that there are ¢»(d)[p® — d] codewords of weight 1 + p*~1, for o(a) =
d,p ¢ (a).
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