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1 INTRODUCTION

The generalized closed set concept was developed by Levine N. [1] in 1970. The generalized closed set
has many important properties in topological spaces. In the literature, many authors introduced different
types of generalized closed sets and studied their properties. The concept of gso-closed set was introduced
and studied by Irshad M.I. and Elango P. [2] in 2019.

The notation of irresoluteness was introduced by Crossley S.G. and Hilderbrand S.K. [3] in 1972. Maki H.
[4] introduced and studied the g-homeomorphism and gc-homeomorphism between topological spaces in
1991. Recently, many researchers have carried out research on generalized homeomorphisms and
their properties. The aim of this paper is to study about gso-closed maps and gso-homeomorphism based
on gso-closed sets and study the properties of gso-closed maps and gso-homeomorphism in general
topological space.

2 PRELIMINARIES

In this paper, we represent X, Y and Z as the topological spaces (X, 1), (Y,o) and (Z,y) respectively, on
which no separation axioms are assumed unless stated. For a subset of A of X, cI(A) denotes the closure of A
and int(A) denotes the interior of A respectively.

Since we use the following definitions and some properties, we recall them in this section.

Definition 2.1. A subset A of a topological space X is called a
a) g-closed set [1] if cI(A) < U whenever A € U and U is open in X,
b) gs-closed set [7] if scl(A) € U whenever A € U and U is open in X.
c) wg-closed set [8] if cl(int(4)) < U whenever A € U and U is open in X.
d) rwg-closed set [8] if cl(in(A)) € U whenever A < U and U is regular open in X
e) gso-closed set [2] if A is both a g-closed set and a semi-open set in X.

The complements of the above mentioned generalized closed sets are their respective generalized open sets.

Definition 2.2. Let X and Y be two topological spaces. Amap f: X — Y iscalled a
a) g-closed [4] if for each closed set F in X, f(F) is g-closed setinY.
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b) g-open [13] if for each openset U in X, f(U) is g-open setinY.

c) wg-closed [8] if for each closed set F in X, f(F) iswg-closed setinY.

d) rwg-closed [8] if for each closed set F in X, f(F) is rwg-closed setinY.

e) g-continuous [5] if f~1(V) is closed in X for each closed set V inY.

f) gso-continuous [2] if f~1(V) is gso-closed in X for each closed set V in Y.
Definition 2.3. Let X and Y be two topological spaces. A bijective map f: X — Y is called a

a) g-homeomorphism [4] when f is both g-continuous and g-closed.

b) gs-homeomorphism [6] when f is both gs-continuous and gs-closed.
¢) rwg-homeomorphism [1] when f is both rwg-continuous and rwg-closed.

3  GSO-CLOSED MAP

Definition 3.1. Amap f: X — Y is said to be gso-closed map if for each closed set F in X, f(F) is a gso-
closed setinY.

Definition 3.2. Amap f: X — Y is said to be gso-open map if for each open set U in X, f(U) is a gso-open
setinY.

Definition 3.3. A map f:X — Y is said to be gso-irresolute if f=1(V) is gso-closed in X for each gso-
closedsetVinY.

Definition 3.4. A topological space X is a T,-space if every gso-closed set in X is a closed set in X.
Lemma 3.1. Every gso-closed map is a wg-closed map.

Proof. Let f: X — Y be a gso-closed map and let F be a closed set in X. Then, f(F) is a gso-closed set in Y
and so wg-closed set in Y. Thus, f is a wg-closed map.

Lemma 3.2. Every gso-closed map is a gs-closed map.

Proof. Let f: X — Y be a gso-closed map and let F be a closed set in X. Then, f(F) is a gso-closed set in Y
and so gs-closed setin Y. Thus, f is a gs-closed map.

Lemma 3.3. Every gso-closed map is a rwg-closed map.

Proof. Let f: X — Y be a gso-closed map and let F be a closed set in X. Then, f(F) is a gso-closed set in Y
and so rwg-closed set in Y. Thus, f is a rwg-closed map.

Lemma 3.4. Every open map is a gso-open map.

Proof. Let f: X — Y be an open map and let U be an open set in X. Then, f(U) is an open set in Y and so
gso-opensetinY. Thus, f is a gso-open map.

Lemma 3.5. Every g-open map is a gso-open map.

Proof. Let f: X — Y be a g-open map and let U be an open set in X. Then, f(U) is a g-open set in Y and so
gso-open setinY. Thus, f isa gso-open map.

Lemma 3.6. If f: X — Y is a gso-closed map and if A = f~1(B) for some closed set B inY, then f;: A > Y
is a gso-closed map.
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Proof. Let F be a closed set in A. Then, there is a closed set H in X such that F = AN H. Then, f,(F) =
fANnH)=f(A)nf(H)=Bnf(H). Now f(H) is a gso-closed set in Y as f is a gso-closed map.
Therefore, BN f(H) is a gso-closed set in Y and so f, is a gso-closed map.

Theorem 3.7. Let f: X - Y and g:Y — Z be gso-closed maps. If f is a closed map, then go f: X - Z isa
gso-closed map.

Proof. Let F be a closed set in X. Then, f(F) is a closed set in Y as f is a closed map. Then, (g o f)(F) =
g(f(F)) isa gso-closed setin Z as g is a gso-closed map. Therefore, g o f is a gso-closed map.

Lemma 3.8. If f: X — Y is a gso-continuous map and Y is a T,,-space, then f is a gso-irresolute.
Proof. Let F be a gso-closed set in Y. Since Y is a Tys,-Space, F is a closed set. Then, f~*(F) is a gso-
closed set in X. Hence, f isa gso-irresolute.

Theorem 3.9. Let f: X — Y is a gso-irresolute and g: Y — Z is a gso-continuous map, then go f: X = Z is
a gso-continuous map.

Proof. Let F be a closed set in Z. Then, f=(F) is a gso-closed set in Y as g is gso-continuous. Now,
(go f)YF) = f (g 1(F)) is a gso-closed set in X as f is a gso-irresolute. Therefore, g o f is a gso-
continuous map.

Corollary 3.10. Let f: X - Y and g:Y — Z are gso-continuous maps and Y is a Tys,-space, then g o f is a
gso-continuous map.

Proof. In T,s,-space, each gso-closed set is a closed set, the result is directly follows from Theorem 3.9.
Theorem 3.11. In Tys,-space, the finite union of gso-closed set is a gso-closed set.

Proof. Suppose A = U7 4; is a finite union of gso-closed sets in T,,,-space. Then A° = (Ui 4))¢ = NI Af.
Since in T,,,-space, every gso-closed set is a closed set, so Aj open for each i and so A is open. Therefore,
A is closed and hence gso-closed.

4  GSO-HOMEOMORPHISM

Definition 4.1. A bijection f: X — Y is called gso-homeomorphism when f is both gso-continuous and
gso-closed map.

Lemma 4.1. Every gso-homeomorphism is a gs-homeomorphism.

Proof. Let f:X — Y be a gso-homeomorphism. Then, f is both gso-continuous and gso-closed. Then,
clearly, f isa gs-continuous and gs-closed. So f is a gs-homeomorphism.

Lemma 4.2. Every gso-homeomorphism is a wg-homeomorphism.

Proof. Let f: X — Y be a gso-homeomorphism. Then, f is both gso-continuous and gso-closed. Then,
clearly, f is a wg-continuous and wg-closed. So f is a wg-homeomorphism.

Lemma 4.3. Every gso-homeomorphism is a rwg-homeomorphism.

Proof. Let f: X —» Y be a gso-homeomorphism. Then, f is both gso-continuous and gso-closed. Then,
clearly, f is a rwg-continuous and rwg-closed. So f is a rwg-homeomorphism.

Theorem 4.4. For any bijection f: X — Y, the following statements are equivalent:
a) the inverse map f~1:Y — X is a gso-continuous map,
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b) f isa gso-open map,
c) fisa gso-closed map.

Proof. Let f~1: X — Y be a gso-continuous map and G be any open set in X. Then, the inverse image of G
under =1, f(G) is gso-open inY and so f is a gso-open map. Now, let f be a gso-open map and let F be
any closed set in X. Then, F€ isopenin X so f(F¢) is gso-openinY.But f(F¢) =Y \ f(F) and so f(F) is
gso-closed in Y. Therefore, f is a gso-closed map. Finally, let f be a gso-closed map and let F be any
closed set in X. Then, f(F) is gso-closed in Y. But f(F) is the inverse image of F under f~1. Therefore,
f~1is gso-continuous map.

Theorem 4.5. Let f: X — Y be a gso-continuous map from a space X onto a space Y. Then, the following
statements are equivalent:

a) fisa gso-open map,

b) f isa gso-homeomorphism,

c) fisa gso-closed map.

Proof. Assume that f is a gso-open map. Then, clearly f is a gso-homeomorphism. Now, if f is a gso-
homeomorphism, then by definition f is a gso-closed map. Finally, if f is a gso-closed map, then by
Theorem 4.4, f is a gso-open map.

Theorem 4.6. Let X and Z be any two topological spaces and let Y be a T,,-space. If f: X — Y and
g:Y = Z be gso-homeomorphisms, then the composition g o f: X — Z is a gso-homeomorphism.

Proof. Let F be a closed set in Z. Then, g~1(F) is a gso-closed set in Y as g is a gso-continuous map.
Since Y is a T,go-space, g~ (F) is a closed setin Y. Thus, f1(g~*(F)) = (g o £)"*(F) is a gso-closed set
in X. Thus g o f is a gso-continuous map.

Again, let F be a closed set in X. Then, f(F) is a gso-closed setin Y as f is a gso-closed map. Since Y is a
Tyso-space, f(F) is a closed set in Y. Thus g(f(F)) = (g ° f)(F) is a gso-closed set in Z. Thus g o f is a
gso-closed map. Hence g o f is a gso-homeomorphism.

5 CONCLUSION

In this paper, we have introduced a new kind of generalized closed map, called gso-closed map between
topological spaces and investigated its properties. The gso-irresolute was also defined and its properties
investigated. Finally, the gso-homeomorphisms between topological spaces were introduced and their
properties were established.

REFERENCES

[1] Levine N. 1970. Generalized closed sets in topology, Rend. Circ. Mat. Palermo. 19: 89-96.

[2] Irshad M. I. and Elango P. 2019. On gso-Closed Sets in Topological spaces. Advances in Research.
18(1):1-5.

[3] Crossley S. G. and Hildebrand S. K. 1972. Semi topological properties. Fund. Math. 74: 233-254.

[4] Maki H. Sundaram P. and Balachandran K. 1991. On generalized homeomorphisms in topological spaces.
Bull. Fukuoka Univ. Ed. Part I1l. 40: 13-21.

[5] Balachandran K. Sundaram P. and Maki H. 1991. On generalized continuous maps in topological spaces.
Mem. Fac. Sci. Kochi Univ. Ser. A. Meth. 12: 5-13.

[6] Devi R. Maki H. and Balachandran K. 1995. Semi generalized homeomorphism and generalized semi
homeomorphism in topological spaces. Indian Jour. Pure Appl. Math. 26(3): 271-284.

JETIR2307368 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | d545


http://www.jetir.org/

©2023 JETIR July 2023, Volume 10, Issue 7 www.jetir.org (ISSN-2349-5162)

[7] Arya P.A. and Nour T.M. 1990. Characterizations of s-normal spaces. Indian J. Pure Appl. Math. 21.:
719-719.

[8] Nagaveni N. 1999. Studies on generalizations of homeomorphism in Topological spaces. Pd.D. Thesis,
Bharathiar University, Coimbatore.

[9] Andrijevic D. 1986. Semi-preopen sets. Mat. Vensik. 38(1): 24-32,

[10] Vithyasangaran K. and Elango P. 2019. Study of a*-homeomorphisms by a*-closd sets. Advances in
Research. 19(3):1-6.

[11] Mandalageri P.S. and Wali R.S. 2018. On arw-homeomorphisms in topological spaces. Journal of
New Theory. 21: 68-77.

[12] Charanya S. and Ramasamy Dr. K. 2017. Pre semi homeomorphisms and generalized semi pre
homeomorphisms in topological spaces. IIMTT. 42(1): 16-24.

[13] Joshi V. Gupta S. Bhardwaj N. and Kumar R. 2012. On generalized pre-Regular weakly (grpw)-closed
sets in topological spaces. 7(40): 1981-1992.

JETIR2307368 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | d546


http://www.jetir.org/

