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1   INTRODUCTION 

The generalized closed set concept was developed by Levine N. [1] in 1970. The generalized closed set 

has many important properties in topological spaces. In the literature, many authors introduced different 

types of generalized closed sets and studied their properties. The concept of 𝑔𝑠𝑜-closed set was introduced 
and studied by Irshad M.I. and Elango P. [2] in 2019. 

 

The notation of irresoluteness was introduced by Crossley S.G. and Hilderbrand S.K. [3] in 1972. Maki H. 

[4] introduced and studied the 𝑔-homeomorphism and 𝑔𝑐-homeomorphism between topological spaces in 

1991. Recently, many researchers have carried out research on generalized homeomorphisms and 

their properties. The aim of this paper is to study about  𝑔𝑠𝑜-closed maps and  𝑔𝑠𝑜-homeomorphism based 

on 𝑔𝑠𝑜-closed sets and study the properties of  𝑔𝑠𝑜-closed maps and  𝑔𝑠𝑜-homeomorphism in general 
topological space. 

 

2   PRELIMINARIES  

In this paper, we represent 𝑋, 𝑌 and 𝑍 as the topological spaces (𝑋, 𝜏), (𝑌, 𝜎) and (𝑍, 𝛾) respectively, on 

which no separation axioms are assumed unless stated. For a subset of 𝐴 of 𝑋, 𝑐𝑙(𝐴) denotes the closure of 𝐴 

and 𝑖𝑛𝑡(𝐴) denotes the interior of 𝐴 respectively. 

 

Since we use the following definitions and some properties, we recall them in this section. 

 

Definition 2.1. A subset 𝐴 of a topological space 𝑋 is called a 

a) 𝑔-closed set [1] if cl(𝐴) ⊆ U whenever 𝐴 ⊆ 𝑈 and 𝑈 is open in 𝑋. 

b) 𝑔𝑠-closed set [7] if 𝑠cl(𝐴) ⊆ U whenever 𝐴 ⊆ 𝑈 and 𝑈 is open in 𝑋. 

c) 𝑤𝑔-closed set [8] if cl(int(𝐴)) ⊆ U whenever 𝐴 ⊆ 𝑈 and 𝑈 is open in 𝑋. 

d) 𝑟𝑤𝑔-closed set [8] if cl(in(𝐴)) ⊆ U whenever 𝐴 ⊆ 𝑈 and 𝑈 is regular open in 𝑋 

e) 𝑔𝑠𝑜-closed set [2] if 𝐴 is both a 𝑔-closed set and a semi-open set in 𝑋. 

 

The complements of the above mentioned generalized closed sets are their respective generalized open sets. 

 

Definition 2.2. Let 𝑋 and 𝑌 be two topological spaces. A map 𝑓: 𝑋 → 𝑌 is called a  

a) 𝑔-closed [4] if for each closed set 𝐹 in 𝑋, 𝑓(𝐹) is 𝑔-closed set in 𝑌. 
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b) 𝑔-open [13] if for each open set 𝑈 in 𝑋, 𝑓(𝑈) is 𝑔-open set in 𝑌. 

c) 𝑤𝑔-closed [8] if for each closed set 𝐹 in 𝑋, 𝑓(𝐹) is 𝑤𝑔-closed set in 𝑌. 

d) 𝑟𝑤𝑔-closed [8] if for each closed set 𝐹 in 𝑋, 𝑓(𝐹) is 𝑟𝑤𝑔-closed set in 𝑌. 

e) 𝑔-continuous [5] if 𝑓−1(𝑉) is closed in 𝑋 for each closed set 𝑉 in 𝑌. 

f) 𝑔𝑠𝑜-continuous [2] if 𝑓−1(𝑉) is 𝑔𝑠𝑜-closed in 𝑋 for each closed set 𝑉 in 𝑌. 

 

Definition 2.3. Let 𝑋 and 𝑌 be two topological spaces. A bijective map 𝑓: 𝑋 → 𝑌 is called a  

a) 𝑔-homeomorphism [4] when 𝑓 is both 𝑔-continuous and 𝑔-closed. 

b) 𝑔𝑠-homeomorphism [6] when 𝑓 is both 𝑔𝑠-continuous and 𝑔𝑠-closed. 

c) 𝑟𝑤𝑔-homeomorphism [1] when 𝑓 is both 𝑟𝑤𝑔-continuous and 𝑟𝑤𝑔-closed. 

 

3   𝑮𝑺𝑶-CLOSED MAP 

 

Definition 3.1. A map 𝑓:𝑋 → 𝑌 is said to be 𝑔𝑠𝑜-closed map if for each closed set 𝐹 in 𝑋, 𝑓(𝐹) is a 𝑔𝑠𝑜-

closed set in 𝑌. 

 

Definition 3.2. A map 𝑓:𝑋 → 𝑌 is said to be 𝑔𝑠𝑜-open map if for each open set 𝑈 in 𝑋, 𝑓(𝑈) is a 𝑔𝑠𝑜-open 

set in 𝑌. 

 

Definition 3.3. A map 𝑓:𝑋 → 𝑌 is said to be 𝑔𝑠𝑜-irresolute if 𝑓−1(𝑉) is 𝑔𝑠𝑜-closed in 𝑋 for each 𝑔𝑠𝑜-

closed set 𝑉 in 𝑌. 

 

Definition 3.4. A topological space 𝑋 is a 𝑇𝑔𝑠𝑜-space if every 𝑔𝑠𝑜-closed set in 𝑋 is a closed set in 𝑋. 

 

Lemma 3.1. Every 𝑔𝑠𝑜-closed map is a 𝑤𝑔-closed map. 

 

Proof. Let 𝑓:𝑋 → 𝑌 be a 𝑔𝑠𝑜-closed map and let 𝐹 be a closed set in 𝑋. Then, 𝑓(𝐹) is a 𝑔𝑠𝑜-closed set in 𝑌 

and so 𝑤𝑔-closed set in 𝑌. Thus, 𝑓 is a 𝑤𝑔-closed map. 

 

Lemma 3.2. Every 𝑔𝑠𝑜-closed map is a 𝑔𝑠-closed map. 

 

Proof. Let 𝑓:𝑋 → 𝑌 be a 𝑔𝑠𝑜-closed map and let 𝐹 be a closed set in 𝑋. Then, 𝑓(𝐹) is a 𝑔𝑠𝑜-closed set in 𝑌 

and so 𝑔𝑠-closed set in 𝑌. Thus, 𝑓 is a 𝑔𝑠-closed map. 

 

Lemma 3.3. Every 𝑔𝑠𝑜-closed map is a 𝑟𝑤𝑔-closed map. 

 

Proof. Let 𝑓:𝑋 → 𝑌 be a 𝑔𝑠𝑜-closed map and let 𝐹 be a closed set in 𝑋. Then, 𝑓(𝐹) is a 𝑔𝑠𝑜-closed set in 𝑌 

and so 𝑟𝑤𝑔-closed set in 𝑌. Thus, 𝑓 is a 𝑟𝑤𝑔-closed map. 

 

Lemma 3.4. Every open map is a 𝑔𝑠𝑜-open map. 

 

Proof. Let 𝑓:𝑋 → 𝑌 be an open map and let 𝑈 be an open set in 𝑋. Then, 𝑓(𝑈) is an open set in 𝑌 and so 

𝑔𝑠𝑜-open set in 𝑌. Thus, 𝑓 is a 𝑔𝑠𝑜-open map. 

 

Lemma 3.5. Every 𝑔-open map is a 𝑔𝑠𝑜-open map. 

 

Proof. Let 𝑓:𝑋 → 𝑌 be a 𝑔-open map and let 𝑈 be an open set in 𝑋. Then, 𝑓(𝑈) is a 𝑔-open set in 𝑌 and so 

𝑔𝑠𝑜-open set in 𝑌. Thus, 𝑓 is a 𝑔𝑠𝑜-open map. 

 

Lemma 3.6. If 𝑓:𝑋 → 𝑌 is a 𝑔𝑠𝑜-closed map and if 𝐴 = 𝑓−1(𝐵) for some closed set 𝐵 in 𝑌, then 𝑓𝐴: 𝐴 → 𝑌 

is a 𝑔𝑠𝑜-closed map. 
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Proof. Let 𝐹 be a closed set in 𝐴. Then, there is a closed set 𝐻 in 𝑋 such that 𝐹 = 𝐴 ∩ 𝐻. Then, 𝑓𝐴(𝐹) =
𝑓(𝐴 ∩ 𝐻) = 𝑓(𝐴) ∩ 𝑓(𝐻) = 𝐵 ∩ 𝑓(𝐻). Now 𝑓(𝐻) is a 𝑔𝑠𝑜-closed set in 𝑌 as 𝑓 is a 𝑔𝑠𝑜-closed map. 

Therefore, 𝐵 ∩ 𝑓(𝐻) is a 𝑔𝑠𝑜-closed set in 𝑌 and so 𝑓𝐴 is a 𝑔𝑠𝑜-closed map. 

 

Theorem 3.7. Let 𝑓: 𝑋 → 𝑌 and 𝑔: 𝑌 → 𝑍 be 𝑔𝑠𝑜-closed maps. If 𝑓 is a closed map, then 𝑔 ∘ 𝑓:𝑋 → 𝑍 is a 

𝑔𝑠𝑜-closed map. 

 

Proof. Let 𝐹 be a closed set in 𝑋. Then, 𝑓(𝐹) is a closed set in 𝑌 as 𝑓 is a closed map. Then, (𝑔 ∘ 𝑓)(𝐹) =
𝑔(𝑓(𝐹)) is a 𝑔𝑠𝑜-closed set in 𝑍 as 𝑔 is a 𝑔𝑠𝑜-closed map. Therefore, 𝑔 ∘ 𝑓 is a 𝑔𝑠𝑜-closed map. 

 

Lemma 3.8. If 𝑓:𝑋 → 𝑌 is a 𝑔𝑠𝑜-continuous map and 𝑌 is a 𝑇𝑔𝑠𝑜-space, then 𝑓 is a 𝑔𝑠𝑜-irresolute. 

Proof. Let 𝐹 be a 𝑔𝑠𝑜-closed set in 𝑌. Since 𝑌 is a  𝑇𝑔𝑠𝑜-space, 𝐹 is a closed set. Then, 𝑓−1(𝐹) is a 𝑔𝑠𝑜-

closed set in 𝑋. Hence, 𝑓 is a 𝑔𝑠𝑜-irresolute. 

 

Theorem 3.9. Let 𝑓: 𝑋 → 𝑌 is a 𝑔𝑠𝑜-irresolute and 𝑔: 𝑌 → 𝑍 is a 𝑔𝑠𝑜-continuous map, then 𝑔 ∘ 𝑓: 𝑋 → 𝑍 is 

a 𝑔𝑠𝑜-continuous map. 

 

Proof. Let 𝐹 be a closed set in 𝑍. Then, 𝑓−1(𝐹) is a 𝑔𝑠𝑜-closed set in 𝑌 as 𝑔 is 𝑔𝑠𝑜-continuous. Now, 
(𝑔 ∘ 𝑓)−1(𝐹) = 𝑓−1(𝑔−1(𝐹)) is a 𝑔𝑠𝑜-closed set in 𝑋 as 𝑓 is a 𝑔𝑠𝑜-irresolute. Therefore, 𝑔 ∘ 𝑓 is a 𝑔𝑠𝑜-

continuous map. 

 

Corollary 3.10. Let 𝑓: 𝑋 → 𝑌 and 𝑔: 𝑌 → 𝑍 are 𝑔𝑠𝑜-continuous maps and 𝑌 is a 𝑇𝑔𝑠𝑜-space, then 𝑔 ∘ 𝑓 is a 

𝑔𝑠𝑜-continuous map. 

 

Proof. In 𝑇𝑔𝑠𝑜-space, each 𝑔𝑠𝑜-closed set is a closed set, the result is directly follows from Theorem 3.9. 

 

Theorem 3.11. In 𝑇𝑔𝑠𝑜-space, the finite union of 𝑔𝑠𝑜-closed set is a 𝑔𝑠𝑜-closed set. 

 

Proof. Suppose 𝐴 = ⋃ 𝐴𝑖
𝑛
𝑖  is a finite union of 𝑔𝑠𝑜-closed sets in 𝑇𝑔𝑠𝑜-space. Then 𝐴𝑐 = (⋃ 𝐴𝑖

𝑛
𝑖 )𝑐 = ⋂ 𝐴𝑖

𝑐𝑛
𝑖 . 

Since in 𝑇𝑔𝑠𝑜-space, every 𝑔𝑠𝑜-closed set is a closed set, so 𝐴𝑖
𝑐 open for each 𝑖 and so 𝐴𝑐 is open. Therefore, 

𝐴 is closed and hence 𝑔𝑠𝑜-closed. 

 

4   𝑮𝑺𝑶-HOMEOMORPHISM 

 

Definition 4.1. A bijection 𝑓: 𝑋 → 𝑌 is called 𝑔𝑠𝑜-homeomorphism when 𝑓 is both 𝑔𝑠𝑜-continuous and 

𝑔𝑠𝑜-closed map. 

 

Lemma 4.1. Every 𝑔𝑠𝑜-homeomorphism is a 𝑔𝑠-homeomorphism. 

 

Proof. Let 𝑓:𝑋 → 𝑌 be a 𝑔𝑠𝑜-homeomorphism. Then, 𝑓 is both 𝑔𝑠𝑜-continuous and 𝑔𝑠𝑜-closed. Then, 

clearly, 𝑓 is a 𝑔𝑠-continuous and 𝑔𝑠-closed. So 𝑓 is a 𝑔𝑠-homeomorphism. 

 

Lemma 4.2. Every 𝑔𝑠𝑜-homeomorphism is a 𝑤𝑔-homeomorphism. 

 

Proof. Let 𝑓: 𝑋 → 𝑌 be a 𝑔𝑠𝑜-homeomorphism. Then, 𝑓 is both 𝑔𝑠𝑜-continuous and 𝑔𝑠𝑜-closed. Then, 

clearly, 𝑓 is a 𝑤𝑔-continuous and 𝑤𝑔-closed. So 𝑓 is a 𝑤𝑔-homeomorphism. 
 

Lemma 4.3. Every 𝑔𝑠𝑜-homeomorphism is a 𝑟𝑤𝑔-homeomorphism. 

 

Proof. Let 𝑓: 𝑋 → 𝑌 be a 𝑔𝑠𝑜-homeomorphism. Then, 𝑓 is both 𝑔𝑠𝑜-continuous and 𝑔𝑠𝑜-closed. Then, 

clearly, 𝑓 is a 𝑟𝑤𝑔-continuous and 𝑟𝑤𝑔-closed. So 𝑓 is a 𝑟𝑤𝑔-homeomorphism. 
 

Theorem 4.4. For any bijection 𝑓:𝑋 → 𝑌, the following statements are equivalent: 

a) the inverse map 𝑓−1: 𝑌 → 𝑋 is a 𝑔𝑠𝑜-continuous map, 
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b) 𝑓 is a 𝑔𝑠𝑜-open map, 

c) 𝑓 is a 𝑔𝑠𝑜-closed map. 
 

Proof. Let 𝑓−1: 𝑋 → 𝑌 be a 𝑔𝑠𝑜-continuous map and 𝐺 be any open set in 𝑋. Then, the inverse image of 𝐺 

under 𝑓−1, 𝑓(𝐺) is 𝑔𝑠𝑜-open in 𝑌 and so 𝑓 is a 𝑔𝑠𝑜-open map. Now, let 𝑓 be a 𝑔𝑠𝑜-open map and let 𝐹 be 

any closed set in 𝑋. Then, 𝐹𝑐 is open in 𝑋 so 𝑓(𝐹𝑐) is 𝑔𝑠𝑜-open in 𝑌. But 𝑓(𝐹𝑐) = 𝑌 ∖ 𝑓(𝐹) and so 𝑓(𝐹) is 

𝑔𝑠𝑜-closed in 𝑌. Therefore, 𝑓 is a 𝑔𝑠𝑜-closed map. Finally, let 𝑓 be a 𝑔𝑠𝑜-closed map and let 𝐹 be any 

closed set in 𝑋. Then, 𝑓(𝐹) is 𝑔𝑠𝑜-closed in 𝑌. But 𝑓(𝐹) is the inverse image of 𝐹 under 𝑓−1. Therefore, 

𝑓−1 is 𝑔𝑠𝑜-continuous map. 

 

Theorem 4.5. Let 𝑓:𝑋 → 𝑌 be a 𝑔𝑠𝑜-continuous map from a space 𝑋 onto a space 𝑌. Then, the following 
statements are equivalent: 

a) 𝑓 is a 𝑔𝑠𝑜-open map, 

b) 𝑓 is a 𝑔𝑠𝑜-homeomorphism, 

c) 𝑓 is a 𝑔𝑠𝑜-closed map. 
 

Proof. Assume that 𝑓 is a 𝑔𝑠𝑜-open map. Then, clearly 𝑓 is a 𝑔𝑠𝑜-homeomorphism. Now, if 𝑓 is a 𝑔𝑠𝑜-

homeomorphism, then by definition 𝑓 is a 𝑔𝑠𝑜-closed map. Finally, if 𝑓 is a 𝑔𝑠𝑜-closed map, then by 

Theorem 4.4, 𝑓 is a 𝑔𝑠𝑜-open map. 

 

Theorem 4.6. Let 𝑋 and 𝑍 be any two topological spaces and let 𝑌 be a 𝑇𝑔𝑠𝑜-space. If 𝑓:𝑋 → 𝑌 and  

𝑔: 𝑌 → 𝑍 be 𝑔𝑠𝑜-homeomorphisms, then the composition 𝑔 ∘ 𝑓: 𝑋 → 𝑍 is a 𝑔𝑠𝑜-homeomorphism. 
 

Proof. Let 𝐹 be a closed set in 𝑍. Then, 𝑔−1(𝐹) is a 𝑔𝑠𝑜-closed set in 𝑌 as 𝑔 is a 𝑔𝑠𝑜-continuous map. 

Since 𝑌 is a 𝑇𝑔𝑠𝑜-space, 𝑔−1(𝐹) is a closed set in 𝑌. Thus, 𝑓−1(𝑔−1(𝐹)) = (𝑔 ∘ 𝑓)−1(𝐹) is a 𝑔𝑠𝑜-closed set 

in 𝑋. Thus 𝑔 ∘ 𝑓 is a 𝑔𝑠𝑜-continuous map. 
 

Again, let 𝐹 be a closed set in 𝑋. Then, 𝑓(𝐹) is a 𝑔𝑠𝑜-closed set in 𝑌 as 𝑓 is a 𝑔𝑠𝑜-closed map. Since 𝑌 is a 

𝑇𝑔𝑠𝑜-space, 𝑓(𝐹) is a closed set in 𝑌. Thus 𝑔(𝑓(𝐹)) = (𝑔 ∘ 𝑓)(𝐹) is a 𝑔𝑠𝑜-closed set in 𝑍. Thus 𝑔 ∘ 𝑓 is a 

𝑔𝑠𝑜-closed map. Hence 𝑔 ∘ 𝑓 is a 𝑔𝑠𝑜-homeomorphism. 

 

5   CONCLUSION 
 

In this paper, we have introduced a new kind of generalized closed map, called 𝑔𝑠𝑜-closed map between 

topological spaces and investigated its properties. The 𝑔𝑠𝑜-irresolute was also defined and its properties 

investigated. Finally, the 𝑔𝑠𝑜-homeomorphisms between topological spaces were introduced and their 
properties were established. 
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