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Abstract:                                                                                                                                                               

The aim of this paper is to be introduced a new class of closed sets namely�̂�*-closed set by using 

�̂�-closure and R*-open set. A subset A of a topological space X is said to be �̂�-closed if  

cl(A)⊆U whenever A⊆U and U is semi-open. The smallest �̂�-closed containing A is said to be 

�̂�-closure of A and is denoted by �̂�-cl(A). A subset A of a topological space X is said to be R*-

closed if rcl(A)⊆U whenever A⊆U and U is regular semi-open. The complement of R*-closed 

set is said to be R*-open set. Also we investigated and studied their properties.  
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1.INTRODUCTION 

 In the year 1970, Levine [1] 

introduced the concept of generalized closed 

sets in topological spaces, Also 

N.Palaniapan et al. [2], P.Sundaram et al. [3] 

S.S.Benchalli et al [4], C.Janaki et al. [5], 

Stone [6], M.Basavaraj [12] introduced and 

studied regular generalized closed sets, W-

closed sets, RW-closed sets, regular open 

sets, R#-closed sets in topological spaces 

respectively.  

 Throughout this paper (X,𝜏) 

represent non-empty topological spaces. For 

a subset A of a topological space (X, 𝜏), 

cl(A), int(A), scl(A), 𝛼cl(A) and spcl(A) 

denote the closure of A, interior of A, the 

semi-closure of A, the 𝛼-closure of A,and 

the semi pre closure of A in a topological 

space x respectively. We recall the 

following definitions, which are 

prerequisites for present study. 

In this paper an attempt is made to study a 

new class of closed sets called �̂�*-closed 

sets in topological spaces.  

2.PRELIMINARIES 

Definition 2.1: A subset A of a topological 

space (X, 𝜏) is called  

i) A regular open [11] if A = int(cl(A)) 

and regular closed  if A = cl(int(A)) 

ii) A pre open[10] if A ⊆ int(cl(A)) and 

pre closed if  cl(int(A)) ⊆ A. 

iii) A semi open [9] if A ⊆ cl(int(A)) 

and semi closed if int(cl(A)) ⊆ A. 

iv) A semi-preopen[6] if A ⊆ 

cl(int(cl(A))) and semi-pre closed if 

int(cl(int(A))) ⊆ A. 

Definition 2.2:  A subset A of a topological 

space (X, 𝜏) is called a 
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i) Generalized closed set (g-closed) [1] 

if cl(A) ⊆ U whenever A ⊆ U and U 

is open in  (X, 𝜏). 

ii) R*-closed set [5] if rcl(A) ⊆ U 

whenever A ⊆ U and U is regular 

semi-open in (X, 𝜏). 

iii) �̂� -closed set [7] if cl(A) ⊆ U 

whenever A ⊆ U and U is semi-open 

in (X, 𝜏). 

iv) R#- closed set [12] if gcl(A) ⊆ U 

whenever A ⊆ U and U is R*-open 

in (X, 𝜏). 

v) Generalized semi pre closed set (gsp-

closed) [13] if spcl(A) ⊆ U 

whenever A ⊆ U and U is open in 

(X, 𝜏). 

vi) W-closed [3] set if cl(A) ⊆ U 

whenever A ⊆ U and U is semi-open 

in (X, 𝜏). 

vii) Regular generalized closed set (rg-

closed) [14] if cl(A) ⊆U whenever A 

⊆ U and U isregular-open in (X, 𝜏). 

viii) Generalized pre regular 

closed set (gpr-closed) [15] if pcl(A) 

⊆ U whenever A ⊆ U and U is 

regular open in (X, 𝜏). 

ix) gspr-closed set [16] if spcl(A)⊆U 

whenever A ⊆ U and U is regular 

open in (X, 𝜏). 

x) �̂�g-closed set [17] if gcl(A)⊆U 

whenever A ⊆ U and U is regular 

open in (X, 𝜏). 

Result 2.3: [7] 

            Let x={a, b, c} and 𝜏={x, 𝜙, {a}, {a, 

c}} consider A={a, b} A is not a�̂�-closed 

set. However A is a g-closed set.Therefore 

the class of �̂�-closed sets is properly 

contained in the class of g-closed sets and 

properly contains the class of closed sets. 

Result 2.4: [12] 

(i) Every R#-closed set is gpr-closed, 

gspr-closed and rg-closed. 

(ii) Every R#-closed set is �̂�g-closed. 

3. R^*-CLOSED SETS  

Definition 3.1: A subset A of a space (X, 𝜏) 

is called �̂�*-closed if �̂�cl(A) ⊆ Uwhenever 

A ⊆ U and U is R*-open in (X, 𝜏). Notation 

The complement of �̂�*-closed set is �̂�*-open 

set. 

Example 3.2: 

i) Let X= {a, b,c}, 𝜏={X, Φ, {a}, 

{b}, {a, b}, {a, c} }. �̂�*-closed 

sets in (X, 𝜏) are X, Φ, {b}, {c}, 

{a, c}, {b, c} and �̂�*-open sets 

in(X, 𝜏) are X, Φ, {b}, {a}, {a, 

c}, {a, b}  

ii) Let X= {a, b, c, d}, 𝜏={X, Φ, 

{a},{a, c}, {a, b, d} }. �̂�*-closed 

sets in (X, 𝜏) are X, Φ, {c}, {b, 

d},{b, c, d} and �̂�*-open sets 

in(X, 𝜏) are X, Φ, {a},{a, c}, {a, 

b, d} 

Theorem 3.3: Every closed set is �̂�*-closed 

set in X. 

Proof:Let A be a closed set in X and U be 

any R*-open in X such that A⊆ U. since A 

is closed cl(A)=A. (Every closed set is �̂� -

closed set) �̂�cl(A)⊆cl(A)= 𝐴 ⊆U. Hence A 

is an �̂�*-closed set in X. 

Remark 3.4: The converse of the above 

theorem is not true as is shown in the 

following example. 

Example: Let X={a, b, c}, 𝜏 ={X, Φ, {a}, 

{b, c}} then the set A={a, b} is �̂�*-closed 

set but not closed set in X. 

Theorem 3.5: Every �̂�-closed set is �̂�*-

closed set in X. 

Proof: Let A be a �̂�-closed set in X and U 

be any R*-open in X such that A⊆ U. since 

A is �̂� -closed set, �̂�cl(A)= 𝐴 ⊆U. Hence A 

is a�̂�*-closed set in X. 

Remark 3.6: The converse of the above 

theorem is not true as is shown in the 

following example. 

Example:Let X= {a, b, c}, 𝜏={X, Φ, {a}, 

{b}, {a, b}} then the set A={a, b} is �̂�*-

closed set but not �̂� -closed set in X. 

Theorem 3.7: Every regular closed set is 

�̂�*-closed set in X. 
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Proof: Let A be any r-closed set in X and U 

be any R*-open in X such that A⊆ U.  

cl(A)=A. (Every regular closed set is �̂� -

closed set) and follows from theorem 3.4.  

Remark 3.8: The converse of the above 

theorem is not true as is shown in the 

following example. 

Example:Let X= {a, b, c}, 𝜏={X, Φ, {a}} 

then the set A={b, c} is �̂�*-closed set but not 

regular closed set in X. 

Theorem 3.9: Every �̂�*-closed set is R#-

closed set in X.  

Proof: Let A be any �̂�*-closed set in X and 

U be any R*-open in X such that A⊆ U. By 

Result 2.3, gcl(A)⊑ �̂�cl(A)⊆U where U is 

R*-open. Therefore A is R#-closed. 

Remark 3.10: The converse of the above 

theorem is not true as is shown in the 

following example. 

Example:Let X= {a, b, c}, 𝜏={X, Φ, {a, b}, 

{a}} then the set A={a, c} is R# -closed set 

but not �̂�*-closed set in X. 

Theorem 3.11: Every �̂�*-closed set is gpr-

closed set in X.  

Proof: Let A be a �̂�*-closed set in X. since 

3.12 & Result 2.4. Hence A is gpr-closed. 

Remark 3.12: The converse of the above 

theorem is not true as is shown in the 

following example. 

Example:Let X= {a, b, c}, 𝜏={X, Φ, {a, b}, 

{a}} then the set A={a, c} is gpr-closed set 

but not �̂�*-closed set in X. 

Theorem 3.13: Every �̂�*-closed set is gspr-

closed set in X.  

Proof: Let A be a �̂�*-closed set in X. since 

3.12 & Result 2.4. Hence A is gspr-closed. 

Remark 3.14: The converse of the above 

theorem is not true as is shown in the 

following example. 

Example:Let X= {a, b, c}, 𝜏={X, Φ, {a, b}, 

{a}} then the set A={a, c} is gspr-closed set 

but not �̂�*-closed set in X. 

Result 3.15: The following example shows 

that�̂�*-closed sets are independent of pre-

closed, gp-closed, g𝛼-closed, b�̂�-closed, 

g*p-closed,#gs-closed,g*s-closed,b**-

closed,**b-closed, g*b-closed, rg*b-closed. 

Example 3.16: Let X={a, b, c, d}, 𝜏={X, 

Φ, {a}, {b, c}, {a, b, c}}. 

�̂�*-closed={ X, Φ, {d}, {a, d}, {c, d}, {b, 

d}, {a, c, d} {b, c, d}, {a, b, d}}.Then 

i) Pre-closed sets in (X, 𝜏) are X, 

Φ, {d}, {b}, {c}, {b, d}, {b, c}, 

{c, d}, {b, c, d} 

ii) gp-closed sets in (X, 𝜏) are X, Φ, 

{d}, {b}, {c}, {a, c}, {b, c}, 

{a,d}, {b, d}, {c, d}, {a, b, c}, 

{a, b, d}, {a, c, d} 

iii) g𝛼-closed sets in (X, 𝜏) are X, Φ, 

{d}, {b}, {c}, {b, c}, {b, d},{c, 

d}, {b, c, d}} 

iv) g*p-closed sets in (X, 𝜏) are X, 

Φ, {d}, {b}, {c}, {b, d}, {b, c}, 

{c, d}, {b, c, d} 

v) b�̂�-closed sets in (X, 𝜏) are X, Φ, 

{a}, {b}, {c}, {a, d}, {b, c}, {c, 

d}, {b, d}, {a, c, d} {b, c, d}, {a, 

b, d} 

vi) #gs-closed sets in (X, 𝜏) are X, 

Φ, {d}, {b}, {c}, {b, c, d} 

vii) g*s-closed sets in (X, 𝜏) are X, 

Φ, {d}, {b}, {c}, {a, c, d}, {b, 

c}, {b, c, d} 

viii) **b-closed sets in (X, 𝜏) are X, 

Φ, {d}, {b}, {c}, {b, d}, {b, c}, 

{c, d}, {b, c, d} 

ix) b**-closed sets in (X, 𝜏) are X, 

Φ, {d}, {b}, {c}, {b, d}, {b, c}, 

{c, d}, {b, c, d} 

x) g*b-closed sets in (X, 𝜏) are X, 

Φ, {d}, {b}, {c}, {a, c, d}, {b, 

c}, {b, d}, {c, d}, {b, c, d} 

xi) rg*b-closed sets in (X, 𝜏) are X, 

Φ, {d}, {b}, {c}, {b, d}, {b, 

c},{c, d}, {b, c, d} 

Result 3.17: 

 �̂�*-closedness is independent from 

sb�̂�-closedness. 
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Example: 

X={a, b, c} 𝜏={X, 𝜙, {a}, {b}, {a, b}}. 

sb�̂�-closed= {X, 𝜙, {a}, {b}, {a, b}, {b, 

c}, {c, a}}. �̂�*-closed={X, 𝜙, {c}, {b, 

c}, {c, a}}. Here {a},{b},{a,b} are sb�̂�-

closed sets but not �̂�*-closed set and {c} 

is �̂�*-closed set but not sb�̂�-closed set 

need not be true. 

Remark 3.18: 

The following diagram demonstrate the 

relationship of �̂�*- closed set with other 

existing closed sets. 

 

 

 

 

 

 

 

 

 

 

4.CHARACTERISATION OF �̂�*-

CLOSED SETS 

Theorem4.1:The union of any two �̂�*-

closed of X is�̂�*-closed sets. 

Proof: Let A and B are the �̂�*-closed sets in 

topological space (X, 𝜏). Let U be R*-open 

set in X such that A⋃B⊆U, then A⊆U or 

B⊆U, since A and B are the �̂�*-closed sets,  

�̂�cl(A)⊆U or�̂�cl(B)⊆U we know that  

�̂�cl(A)∪ �̂�cl(B)= �̂�cl(A∪B)⊆U. Therefore 

A∪B is �̂�*-closed set in X. 

Theorem 4.2: Intersection of any two �̂�*-

closed sets is also �̂�*-closed. 

Proof:Let A and B are the �̂�*-closed sets in 

topological space (X, 𝜏). Let U be R*-open 

set in X such that A∩B⊆U, then A⊆U and 

B⊆U, since A and B are the �̂�*-closed sets,  

�̂�cl(A)⊆U, �̂�cl(B)⊆U, and we know that  

�̂�cl(A)∩ �̂�cl(B)= �̂�cl(A∩B)⊆U. Therefore 

A∩B is �̂�*-closed set in X. 

Theorem 4.3: If a subset A of topological 

space (X, 𝜏) is a �̂�*-closed set in X then 

�̂�cl(A)−A does not contain any non empty 

R*-closed set in X. 

Proof:  Let A be a �̂�*-closed set in X and 

suppose F be a non empty R*-closed subset 

of �̂�cl(A)−A F ⊂  �̂�cl(A)−A ⇒ F ⊆

�̂�cl(A)∩(X−A) ⇒ F ⊆ �̂�cl(A) ⟶ (1) & F⊆

𝑋 − 𝐴 ⇒ A ⊆ X− F and X− F is R*-open 

set and A is an �̂�*-closed set �̂�cl(A) ⊆X− F 

⇒ F ⊆ X−�̂�cl(A) ⟶ (2) from equations (1) 

& (2) we get F ⊆ �̂�cl(A)∩(X−�̂�cl(A)) = 

∅ ⇒ F =Φ thus �̂�cl(A) – A does contain any 

non empty R*-closed set in X. 

Theorem 4.4:If A is an �̂�*-closed set in (X, 

𝜏) and A ⊆ B ⊆  �̂�cl(A) thenB is also �̂�*-

closed set in X. 

Proof:If it is given that A is �̂�*-closed set in 

X then we have to prove that B is also �̂�*-

closed set in X such that B ⊆ U. since A ⊆ 

B and A is �̂�*-closed set �̂�cl(A) ⊆ U &A⊆U 

Now B ⊆ �̂�cl(A) ⇒ �̂�cl(A) ⊆  �̂�cl(�̂�cl(B)) = 

�̂�cl(A)⊆ U. Therefore �̂�cl(A)⊆U Hence B is 

�̂�*-closed set in  X. 

Theorem 4.5: Let A be a �̂�*-closed in X. 

Then A is �̂�-closed if and only if �̂�cl(A)−A 

is R*-closed. 

Proof:Neccessity: Suppose A be a �̂�-closed 

set in X then �̂�cl(A)=A that is �̂�cl(A)−A=Φ 

which is R*-closed. 

Sufficiency: Suppose A is �̂�*-closed in X 

and �̂�cl(A)−A is R*-closed from theorem 

4.5. Then �̂�cl(A)−A=Φ ⇒ �̂�cl(A)=A. 

Therefore A is �̂�-closed. 

Theorem 4.6: Let A⊆Y⊆X,  (X, 𝜏) and (Y, 

𝜎) are topological spaces. If A is a �̂�*-closed 

relative to (Y, 𝜎). 

Proof: Let A⊆Y∩G, where G is R*-open. 

Since A is �̂�*-closed set in X. Then A⊆X 

and �̂�cl(A)⊆G this implies that Y∩

�̂�cl(A)⊆Y∩G where Y∩ �̂�cl(A) is �̂�-closed 

set of A in Y. Thus A is �̂�*-closed set 

relative to Y. 

�̂�*- closed 

closed gpr-closed gspr-closed 

�̂� -closed Regular closed 

Pre-closed, gp-closed, g𝛼-closed, b�̂� -closed,g*p-

closed, #gs-closed, g*s-closed, b**-closed, **b-

closed, g*b-closed, rg*b-closed. 
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Theorem 4.7: If A is R*-open and R*-

closed set of X. then A is �̂�-closed. 

Proof:Since A is R*-open &�̂�*-closed 

�̂�cl(A)⊆A. Hence A is �̂�-closed. 
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