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Abstract

We introduce and investigate some new classes of mappings called fuzzy M -continuous,

fuzzy @-continuous and fuzzy @-semicontinuous to the fuzzy topological spaces in S ostaky
sense. Also, some of their fundamental properties are studied. Moreover, we investigate the
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1. Introduction

S ostak [30] introduced the fuzzy topology as an extension of Chang's fuzzy topology[4]. It has
been developed in many directions [12,13,27]. Weaker forms of fuzzy continuity between fuzzy
topological spaces have been considered by many authors [2, 3, 5, 9, 11, 20, 23] using the
concepts of fuzzy semi-open sets[2] , fuzzy regular open sets[2], fuzzy preopen sets, fuzzy
strongly semiopen sets [3] , fuzzy y-open sets[11], fuzzy o -semiopen sets[1] , fuzzy o
-preopen sets[1], fuzzy semi o -preopen sets [34] and fuzzy e-open sets [29] Ganguly and
Saha [10] introduced the notions of fuzzy o -cluster points in Chang's [4] fuzzy topological

spaces. Kim and Park [14] introduced r-9J -cluster points and ¢ -closure operators in S
ostak's fuzzy topological spaces.

It is a good extension of the notions of Ganguly and Saha[10]. Park et al. [14] introduced the
fuzzy semi-preopen. In 2008, the initiations of e-open sets, € -open sets and a-open sets in
topological spaces are due to Erdal Ekici[[7],[8]]. Sobana et al. [33] defined ¢-fuzzy e-open

setsin S ostak's fuzzy topological space. Vadivel et al. [36] introduced :-fuzzy e"-open sets in

S ostak's fuzzy topological space. In 1968, Velicko studied @-open sets [35] and o -open sets
for the purpuse of investigating the characherizations of H -closed topological spaces.
semi-open set [17] were initiated by Levine in 1963. In 1993, Raychaudhuri and Mukherjee
defined o -preopen sets[26]. In 1997, O -semiopen sets was obtained by Park [19] and &
-semi-open sets were obtained by Caldas in 2008[6]. Shafei introduced fuzzy @-closed [31]
and fuzzy @-open sets in 2006. Maghrabi et al.[21] introduced the notion of M -open sets in
topological spaces in 2011.
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In this paper fuzzy M -continuous, fuzzy @-continuous and fuzzy € -semicontinuous to the

fuzzy topological spaces in S ostak's sense are introduced and some of their fundamental
properties are studied. Moreover, we investigate the relationships between fuzzy continuous,
fuzzy 6 -semicontinuous, fuzzy @ -continuous, fuzzy O - semicontinuous, fuzzy o
-precontinuous, fuzzy a-continuous, fuzzy M - continuous, fuzzy e-continuous and fuzzy e”
-continuous mappings.

1. Preliminaries

Throughout this article, we denote nonempty sets by X,Y etc, |1=[0,1] and I,=(0,1].
For ae I,a(x):a, Vxe X . A fuzzy point X, for tel, is an element of I* such that
t if y is equal to x
X (Y) ={

0 ifyisnotequal to x.
Let Pt(X) denote the set of all fuzzy points in X. A fuzzy point X €u iff t< p(x).
,uelx is quasi-coincident with v, denoted by uqv, if 3 Xxe X such that
H(X)+v(x)>1.
If x is not quasi-coincident with v, we denoted uQv. If A is asubset of X, we define
the characteristic function y, on X by ;(A(X):{lx A ,0if x A. All notations and

definitions will be standard in the fuzzy set theory.

Lemma 1.1 [30] Consider X be a nonempty set and u,velx. Then
() uqv iff there exists X € u suchthat xqv.
(i) wqv,then ,U/\v;éa.
(i) wqv iff p<l—w.
(iv) u<v iff X eu implies x ev iff Xqu implies Xxqv implies Xz
(v) Xd\v, iffthereexists i, u suchthat Qv -

ieu

Definition 1.1 [30] A function 7:1* — | s called a fuzzy topology on X if it satisfies the
following conditions:

(1) 2(0)=7(1)=1,
2) (/M) 2 At ), forany {v} <l x,
(3) (v, Av,)=7(v) AT(v,), forany v, v, el”.

The pair (X,7) is called a fuzzy topological space or S ostak's fuzzy topological space or
smooth topological space (for short, fts, sfts, sts).

Remark 1.1 [25] Let (X,7) be a sfts. Then, for every 1€l,, 7,={ve 1*:7(v)>d} is a
Change's fuzzy topology on X .

Theorem 1.1 [27] Let (X,z) be a sfts. Then foreach uel”,1e l,, we define an operator
C.: 1" x1,—>1* as follows:
C.(u,1)= Afvel™ u<v,e@-v)21}.
For u,vel * and 1,5€ l,, the operator C_ satisfies the following conditions:
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(1) C.(0,1)=0,

() #<C.(w1),

(3) C.(u.)vC.(,))=C,(uvv.1),
(4) C (1, 0)<C.(1,5) if 1<s,
(5) C.(C.(1,0),0)=C, (11,1).

Theorem 1.2 [27] Let (X,7) be a sfts. Then for each 1€y, ue I* we define an operator
|1 x1, > 1% as follows:
()= \Avel” uzv,c(v)2i}.
For u,ve I and z,s€ l,, the operator | satisfies the following conditions:
(i 1L.@Ly=1,
(i) w21 (u,2),
(iii) L (e, )AL (v,0)=1 (unv,1),
(iv) 1 (u,0)<1 (u,8) if s<u,
v L. (0, 0=1(u10),
(vi) 1,A-u,0)=1-C (1) and C.(1-p0)=1-1(u,1)

Definition 1.2 [15] Let (X,7) be a sfts. Then for each vel*,x. eR(X) and 1enl,, v is
called

(i) z-open Q. -neighbourhood of X, if xqv with z(v)>uz

(i) z-open R_-neighbourhood of x, if xqv with v=1(C  (u,1),0).

We denote Q. (x,2)={vel” i xqv,r(v)>, R.(x,1) ={vel*:xqv=11(C, (1), 1)}

Definition 1.3 [15] Let (X,7) be a sfts. Then foreach pel*,x eR(X) and 1enl,, X
is called
() -7 cluster pointof u if forevery veQ (X,7), wehave vqu.
(i) -0 cluster pointof u if forevery veR (X,7), wehave vqu.

(iii) An 0 -closure operator is a mapping D, : | *x1 —>1* defined as follows: oC_(u,1)

or D, (u,1) =\AX €PR(X):x isr-0-cluster point of u}

Definition 1.4 [17] Let (X,7) be a sfts. For u,ve 1* and 1e l,, u iscalledan

(i) z-fuzzy O -semiopen (resp. 1-fuzzy o
-semiclosed)Error! Reference source not found. set if x<C_ (51 (u,1),1)
(resp. 1 (6C_(#,17),1) < ).

(i) z-fuzzy O -preopen (resp. 1-fuzzy o -preclosed)Error! Reference source not found.
set if u<l (6C (u,1),1)
(resp. C_(S1 (#,1),1) < ).

(iii) ¢-fuzzy a-open (resp. 1-fuzzy a-closed)Error! Reference source not found. set if
#<1,(C, (81, (1,0),0),0)
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(resp. C (1 (6C_ (1,0),1),1) < p).

(iv) z-fuzzy e-open (resp. :-fuzzy e-closed)Error! Reference source not found. set if
#<C. (81, (1,).0)v 1,(5C, (14,2),)
(resp. C (Ol (u,1),0) Al_(6C (1, 12), 1) < ).

(v) i-fuzzy e"-open (resp. i-fuzzy e"-closed)Error! Reference source not found. set if
#<C,(1,(5C, (1,1),0.1)

(resp. 1.(C,(01,(1,2),0), 1) < ).
(v) z-fuzzy semiopen (resp. -fuzzy semi-closed) Error! Reference source not found. set
if 1<C.(I,(1),0)

(resp. 1 (C (1, 2),7) < p).

Definition 1.5 [37]

(i) ¢-fuzzy @-interior (resp. t-fuzzy @-semi-interior and ¢-fuzzy @-pre-interior) of a
subset u inasfts (X,z), Viel,, denoted by Ol (u,1) (resp. 6sl_(u,7) and 6pl_(u,1))
defined as QI,(/,z,z)=V{IT(V):,uZV,r(i—v)Zz}; Osl (u,1) =\Asl.(v): p=zv,v isrfsc};
opl, (u,1) =\Apl,(v):u=zv,v isrfpc }.

(i) z-fuzzy @-closure (resp. 1-fuzzy 6-semi-closure and :-fuzzy @-pre-closure) of a
subset u inasfts (X,7), Viel,, denotedby OC (1) (resp. 6sC_(u,1) and

0pC,(u,2)) defined as OC (u,1) = A{C.(V):u<v,z(v)21}; OSC (u,1) = ALsC.(v):pu<v,v
is 1-fso }; OpC. (u,1) = A{PC.(v):u<v,v is 1-fpo }.

Definition 1.6 [37] Let (X,7) be a sfts. For y,velX and 1€l,, u iscalledan

(i) ¢-fuzzy O-open (resp. :-fuzzy O-closed)setif n=0l (u,1) (resp. u=6C_ (u,1)).

(ii) z-fuzzy @-semiopen (resp. i-fuzzy 6O-semiclosed)setif u<C (Ol _(u,1),7) (resp.
1,(6C, (u,1),0) < o)

(iii) ¢-fuzzy O-preopen (resp. ¢-fuzzy 6O-preclosed)setif u<1 (6C_(u,1),7) (resp.
C. (61, (44,1),1) < ).

The family of all :-fuzzy @-open (resp. i-fuzzy @-closed), :-fuzzy 6-semiopen, (resp. ¢
-fuzzy 6@-semiclosed), i-fuzzy @-preopen (resp. i-fuzzy @ -preclosed) sets will be denoted
by ¢-f00 (resp. :-flc), 1-fOs0(resp. 1-fosc), 1-fOpo(resp. i-fOpc) sets.

Lemma 1.2 [37] Let u,vel” and 1€l, inasfts (X,1), then

() u is 1-fuzzy O-openiff p=06l (u,1).

(i) If w<v, then Ol (u,1) <06l (v,1).

(iii) 61 (O1_(w,2)) <Ol_(,1).

(iv) Forany subset u of X, u<C_(u,1)<6C (u,1)<60C_ (1,1) (resp.
Ol () <ol (m) <1 (w)<p.

(v) 1-(61,(u,0)) = 6C, (1— p1,1).

(vi) 1—(6C.(,1)) = O1_(1—u,2).

(vii) 1 _(unv,))=061_(u,1)) A6l (v,7) and
Ol _(u,))v Ol (v,i) <Ol (uvv,i).
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(viii) 6C (unv,))=6C (u,)) n6C_(v,1) and
0C, (1 v,i) = 6C, (11.) v 6C, (v,0)

Proposition 1.1 [37] Let ,uelx and 1€l, inasfts (X, 1), then
(i) 6sC_(u,))=puv 1 (6C (u,1),1) and 6Osl_(u,1) = uAC_(01_(1,1),1).
(i) SPC, () = v C, (SN (s,0),0) and SpI, (44,0) = A1, (5C, (44,0),0).
(iii) 1— (51, (,2)) = C.A—p,1) and S1_(A—p,1) =1-5C_(u,1)

lemma 1.3 [37]let vel” and 1e€l, inasfts (X,7), then
(i) opC.(v,))=vvC (5l (v,1),7) and opl_(v,1) =v Al (6C_ (v,1),1).
(i) opC.(opl, (v,1),0)=0opl (v,))vC (o1 (v,1),1)
(iii) opl (opC, (v,1),1)=0pC_(v,t) Al _(SC_(v,2),2).
(iv) osl_(v,1)=vAC_(ol (v,1),7) and SSC (v,)=vv I (6C (v,1),1).

lemma 1.4 [37]let vel” and 1e€l, inasfts (X,7), then
(i) C.(ol (v,1),1)=06C (o1 _(v,2),1).
(i) 1 (6C_(v,1),1) =01 _(6C.(v,1),0).

Definition 1.7 [37] A subset u in a sfts (X,z) is called a i-fuzzy locally closed set
Viely, if u=vax, where t(v)=1, o is 1-fuzzyclosedin X.

Definition 1.8 [37] Let (X,7) be a sfts. For uel® and 1el,, then A sfts (X,z) is 1
-fuzzy extremely disconnected (briefly, (-FED) if the 1-fuzzy closure of every i-fuzzy open set
of X is 1-fuzzy open.

Definition 1.9 [37] Asubset pucl* , &Vie |, inasfts (X,7) iscalledan 1-fuzzy
() M -opensetif u<C_ (Ol (u1),0)vI1 (6C_(1,2),12).
(i) M -closedsetif p>1_(6C (u,1),)) AC_(S1_(14,2),2).

Definition 1.10 [37] i1 -fuzzy M -interior (resp. 1 -fuzzy M -closure) of u in a sfts
(X,7).Viel, , denoted by Ml (u,1) (resp. MC_(w,1) ) defined as
ML (u,0) =\Avel™ uzv,v isa 1-fMoset}; MC (u,))= a{vel™:u<v,v isa 1-fMc
set}.

Proposition 1.2  [37] Let (X,7) be a fuzzy topological space. A< 1* and rel,, then
(i) Every ¢-fuzzy @-semiopen (resp. :-fuzzy o -preopen)setis i-fuzzy M -open.
(ii) Every ¢-fuzzy M -opensetis ¢-fuzzy e-open.

Proposition 1.3 [37]If A isan 1-fuzzy M -open subset of a sfts (X,z) and QIT(/I,z):a,
then A is 1-fuzzy O -preopen.
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Theorem 1.3 [37] Let (X,7) beasfts.Llet Ael” and 1€,
() A is (-FM oiff 2=MI_(4,2).
(i) A is M ciff 1=MC.(4,2).

Theorem 1.4 [37] Let (X,7) beasfts. For Ael” and 1€, we have
(i) MI_(1-4,7)=1-(MC_(4,7)).
(i) MC,(1-4,2)=1—(MI_(4,2)).

Theorem 1.5 [37] Let (X,7) be a sfts. Let Ael* and i€ l,, the following statements
hold:
(i) MC_(0,1)=0 and MI_(1,7) =1.
(i) LA, )<MI (4,1)<A<MC_(4,1)<C_(4,9).
(iii) A<pu=MI_(4,0)<MI_(u,7) and MC_(A4,7) <MC_(u,1).
(iv) MC_(MC_(4,1),1)=MC_(4,7) and MI_(MI_(4,2),2) = MI_(4,7).
(v) MC (1, ))vMC_(u,1) <MC_(Av u,2) and MI_(4,2) vMI_(z,2) <MI_(Av u,1).
(vi) MC.(AAu,))<MC_ (1, )) AMC_(1,7) and MI_(AAu,2) <MI_(A, ) AMI_(w, 2).

Theorem 1.6 [37] Let (X,7) beasfts. For A, uel” and 1€l,.
(i) 4 is :-fMoiff 1-4 is -fM c.
(i) If z(A)=1, then A is ¢-fM o set.
(ii) 1.(1,2) isan -fM oset.
(iv) C.(4,7) isan -fM cset.

Definition 1.11 Let (X,7,) and (X,z,) befts'sand f:(X,7)—>(Y,7,) amapping.

(i) f is called fuzzy continuous (briefly, f-cts) [25] if 7,(x) <7, (f*(u)) foreach
pel’,

(i) f iscalled fuzzy semicontinuous (briefly, fs-cts) [25]if f *(u) is r-fso for each
pel*rely with (1) >1.

(iii) f is called fuzzy precontinuous (briefly, fp-cts) [25]if f'(u) is r-fpo for each
pel* el with 7,(u)>1.

Definition 1.12 Let (X,7,) and (X,7,) befts'sand f:(X,7,)—>(Y,7,) amapping.

(i) f iscalledfuzzy & -semicontinuous (briefly, f&s-cts) [33] if f*(u) isr-fdso for
each pel”,1el, with 7,(u)>1.

(i) f iscalled fuzzy & -precontinuous (briefly, f& p-cts) [33]if f"(u) isr-fSpo (resp.
r-fsopo) foreach wel*,iel, with r,(u)>:. f iscalled fuzzy a-continuous (or)fuzzy
semi J -precontinuous Error! Reference source not found. if f"(u) isr-fao for each
pel* rely with 7,(u)>1.

(iii) f iscalled fuzzy e-continuous (briefly, fe-cts) [33]if f'(u) is r-feo for each
wel* rel, with 7,(u)>1.

(iv) f iscalled fuzzy e"-continuous (briefly, fe"-cts) [33]if f*(u) isr-fe o foreach
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pel*rely with 7,(u)>1.

2. Fuzzy M -continuous Mappings

Definition 2.1 Let (X,7;) and (X,z,) be sfts's and f:(X,7,)—>(Y,7,) be a mapping.
Then f iscalled

(i) fuzzy M -continuous (briefly, fM -cts)if f *(u) is (-fM oforeach uel”,ie I
with 7,(u)>1.

(i) fuzzy @-continuous (briefly, f@-cts) if f '(u) is -fO@oforeach uel”,ie I, with
T,(u) 21

(iii) fuzzy @-semicontinuous (briefly, f@s-cts) if f*(u) is :-f@so for each
pel*rely with 7,(u)>1.

Remark 2.1 The following implications are true for 1€ |,.

From the above definitions, it is clear that every f ¢ p-cts map is fM -cts map and
every fuzzy @s-cts map is fM - cts map. Also, it is clear that every fM -cts map is fe -cts map
and fe'-cts map. Also, every f@-cts map, fo-cts map, fa-cts map is fM -cts map. The
converses need not be true in general, it is shown in the succeeding examples.

Example 2.1 Consider the identity mapping f :(X,7) —(Y,n)., where X =Y ={x,y,z}, 1
and u defined as follows

A) =04, A(y)=05, A(Z)=02 u(x)=05, u(y)=04, u(z)=0.7. Then 7,7
I* — 1 defined as

(A1) ={1,
=Oor1,%,if = ,0,0therwise,n(,u):{l, =00r1,%,if = ,0,otherwise, are fuzzy topologies
1 1 . -1 — . 1 *
on X and Y. Take 1=E.Forany E-fuzzyopen set u in (Y,), T (w)=uis E-feo

set in (X,7). Then f is fe'-cts, but f is not fM -cts, since f'(x) is not %—fM o in
(X, 7).

Example2.2 Let 1 and u be fuzzy subsets of X =Y ={X,y, z} defined as follows
A(xX)=0.5, A(y)=0.3, A(z)=0.2;
w(x)=0.5, wu(y)=04, u(z)=04.

Then 7,7 : 1 -1 definedas

r(2) ={1,
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=00r1,%,if = ,0,0therwise,n(y):{l, =0or 1,%,if = ,0,otherwise, are fuzzy topologies
on X and Y. Consider the identity mapping f :(X,7) —>(Y,n). Take z=%.For any %-fo
set u in (Y,n), T (w)=pu is %-feo set in (X,7). Then f s fe-cts, but f is not f
M -cts, since f'(u) isnot %—fM oin (X, 7).

Example 2.3 Let A and u be fuzzy subsetsof X =Y ={X, Y, z} defined as follows

A(x)=01, A(y)=0.1, A(z)=0.1;

w(x)=0.9, wu(y)=09, u(z)=0.9.
Then 7,7 : 1 — 1 defined as

(A1) ={1,
=Oor1,%,if = ,0,otherwise,77(y):{1, =Oor1,%,if = ,0,otherwise, are fuzzy topologies
on X and Y. Consider the identity mapping f:(X,7) —>(Y,n). Take z=%. For any %
-fuzzy open set u in (Y,n), T (w)=u is %—fMO set in (X,7). Then f is fM -cts,
but f is not f& p-cts, f&-cts and fa-cts, since f'(x) is not %-fépo, %-f&o and %
fao sets.

Example2.4 Let 1 and u be fuzzy subsetsof X =Y ={X,y, z} defined as follows
A(x)=0.1, A(y)=0.1, A(2)=0.1;
w(x)=0.9, wu(y)=0.9, u(z)=0.9.

Then 7,7 : 1 — 1 definedas
(A1) ={1,

=Oor1,%,if = ,0,0therwise,n(,u):{l, =0or 1,%,if = ,0,otherwise, are fuzzy topologies
on X and Y. Consider the identity mapping f :(X,7) —>(Y,7). Take z=%.For any %—fo
set w in (Y,n), fH(w)=uis %—fé‘so set in (X,7). Then ff s fuzzy O s-cts, but f

is not fJ -cts, since  f*(x) is not %-f&o set.

Example 2.5 Let A, u and @ be fuzzy subsetsof X =Y ={x,y,z} defined as follows
A(X)=0.3, A(y)=0.4, A(z)=05;
1(x)=06, u(y)=0.9, wu(z)=05;
() =07, ao(y)=1 o(z)=05.

I X

Then 7,7 : — | defined as
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(A1) ={1,

= 0or 1,%,if =, ,0,otherwise,n(x)={1, = Oor 1,%,if = ,0,otherwise, are fuzzy
topologies on X and Y. Consider the identity mapping f:(X,7)—>(Y,7). Take z=%.
For any %-fo set @ in (Y,n), fH(o)=0 is %—fMo setin (X,7). Then f isfM -cts,

but f isneither f@s-cts nor f& s-cts, since f*(w) is neither %-f&’so nor 1-féso set.

Example2.6 Let A, u and w be fuzzy subsetsof X =Y ={Xx,y, z} defined as follows
A(xX)=0.3, A(y)=04, A(2)=0.5;
1(x)=0.6, u(y)=05, wu(z)=05;
o(X)=0.7, o(y)=0.6, o(z)=05.

I X

Then 7,7 : — | defined as

r(4)={1,
= 0or 1,%,if =, ,0,otherwise,77(y):{1, = 0or 1,%,if = ,0,otherwise, are fuzzy
topologies on X and Y. Consider the identity mapping f:(X,7) —>(Y,7). Take z=%.
1 . g, 1 1 )
For any E—fo set w in (Y,n), T (0)=w is E—fMo and E—f@so set in (X,7). Then

fisfM -ctsand f@s-cts, but f isnotf@-cts,since f*(w) isnot %-f&o set.

Example 2.7 Llet A, u and @ be fuzzy subsetsof X =Y ={X,y, z} defined as follows
A(X)=0.3, A(y)=0.5, A(z)=05;
w(x)=0.5, wu(y)=05, u(z)=05;
o(X)=0.7, wo(y)=0.6, w(z)=0.5.

Then 7,7 : 1 -1 definedas

() =1{1,
= 0or 1,%,if =, ,0,otherwise,77(y):{1, = 0or 1,%,if = ,0,otherwise, are fuzzy
topologies on X and Y. Consider the identity mapping f:(X,7)—(Y,7). Take z=%.
For any %-fuzzyopen set 1 in (Y,n), f*(A)=21 is %-fuzzyopen in (X,7). Then f s

f-cts, but f isnotf@-ctsandfJd -cts, since f (1) is neither 1 -féo nor 1 -féo0 set.
2

Theorem 2.1 Let (X,7) and (Y,z,) be fts's and f:X —Y be a mapping. Then the
following statements are equivalent:
(iy f isfM -cts mapping.

(i) f(w) is :fMcin X foreach pel',iel, with 7,(1-pu)>z.
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(i) F(MC, (LD)<C, (f(4),), ¥ Ael” and rel,.

(iv) MCTl(f’l(,u),z)Sf‘l(CTZ(,u,z)),V,uelY and rel,.

() 1, (6C, (). )AC, (81, (F () 0.0 < THC, (D), v pel’ and rel,.
(vi) f’l(lrz(,u,z))serl(f’l(y),z), foreach pel’ and rel,.

Proof. (i)=> (ii): Let uel’,1el, with 7,(1—u)>z Since f is fM -cts mapping,

f*A—pu) isan :-fM o set of X .But f*(l—u)=1—f *(u). Therefore f(u) isan ¢-f
M csetof X.
(i) = (iii): Let 2e 1, rel,, since 7,(1-C, (f(4),1))>r Then by (i), f*(C_(f(2).)) is

an -fM csetof X. Since
AERH(E@A) < 7(C, (f(2).9),
we have MC_(4,1) < f _1(C,2 (f(4),0). Hence  F(MC,(4,2)<C_(f(4),7).
(iii)=(iv): Forall uel’,ie l,,let A=1f"(w). By (iii), we have
f(MC, (1) 0) <C,, (F(F (), ) <C, (u1)
It implies MCTl(f‘l(,u), 1)< f‘l(CT2 (14, 1)).
(iv)=(i): Let wel’,1ely with ,(u)>1.By (iv),
MC, (F - 4), ) < 7(C,, A=) = 17 42,
By Theorem 1.4, we have f*(@1— ) Zi—(l\/”ﬁ(f_l(,u), 0)). Hence f () is ¢-fM o setin
X.
(i) = (v): For all uel',1e I, , since rz(i—CT2 (¢,1)) >1. Then by (ii), we see that
f‘l(CT2 (1,7)) is -fM cin X. Hence
£(C,, (1) 21, (6C, (F(C,, (1), 0, ) AC, (61, (1(C,, (1), ). )
21, (6C, (7 (1), ), ) AC_ (51, (f (), 2),2)-
(v)=(ii): Forall uel’, rel,, with z'z(i—,u) >1. Then by (v),
1,.(6C, (f(u).0.) AC, (81, (f () 0).0) < £ (C, (w,) =T ().
Hence f*(u) is -fMcin X.
(iv)=> (vi): It is easily proved from Theorem (1.4)
(vi)=(i): Let u be i-fuzzy opensetof Y. Then u=1 (u,1).
By (vi), f7(u)<MI_(f7(n),2).
On the other hand, by Theorem(1.5),
F2 () =ML (7 (p), 0).

Thus, f~*(x)=MI_(f*(u),2), thatis, f(u) is :-fMo set.

Theorem2.2  Foramap f :(X,7,) > (Y,7,) the succeeding statements are equivalent:
(iy f isfM -cts mapping.
(i) f(w) is (-fMcin X foreach Ael’,iel, with 7,(1—u)>e.
(iii) I,l(HCrl(f’l(,u), 1),)) AC, (5I,1(f*1(,u),z),l) < f*l(CT2 (w,2)), V wuel’ and rel,.
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(iv) f’l(lrz(,u,l))SCTl(GITl(f’l(,u),z),z)vI11(5Crl(f_1(,u),z),z) foreach pel’ and

rel,.

Proof. (i)= (ii): Let wel',zel, with rz(i—,u)Zz. Since f is fuzzy M -continuous

mapping, f *(A—g) isan -fM o set of X .But f*(l—u)=1—f (). Therefore f*(u)
isan -fM csetof X.
(i) = (iii): For all uel’,ie I, , since rz(l—CT2 (¢£,1)) >1. Then by (i), we see that

f‘l(CTZ(,u,z)) is -fM cin X. Hence

f2(C,, ()21, (6C_(F(C, (1.1),1),) AC, (51, (F7(C, (1,0)),2).,1)
21, (6C_(f7 (1), ), ) AC_ (81, (f7(w) 0), ).

(iii)=(ii): Forall uel”, rel,, with 7,(1—x)>s Then by (iii),

1 (6C, (T (u).0).,) AC,_ (51, (F (), 0, )< T(C,_ (1)) = T (u).

Hence f~'(u) is :-fMcin X.

(iii) = (iv): Forall uel’, rely, with z,(1—x) >z Then by (i),

1, (0C, (f*(=1),0,) AC, (81, (F *(A-p2),,)) < £(C,, (A= p2,)).
1, (0C, (A= 17(),0,) AC (51, (A= F7(1).0),) <1= 1 7(1, (11, )
1, @=01, (F7(),0,) AC, A=51, (F7(),,0) <1=17(1,, (.)).
[1-C @1, (£ (), 0.0) | A| 11, (6C (F(u)0)o0) | <1 120, ().
C, (01, (F (), 0, )V 1, (5C, (7 ()., > (1 (w,))

Thus (iv) is proved.
(iv)=(i): Let u be i-fuzzy opensetof Y. Then u=1, (u,1). By(iv),

f‘l(,u)SCTl(erl(f’l(y),l),l)vITl(§Crl(f’1(,u),z),z). Thatis, f () is -fMo set.

Definition 2.2 A fuzzy set A ina fts (X,7) is called 1-fuzzy dense if there exists no 1-fc
set u in (X,7) suchthat A< u<l.

Definition 2.3 A fuzzy set A1 in a fts (X,7) is called 1-fuzzy nowhere dense if there exists
no non-zero i-fo set u in (X,7) such that u<C_(A,17). That is., I,(CT(/l,z),z):E), in
(X, 7).

Lemma 2.1 Fforasfts (X,7), every i-fuzzy dense setis 1-fpo.

Proposition 2.1 Let (X,7;) and (Y,7,) befts'sand f:X —Y beamapping. AnfM -cts
mapping f is fo p-ctsif for any fuzzy subset A of X is 1-fuzzy nowhere dense.

Proof. Let uer, Since f is an fM -cts mapping, then f'(u) is an -fM o set in
(X,7,). Put f*(u)=A is :-fMosetin X. Hence
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A<C (61 _(4,1),1)vI_(6C (4,1),7).
But 81 (4,)<I1 (1,)<C_(4,17), then 6Ol (4,1)<I| (C(4,1),7). Since A1 is 1 -fuzzy
nowhere dense and Lemma Error! Reference source not found., we have 8l _(4, z):(_).
Therefore f isfod p-cts.

Definition 2.4 Let (X,7;) and (Y,7,) be sfts's and f:(X,7)—(Y,7,) be a mapping.
Then f s called fuzzy 6-open map if the image of every i-fuzzy open set of X,t,) is 1

fuzzy O-opensetin (Y,7,).

Definition 2.5 Let (X,7;) and (Y,7,) be sfts's and f:(X,7)—>(Y,z,) be a mapping.
Then f iscalled fuzzy O-bicontinuousif f isfuzzy 6@-open map and 6 -continuous map.

Theorem 2.3 Llet (X,7) and (Y,z,) be sfts's and f:(X,7)—>(Y,z,) be a fuzzy 0
-bicontinuous mapping. Then the inverse image of each 1-fM osetin (Y,z,) under f is 1-f
Mosetin (X, 7).

Proof. Let f be afuzzy @-bicontinuous mappingand u bea -fMosetin (Y 7,). Then
u<C_(61, (10,01, (6C, (u.1).12).
)< £(C,, (01, (). )V 11, (5C, (1,0, 0).
<C, (701, (D)) v (1, (6C,, (1), 0).

Since f is an fuzzy @ -bicontinuous mapping, then f is fuzzy € -open map and -
continuous map. Then f isf@s-cts map and f&p-cts map. Hence

f7 ) <C,_ (01, (1701 (w0).0.9v1, (5C_(f7(_(C, (1,2),1).1),2).
<C_01, (701, (u0).).)v 1, (5C, (F(5C, (u.0)1).0).
< Crzﬁlrz(f‘l(,u), 1),1) Vv ITZ5CTZ(f’1(,u), 0),1).

This shows that f *(x) is -fM osetin (X,7,).

Remark 2.2 Llet (X,7) and (Y,z,) be sfts's and f:(X,z)—>(Y,z,) be a fuzzy 0

-bicontinuous mapping. Then the inverse image of each 1-fo po (resp. 1-f@so)setin Y under
f is 1-fMosetin X.

Remark 2.3 Let (X,7;) and (Y,z,) be fts's and f:X —>Y be a mapping. The
composition of two fM -cts mappings need not be fM -cts as shown by the following example.

Example 2.8 Llet A, @ and u be fuzzy subsets of X =Y =Z ={a,b,c} defined as

follows
A(xX)=04, A(y)=05, A(2)=0.2;

o(x)=07, o(y)=1 w(z)=05.

#(x)=0.5, wu(y)=04, wu(z)=0.7;
Then 7,r,andz, : 1* — 1 defined as

7,(4) =11,
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=00r1,%,if = ,0,otherwise, 7, (w) = {1, =Oor1,%,if = ,0,otherwise,

7,(w) = {1,
= 0or 1 ,%,if = ,0,otherwise, 7,(x) ={1, = Oor 1,%,if = ,0,otherwise, are fuzzy
topologies on X, Y and Z. Consider the identity mapping f:(X,7)—(Y,z,) and

g:(Y,z,) > (Z,7;). Take z=%. For any %—fo set o in (Y,7,), fH(@)=w is %—fMo
set in (X, 7). Also, for any %-fuzzy open set 4 in (Z,7,), 9 (w)=u is %-fMo in
(Y,z,). Thus f isfM-ctsand g is fM -cts. But gof isnotfM -cts,as u is %-fo set

in Z.7), (90 ()= g ()= fsnot Mo in (X,

Example 2.9 Let (X,z), (Y,7,) and (Z,7;) be sfts's. If f:(X,7)—>(,z,) and
9:(Y,7,) >(Z,7;) are mappings, then

(i) gof isfM -cts mappingif f isfM -ctsand g isf-cts.

(i) gof isfM -cts mappingif f isfuzzy @-bicontinuousand g isfM -cts mapping.

Proof. (i) Let ez, Since g isf-cts, then g™*(x) isan z-fosetin (Y,z,). Since f isf
M -cts, then (g™ (w))=(gof)™(x) is :-fM osetin z,. Hence gof isfM -cts.

(i) Let ger, Since g is fM -cts, then g*(x) is an -fM o set in (Y,z,). Since f is
fuzzy @-bicontinuous, by Theorem Error! Reference source not found., (go f)™(u) is ¢-f
Mosetin 7. Hence gof isfM -cts.

Conclusion: In this paper, fM -cts, f@-cts and f&s-cts in sfts's. Also, some of their
fundamental properties are studied. Moreover, we investigate the relationships between f-cts,
f@s-cts, fO-cts, fO s- cts, fJ p-cts, fa-cts, fM -cts, fe -cts and fe" -cts mappings.
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