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Abstract 

 
  The aim of this paper is to introduce the concepts of ( , )i j -regular weakly closed sets, ( , )i j

-regular weakly open sets and study their basic properties in ideal bitopological spaces. In 
particular, it is proved that ( , )i j -

rwI  closed sets are closed under finite unions. Also some 

relations are given and we establish that some relations are not reversible, which are justified 
with suitable examples. Further the necessary and sufficient condition for a subset A  of an 
ideal bitopological space 

1 2( , , , )X I   to be an ( , )i j -
rwI -open set is established.  
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1 .Introduction and Preliminaries  

The concept of bitopological space was introduced by J. C. Kelly [5]. On the other hand S. S. 
Benchalli and R. S. Wali [2] introduced the concepts of regular weakly closed sets and regular 
weakly open sets in a topological space. R. S. Wali [10] introduced the concepts of regular 
weakly closed sets and regular weakly open sets in bitopological spaces. 
Recently many authors are introducing the topological concepts with respect to an ideal I . For 
instant, Palaniappan and Alagar [7] introduced regular generalized closed sets and regular 
generalized locally closed sets with respect to an ideal. Alagar and Thenmozhi [1] introduced 
regular generalized star closed sets with respect to an ideal. T. Noiri and N. Rajesh [6] 

introduced ( , )i j - gI  closed sets in bitopological spaces. 

In this paper, we introduce the concepts of ( , )i j -regular weakly closed sets with respect to an 

ideal {( , )i j -
rwI -closed sets} and ( , )i j -regular weakly open sets with resepect to an ideal 

{( , )i j -
rwI -open sets} and study their basic properties in ideal bitopological spaces. 

2.Preliminaries   
Let 

1 2( , , , )X I   or simply X  denote an ideal bitopological space. The intersection (resp. 

union) of all 
i -semi closed sets containing A  (resp. 

i -semi open sets contained in A ) is 

called the 
i -semi closure (resp. 

i -semi interior) of A , denoted by 
i - ( )scl A  {resp. 

i -

( )sint A }. For any subset A X , 
i - ( )int A  and 

i - ( )cl A  denote the interior and closure of 

a set A  with respect to the topology 
i  respectively. The closure and interior of B  relative 

to A  with respect to the topology 
i  are written as 

i - ( )Acl B  and 
i - ( )Bint A  

respectively. The set of all 
i -regular closed sets in X  is denoted by 

i -
1 2. ( , , )RC X   . The 

set of all j -regular open sets in X  is denoted by j -
1 2. ( , , )RO X   . CA  denotes the 
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complement of A  in X  unless explicitly stated. 
We shall require the following known definitions : 
Definition 2.1 A subset A  of a space ( , )X   is called 

(i) regular open [8] if = ( ( ))A int cl A  and regular closed [8] if = ( ( )),A cl int A  

(ii) regular semiopen [3] if there is a regular open set U  such that ( )U A cl U  , 

(iii) rw-closed [2] if ( )cl A U  whenever A U  and U  is regular semiopen, 

(iv) rw-open [2] if X A  is rw-closed.  

Definition 2.2 A nonempty collection of subsets I  of a set X  is called an ideal if 
(a) If A I  and B A  implies B I  (heridity) 

(b) If A I  and B I  implies A B I   (additivity).  

Definition 2.3A subset A  of a space ( , , )X I  is said to be a regular weakly closed set with 

respect to the ideal (
rwI -closed) [9] if *A U  whenever A U  and U  is regular semiopen.  

Definition 2.4 Let , {1,2}i j  be fixed integers. In a bitopological space 
1 2( , , )X   , a subset 

A  of X  is said to ( , )i j - rw -closed [10] if j - ( )cl A U  whenever A U  and U  is 

regular semiopen in 
i . 

Definition 2.5 Let , {1,2}i j  be fixed integers. In a bitopological space 
1 2( , , )X   , a subset 

A  of X  is called 

(i) ( , )i j -generalized closed with respect to an ideal {( , )i j - gI  closed} [6] in X  if and only if 

j - ( )cl A U I   whenever A U  and U  is 
i -open in X , 

(ii) ( , )i j -regular generalized star closed with respect to an ideal {( , )i j - *

rgI  closed} [4] in X  

if and only if j - ( )cl A U I   whenever A U  and U  is i j  -regular open in X .  

3. ( , )i j -
rwI  closed sets  

Definition 3.1A subset A  of an ideal topological space 
1 2( , , , )X I   is called an ( , )i j

-regular weakly closed set with respect to an ideal {( , )I i j -
rwI  closed} in X  if and only if j -

( )cl A U I   whenever A U  and U  is 
i -regular semiopen in X , , =1,2i j  and i j

.  

Example 3.1 Let ={ , , , }X a b c d , 
1 ={ ,{ },{ },{ , }, }a b a b X  , 

2 ={ ,{ },{ , },{ , , }, }a b c a b c X  , 

={ ,{ },{ },{ , }}I a d a d . Then , ,{ },{ },X a d  { , },{ , },{ , },{ , , },{ , , },{ , , }a b a d b c a b c a b d b c d  are 

(1,2) -
rwI  closed sets in 

1 2( , , , )X I  .  

Theorem 3.1 Let 
1 2( , , , )X I   be an ideal bitopological space. Every ( , )i j - rw  closed set is 

( , )i j -
rwI  closed in X , , =1,2i j  and i j .    

Proof. Let A  be ( , )i j - rw  closed. Let A U  and U  is 
i -regular semiopen in X , 

, =1,2i j  and i j . Then j - ( )cl A U . Hence j - ( ) =cl A U I  . Therefore, A  is 

( , )i j -
rwI  closed.            

Remark 3.1 The converse of the above theorem is not true in general as can be seen from the 
following example.  

Example 3.2 In Example 3.1 { }a  is (1,2) -
rwI  closed, but not (1,2) - rw  closed in 

1 2( , , , )X I  .  

Remark 3.2 (1,2) -
rwI  closed sets, (1,2) - *rg

I  closed sets and (1,2) - gI  closed sets are 

independent in general as can be seen from the following example.  

Example 3.3  In Example 3.1 (1,2) -
rwI  closed sets are ,{ },{ },a d  

{ , },{ , },{ , },{ , , },{ , , },{ , , }a b a d b c a b c a b d b c d , (1,2) - gI  closed sets are ( )P x  

{{ },{ },{ , },{ , }}b d a b a d  and (1,2) - *rg
I  closed sets are ( ) {{ },{ },P x b d  { , }}a d . Clearly 
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these sets are independent to each other.  

Theorem 3.2 Let A  be a subset of an ideal bitopological space 
1 2( , , , )X I  . If A  is ( , )i j -

rwI  closed then j - ( )cl A A  does not contain 
i -regular semiclosed sets such that F I , 

, =1,2i j  and i j .     

Proof. Suppose that A  is ( , )i j -
rwI  closed, , =1,2i j  and i j . Let F  be an 

i -regular 

semiclosed set such that jF  - ( )cl A A . Since jF  - ( )cl A A , we have [ jF  -

( )] Ccl A A . Consequently CF A  and jF  - ( )cl A . Since CF A , we have CA F . 

Since F  is
i -regular semiclosed sets, we have CF  is 

i -regular semiopen. Sinec A  is 

( , )i j -
rwI  closed, we have j - ( ) =C

jcl A F  - ( ) =cl A F F I  . Thus, j - ( )cl A A  does 

not contain 
i -regular semiclosed sets such that F I .            

Theorem 3.3 If A  and B  are ( , )i j -
rwI  closed sets then A B  is ( , )i j -

rwI  closed, 

, =1,2i j  and i j .    

Proof. Suppose that A  and B  are ( , )i j -
rwI  closed sets, , =1,2i j  and i j . We shall 

show that A B  is ( , )i j -
rwI  closed. Let A B U   and U  is 

i -regular semiopen. 

Since A B U  , we have A U  and B U . Since A U  and U  is 
i -regular 

semiopen, we have j - ( )cl A U I  . {since A  is ( , )i j -
rwI  closed}. Since B U  and U  

is 
i -regular semiopen, we have j - ( )cl B U I  . {since B  is ( , )i j -

rwI  closed}. Therefore, 

j - ( ) = { jcl A B U   - ( ) } { jcl A U   - ( ) }cl B U I  . Hence A B  is ( , )i j -
rwI  closed.            

Remark3.3 The intersection of two ( , )i j -
rwI  closed sets is not an ( , )i j -

rwI  closed set in 

general as can be seen from the following example.  

Example 3.4 In Example 3.1, ={ , }A a b , ={ , }B a c  are (1,2) -
rwI  closed sets, but 

={ }A B b  is not an (1,2) -
rwI  closed set in X .  

Lemma 3.1 Let A  be an 
i -open set in 

1 2( , , )X    and let U  be 
i -regular semiopen in A

. Then =U A W  for some 
i -regular semiopen set W  in X , , =1,2i j  and i j .  

Lemma 3.2 If A  is i j  -open and U  is 
i -regular semiopen in X  then U A  is 

i

-regular semiopen in A , , =1,2i j  and i j .  

Lemma 3.3 If A  i j  -open in 
1 2( , , )X   , then j - ( )A jcl B A   - ( )cl B  for any subset B  

of A , , =1,2i j  and i j .  

Theorem 3.4  Let I  be an ideal in X . Let B A  where A  is 
i -regular semiopen, j

-regular semiopen and ( , )i j -
rwI  closed. Then B  is ( , )i j -

rwI  closed relative to A  with 

respect to an ideal ={ | }AI F A F I   if B  is ( , )i j -
rwI  closed in X , , =1,2i j  and 

i j .   

Proof. Suppose that B  is ( , )i j -
rwI  closed in X , , =1,2i j  and i j . We shall show that 

B  is ( , )i j -
rwI  closed relative to A . Let B U  and U  is 

i -regular semiopen in A . 

Since A  is 
i -open in X  and U  is 

i -regular semiopen in A , we have =U A W  for 

some 
i -regular semiopen set W  in X  {  By Lemma 0} . Since A  is i j  -open in X  

and W  is 
i -regular semiopen in X , we have =U A W  is 

i -regular semiopen set in 

X  { by Lemma 0} . Hence B U  and U  is 
i -regular semiopen set in X . Since B  is 

( , )i j -
rwI  closed in X , we have j - ( )cl B U I  . Therefore, j - ( ) Ccl B U I  . 

Consequently, j - ( ) C

Acl B A U I   . Since A  is i j  -open in X , we have j -

( ) = jcl B A  - ( )Acl B  {  by Lemma 0 } . Hence j - ( )A Acl B U I  . Therefore, B  is ( , )i j -
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rwI  closed relative to A .            

Theorem 3.5  Let A  and B  be subsets such that jA B   - ( )cl A . If A  is ( , )i j -
rwI  

closed, then B  is ( , )i j -
rwI  closed, , =1,2i j  and i j .   

Proof. Let A  and B  be subsets such that jA B   - ( )cl A . Suppose that A  is ( , )i j -
rwI  

closed, , =1,2i j  and i j . Let B U  and U  is 
i -regular semiopen in X . Since 

A B  and B U , we have A U . Hence A U  and U  is 
i -regular semiopen in X . 

Since A  is ( , )i j -
rwI  closed, we have j - ( )cl A U I  . Since jB  - ( )cl A , we have j -

( ) jcl B  - ( )cl A . Hence j - ( ) jcl B U   - ( )cl A U I  . Therefore, B  is ( , )i j -
rwI  

closed.            

Theorem 3.6 Suppose that j - 1 2. . ( , , ) jR S O X    -
1 2. . ( , , )R S C X   , then every subset of X  

is ( , )i j -
rwI -closed, , =1,2i j  and i j .  

Proof. Suppose that j - 1 2. . ( , , ) jR S O X    -
1 2. . ( , , )R S C X   , , =1,2i j  and i j . Let A  

be a subset of X . Let A U  and U  is 
i -regular semiopen in X . Since j -

1 2. . ( , , ) jR S O X    -
1 2. . ( , , )R S C X   , we have U  is j -regular closed in X . Then j -

( ) =cl U U . Since A U , we have j - ( ) jcl A  - ( ) =cl U U . Therefore, j - ( )cl A U . 

Consequently, j - ( ) =cl A U I  . Hence A  is ( , )i j -
rwI -closed.            

 ( , )i j -
rwI  open sets  

Definition 4.1 A subset A  of an ideal bitopological space 
1 2( , , , )X I   is called ( , )i j -regular 

weakly open with respect to an ideal { ( , )i j -
rwI  open} in X  if and only if its complement is 

( , )i j -regular weakly closed with respect to an ideal ( ( , )i j -
rwI  closed) in X , , =1,2i j  and 

i j .  

Example 4.1  In Example 3.1, , ,{ },{ },{ },{ , },{ , },{ , },X a c d a d b c c d  { , , },{ , , }a b c b c d  are 

(1,2) -
rwI  open sets in 

1 2( , , , )X I  .  

Theorem 4.1 A subset A  of an ideal bitopological space 
1 2( , , , )X I   is ( , )i j -

rwI  open if 

and only if jF  - ( )int A I  whenever F A  and F  is 
i -regular semiclosed in X , 

, =1,2i j  and i j . 

Proof. Suppose that A  is ( , )i j -
rwI  open, , =1,2i j  and i j . We shall show that jF  -

( )int A I  whenever F A  and F  is 
i -regular semiclosed in X . Let A F  and F  

is 
i -regular semiclosed in X . Then C CA F  and CF  is 

i -regular semiopen in X . Since 

A  is ( , )i j -
rwI  open, we have CA  is ( , )i j -

rwI  closed. Hence j - ( )C Ccl A F I  . 

Consequently, [ j - ( )] =C

jint A F F   - ( )int A I . 

Conversely, suppose that jF  - ( )int A I  whenever F A  and F  is 
i -regular 

semiclosed in X . Let CA U  and U  is 
i -regular semiopen in X . Then, CU A  and 

CU  is 
i -regular semiclosed in X . By our assumption, we have C

jU  - ( )int A I . Hence 

[ i - ( )] =C

jint A U  - ( )Ccl A U I  . Consequently, CA  is ( , )i j -
rwI -closed. Hence A  is 

( , )i j -
rwI  open.            

Remark 4.1 (1,2) -
rwI  open sets, (1,2) - rgI  open sets and (1,2) - gI  open sets are 

independent in general as can be seen from the following example.  
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Example 4.2 In Example 3.1, (1,2) -
rwI  open sets are ,{ },{ },{ },a c d  

{ , },{ , },{ , },{ , , },{ , , }a d c d b c a b c b c d , (1,2) - gI  open sets are 

( ) {{ , },{ , },{ , , },{ , , }}P x b c c d a b c a c d  and (1,2) - *rg
I  closed sets are 

( ) {{ , },{ , , },{ , , }}P x b c a c d a b c . Clearly these sets are independent to each other.  

Theorem 4.2  Let A  and B  be subsets such that j - ( )int A B A  . If A  is ( , )i j -
rwI  

open, then B  is ( , )i j -
rwI  open, , =1,2i j  and i j .     

Proof. Suppose that A  and B  are subsets such that j - ( )int A B A  . Let A  be ( , )i j -

rwI  open, , =1,2i j  and i j . Let F B  and F  is 
i -regular semiclosed in X . Since 

F B  and B A , we have F A . Since A  is ( , )i j -
rwI  open, we have jF  -

( )int A I . Since j - ( )int A B , we have j - ( ) jint A  - ( )int B . Therefore, jF  -

( ) jint B F   - ( )int A I . Consequently, B  is ( , )i j -
rwI  open.            

Theorem 4.3 If a subset A  is ( , )i j -
rwI  closed, then j - ( )cl A A  is ( , )i j -

rwI  open, 

, =1,2i j  and i j .    

Proof. Suppose that A  is ( , )i j -
rwI  closed, , =1,2i j  and i j . Let jF  - ( )cl A A  

and F  is 
i -regular semiclosed . Since A  is ( , )i j -

rwI  closed, we have j - ( )cl A A  does 

not contain 
i -regular semiclosed such that F I  {  by Theorem 0 } . Hence, F I . 

Therefore, jF  - [ jint  - ( ) ]cl A A I  . Consequently, j - ( )cl A A  is ( , )i j -
rwI  open.            

Theorem 4.4 If A  and B  are ( , )i j -
rwI  open sets then A B  is ( , )i j -

rwI  open, 

, =1,2i j  and i j .    

Proof. Suppose that A  and B  are ( , )i j -
rwI  open sets, , =1,2i j  and i j . Let 

F A B   and F  is 
i -regular semiclosed. Since F A B  , we have F A  and 

F B . Since F A  and F  is 
i -regular semiclosed, we have jF  - ( )int A I . { since 

A  is ( , )i j -
rwI  open} . Since F B  and F  is 

i -regular semiclosed, we have jF  -

( )int B I  { since B  is ( , )i j -
rwI  open } . Therefore, jF  - ( ) = { jint A B F   -

( )} { jint A F   - ( )}int B I . Hence A B  is ( , )i j -
rwI  open.            

Remark 4.2 The union of two ( , )i j -
rwI  open sets is not an ( , )i j -

rwI  open set in general as 

can be seen from the following example.  

Example 4.3  In Example 3.1, ={ }A a , ={ }B c  are (1,2) -
rwI  open sets, but ={ , }A B a c  

is not an (1,2) -
rwI  open set in X .  
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