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Abstract
In this paper, we introduce various types of fuzzy €-connectedness in intuitionistic fuzzy

topological spaces in view of S ostak’s sense. The interrelationship between different notions
of intuitionistic fuzzy €-connectedness are investigate. Also, we inspect some interrelations
between these types of intuitionistic fuzzy € -connectedness together with the preservation
properties under intuitionistic fuzzy € -continuous maps.
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1. Introduction Zadeh [33] introduced the fundamental concept of a fuzzy set. Later Chang

[7] defined fuzzy topological spaces. S ostak [29] introduced the fundamental concept of a
fuzzy topological structure, as an extension of both crisp topology and Chang’s fuzzy topology.

The fuzzy topology in S ostak’s sense were rediscovered by Chattopadhyay et. al [8]. In the
same year, Ramadan [21] gave a similar definition of a fuzzy topology under the name “smooth
topology”.

On the other hand, Atanssove and his collegues [2]-[6] introduced the fundamental concept of
an intuitionistic fuzzy set. Coker [11],[13] used this type of generalized fuzzy set to define
“intuitionistic fuzzy topological spaces”. Also Coker and Demirci [12] introduced the basic

definition and properties of “intuitionistic fuzzy topological spaces in S ostak’s sense” which is

a generalized form of “fuzzy topological spaces” developed by S ostak [29],[30]. In this sense
many work have been launched [14],[16]-[19],(24],[31]. Recently, Sobana et.al [28] were
introduced the concept of fuzzy €-open sets, fuzzy €-continuity and fuzzy €-compactness in
intuitionistic fuzzy topological spaces.
Connectedness of fuzzy sets is an important subject in fuzzy topology, it won the attention of
many researchers [1],[7],[15],[20],[23],[25]-[27],[32].
In this paper, many different notions of €-connectedness of fuzzy sets are extended to
intuitionistic fuzzy topological spaces in S ostak’s sense and interrelationship between them
are studied. Also, we inspect some interrelations between these types of intuitionistic fuzzy €
-connectedness together with the preservation properties under intuitionistic fuzzy €
-continuous maps.

Preliminaries

Definition 2.1 [2] Let X be a nonempty fixed set. An intuitionistic fuzzy set (briefly, IFS) A
is an object having the form

A={(X, 1,(x), 7,()): x € X}

where the map g, : X —>land y,:X — 1 denote the degree of membership (namely,

1, (X)) and the degree of nonmembership (namely, y,(x)) of each element Xe X to the set

A, respectively, and 0< z,(X)+,(x) <1 for each Xe X . Obviously, every fuzzy set A on
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a nonempty set X isan IFS having the form
A={X, 15 (%), 1= 5 (X)) 1 X € X}
For the sake of simplicity, we shall use the symbol A ={(X, z£,(X), 7,(X)) : x e X}. For a given

nonempty set X, let us denote the family of all IFSsin X by the symbol ¢*.
Definition 2.2/2],[4] Let X be a nonempty set, and the IFSs A and B in X be the form
A={X, 1,(X), 7a(X)) : x € X}, B ={(X, 15 (X), 75 (X)) : X € X} Furthermore, let {A:ieJ} be
an arbitrary family of IFSs in X. Then

1. AcB iff g,(X)<(x) and y,(X) = p5(x), forall xe X,
A=B iff AcB and BCA,
A={0 7,00, 1, () 1 x € X},
A-B=ANB,
A = Al (), \7a (X)) i x € X3,
UA ={xvaa (9, Ara(0) 1 x € X3,

7. 0. ={x,0,D):xeX} and 1 . ={(x,1,0):xe X}.
Definition 2.3/10] Let a and b be two real numbers in [0,1] satisfying the inequality
a+b<1. Then the pair {(a,b) is called an intuitionistic fuzzy pair. Let (a,,b,)(a,,b,) be two
intuitionistic fuzzy pairs. Then we define

L (a,b)<(a,b)<a<aand b=b,

2. (a,b)=(a,by<a =a,and b =h,,

3. If {(a,b):ied} isa family of intuitonistic fuzzy pairs, then \ /(a;,b) ={(\/a, Ab)
and  A¢&,0) ={(Aa\ D)

4. The complement of an intuitionistic fuzzy pair (@,b) is the intuitionistic fuzzy pair
defined by (a,b)=(b,a),

5. 1=(1,0) and 0=¢0,2).
Definition 2.4 [13] Let X and Y betwo nonemptysetsand f: X —Y bea map.

1. If B={Y,15(¥),7:(y)):yeY} isanIFSin Y , then the preimage of B under f,
denoted by f*(B),isthelFSin X definedby f(B)={(x, f *(u)(X), f *(75)(X): xe X}.

2. If A={Y, ta(Y), 7A(Y)):xe X} isanIFSin X, thentheimageof A under f,
denoted by f(A),isthelFSin Y definedby f(A)={Yy, f(u)(Y), f(r.)(Y):yeY}, where
i(yA) =1-f(1-ya)
Definition 2.5/9] Let A, Be g“x. Then, A and B are said to be quasi-coincident, denoted by
AgB iff there exists an element Xe X such that p,(X)>y5(X) or y,(X)<p(X),

S T o

otherwise AaB.
Theorem 2.1/9],[31] Let A Be(™. Then

1. AgB iff AcB,
2. AgB iff Az B,
3. if AMB=0 . ,then AcB,
4. if Az B,then ANB=0 .

Definition 2.6[10] An IFS & on the set ¢* s called an intuitionistic fuzzy family (IFF for short)
on X. In symbols, denote such an IFF in form §=<,u§,7§>. Let £ bean IFF on X . Then
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the complemented IFF of £ on X is defined by §*=(,u§*,7/§*> , Where ,ug*(A) = ,ué(ﬂ) and
Ve (A)=7. (A), foreach Ae ™.

If T isanlIFFon X, then forany Aec™, construct the intuitionistic fuzzy pair (tr (A), 71
(A)) anduse the symbol T (A)=(z (A), 7, (A)).

Definition 2.7.[12] An intuitionistic fuzzy topology in S ostak’s sense (IFT for short) on a
nonempty set X isanlIFFTon X satisfying the following axioms:

1. T .)=T@ .)=1,

2. T(ANB)>=T(A)AT(B),forany ABec”,

3. T(JA)=AT(A), forany {A:jed}c=d™.
In this case, the pair (X,T) is called an intuitionistic fuzzy topological space in S ostak’s
sense (IFTS for short). For any Ae(™, the number g (A) is called the openness degree of
A, while y.(A) is called the nonopenness degree of A.

Definition 2.8[12] Let (X,T) be an IFTS on X . Then, the IFF T" of complemented IFSs on
X is defined by: T"(A) =T(A). The number M (A) =1 (K) is called the closedness degree
of A, while - (A= (A) is called the nonclosedness degree of A.
Theorem 2.2[12] The IFF T on X satisfies the following properties:
1. T°0 )=T"( .)=1,
2. T (AUB)>T (A)AT (B),forany ABel”,
3. T'(A)Z AT (A),forany {A:iel}cd™.

Definition 2.9/12] Let (X,T) be anIFTSand A be an IFSin X. Then the fuzzy closure and
fuzzy interior of A are defined by
cl, ,(A)={K e A K, T (K)>(a, f)}. int, ,(A)=AGe G AT(G)>(a,p)}.
where ael,=(0,1], <1, =[0,1) with a+p<1.
Theorem 2.3[12] The closure and interior operators satisfy the following properties:
1. Accl, 4(A),

2. int, ,(A)S A,
3. cl, 4l ,(A)=cl, ,(A),
4. int, (int, ,(A)) =int, ,(A),
5. cl,,(AuB)=cl, ,(A)ucl, ,(B),
6. int, ,(AnB)=int, ,(A)Nint, ,(B),
7. cl,,(A)=int, ,(A),
8. int, ,(A)=cl, ;(A).
Definition 2.10/12] Let (X,T,) and (Y,T,) be two IFTSs and f:X —Y be a map. Then
f is said to be intuitionistic fuzzy continuous iff
T,(f7(B)) 2T,(B)
foreach Be(".

Theorem 2.4[12] The following properties are equivalent
1. f:(X,T)—(Y,T,) isanintuitionistic fuzzy continuous,

2. T, (f*(B)=T,(B),foreach Bel".
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Definition 2.11/22] Let A be an IFS in an IFTS (X,T). For ael,, fel,with a+p<1, A

is called:
1. an (a,p)-intuitionistic fuzzy regular open (briefly, («, ) -ifro) setof X, if

int, ,(cl, ,(A)=A,
2. an (a,p)-intuitionistic fuzzy regular closed (briefly, («, f)-ifrc) setof X, if
cl, ,(int, ;(A))=A.
Theorem 2.5/22] Let A be an IFS in an IFTS (X,T). Then, for aecl,, fel, with
a+ <1
1. If A isan («,p)-ifro (resp. («,f)-ifrc)setthen, T(A)>{«, B)(resp.
T (A 2(a, f)),
2. A isan (a,p)-ifroset iff A isan (a, p) -ifrc set.

3. Different notions of €-connectedness of intuitionistic fuzzy sets
Definition 3.1. Let (X,T) be an IFTS and A=<X, 1,(X),v,(X)> be a IFSin X . Then the

fuzzy & closure of A are denoted and defined by ocl, ,(A)={K:K isan (a,p) ifrcsin
X and Ac K} and dint, ,(A)=AG:G isan (a,p) ifrosin X and Gc A}.
Definition 3.2 Let A be an IFSin an IFTS(X,T). A s called an («,f) intuitionistic fuzzy
€-open set (resp. €-closed set) ((«, ) -ifeos, for short)(resp. («, p)-ifecs, for short) in X if
A<cl, oint, ,(A)vint, ,ocl, ;(A)(resp. A>int, ,ocl, ,(A) ~cl, zoint, [(A)).

Definition 3.3 Let (X,T) be an IFTS and A=<X,u,,v,> be an IFS in X . Then the

intuitionistic fuzzy e -interior and intuitionistic fuzzy € -closure are defined and denoted by:
ecl, ,(A)={K:K isan (a,p) ifecsin X and Ac K}

and
eint, ,(A)=AG:G isan (a,f) ifeosin X and Gc A}.

Itis clearthat A isan (a,f)-ifecs ((a, f)-ifeos)in X iff A=ecl, ,(A)(A=int,(A)).

Definition 3.4 Let (X,T) beanIFTSand Nel”.For acl,, Bel, with a+p<1

1. Ifthere exist the IFSs U,V e” with U and V are (a,f)-intuitionistic fuzzy e
-open sets satisfying the following properties, then N is called an intuitionistic fuzzy eci""ﬂ
-disconnected (briefly, IFec{"'ﬂ -disconnected),
(1=1,2,3,4):
IFecf”ﬁ:N cUuVv,UunV gN,NmU #0 . , NNV =0 .,
IFec;” :NcUUV,NNUNV =0  ,NnU=0 ,NnV =0 ,
IFeci” :NcUWV,UNV cNU NV &N,
IFec/” :NcUUV,NAUNV =0 .,U N,V & N.

2. N issaid to be intuitionistic fuzzy eCi“‘ﬁ -connected (briefly, IFecf"” -connected) if
N isnotan IFeci”"/’ -disconnected, (i =1,2,3,4).

5 _If.'l:..'.-i. _ - - - A
IF ec|"” -connectedness B IF ec5"® -connectedness

IF ec5™” -connectedness —_— [F ecy*” -connectedness
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From Definition 3.4., we have the following implication between IFec;"'ﬁ -connectedness (
i1=1,2,3,4).

But the reciprocal implication are not true in general as shown by the following examples.
Example3.1 Let X ={a,b,c} and N,,N,,G e (i=1,2,3,4) defined as follows:

a b c a b ¢ b ¢ a b ¢
X__i_ — v —v - ; N _X___i_l_!_ 7’
= (01 0.2 01)(03 0.5 0.3)> el 0.4'0.3 0.3)(0.3 0.4 0.2)>

a b c a b c a b c a b c
(= — =) (= === ; G, =Xz — = i
= ( 0.4'0.4 03)(01 03 03)> 2 = ¢ (03 0.5 01)(0.4 0.2 0.2)>

a b C a b ¢ a b ¢

— ), (=, —,— X (—,—,—/),(—,—,—=)).
=X ( 5'0.3 )(01 02 02)> = (0.3 0.4 01)(04 0.3 0.3)>
Let T:£* —1x1 defined as follows:
1, if Ae{0 .1 }
T(A)=:(05,0.2), if A=G,(1=1,2,3,4)
0, otherwise.

Let «=0.3,3=0.4.Then, N,is both an IFec;” -connected and IFec{” -connected but not
an IFec” -connected (i.e., N, is an IFec;” -connected since, for every G, €™ with G,
is (o, B) -ifeos, i=1,2,3,4 , and satisfies
N, cG UG, N, cG UG, N, cG UG,,N, cG,UG,,N, cG, UG, , we have
N,NG NG, =0 .,

N,NG NG, #0,N, NG NG, #0 . ,NNG,NG,#0 . ,N"NG,NG, #0 .. Similarly, N, is
an IFec” -connected. N, is notan IFec/”-connected since, there exist G,G, €<* with
G, is (a,p) -ifeos, i=1,2 and satisfies N, =G, UG,,G NG, cN,,N,NG #0 . and
N, NG, #0 .. By the same technique we have, N, is an IFec;"” -connected but not an
IFec?” -connected.

Example 3.2 Let X ={a,b,c} and N,G, ¢* (1=1,2,3,4) defined as follows:

c a b c a b ¢ a b ¢
— ) (—,—,— ; G =X(—,—,—),(—,—,— ;
=X ( 02 0.0)( .3 05 1.0)> 1 = (0.0 0.3 0.2) (1. 0.4 03)>
a b ¢ a b ¢ a b ¢ a b ¢
G = X1 D R R P U R ’ G = Xy T R R U U R R ’
2 = (0.5 0.0 0.1) (0.2 1.0 03)> 2 = (05 0.3'0.2 (0.2 0.4 03)>
a b ¢ a b ¢
G, =(X,(—,—,—),(—,—,—)). Let T:&* > 1Ix1 defined as follows
=% (G000 017 To'Lo 03)> ¢ =l
1, if Ac{0 ., 1.}
()= 1040, |fA—{Gl,Gz}
(06,0.), if Ac{G,,G,}
0, otherwise.
let «=0.2,4=05.Then, N isan IFec” -connected but notan IFec” (resp. IFecy”)
- connected.

Definition 3.5 Let X be a nonempty set and A,Beg“x. For ael,,fel, with a+p<1,

A and B are said to be
1. (e, p)-intuitionistic fuzzy €-weakly separated (briefly, («, f)- IFEWS ) if there exist
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IFSs U,V e with U and V are (a,p)-ifeossuchthat AcU, BgV,AE]V,BEU,
2. (a,p)-intuitionistic fuzzy eq-separated (briefly, («,f)- 1FeqS ) if
ecl, ,(A)MB=0 . and Anecl, ,(B)=0 ..

Theorem 3.1 Let (X,T) be an IFTS and ABel”*. For ael,pel, with a+B<1 A
and B are (a,p)-IFeWSiff ecl, ,AcBand ecl, ,Bc A

Proof. Suppose that A,B are (a p) -IFeWs. Then there exists (a, B)-ifeo sets U,V e
such that AcU,BcV, AqV BCU By Theorem 2.1, AcV, since V is (a, p) -ifeo-set
then eclaﬁAngB.Slmllarly, eclaﬁBgA

Conversely, suppose that ecl, AcE and ecl, ,B< A Then,
Bcecl sA=V, Acecl ,B=U which |mpI|es that, U = ecl ,B=ecl, B is (a,p) -ifeos
and V = ecI sA=ecl, A is ifeos. Also, Ac eclaﬁA—V and B geclaﬁB =U , which

implies that AqV, BCU .Hence, A/B are (a,p)-IFeWS.
Definition 3.6 Let (X, T) beanIFTSand N el*. For ael, fel, with a+[<1,

1. N iscalled an intuitionistic fuzzy ec®” -disconnected (briefly, 1Fec”
-disconnected) if there existan («, ) - IFEWS sets A Be¢™ suchthat AUB=N and
A=0 .,B=0 .,

2. N iscalled an intuitionistic fuzzy ec;:” -disconnected (briefly, IFec”
-disconnected) if there existan («, ) - IFeqS sets A Bec™* suchthat AUB=N and
A=0 .,B=0 .,

3. N calledan IFec®” -connectedif N isnotan IFec”” -disconnected,

4. N calledan IFect” -connectedif N isnotan IFecs” -disconnected.

Theorem 3.2 Let (X,T) beanIFTSand Nel*. For ael,, fel, with a+B<1,if N is
an |Fec®” -connected then, N isan |Fec” -connected.

Proof. Suppose for a contradiction that N is an IFec,('j,'ﬂ -disconnected. Then, there exist
ABe¢™ such that AUB=N, (ecl, ,A)\nB=0 _,(ecl, ,B)nA=0  ,A=0  ,B»0 ..
By Theorem 2(’)@, we have eclaﬁAgg,eclaﬁBgﬂ Then by Theorem 3.1, N is an
IFec®” -disconnected which is a contradiction. Hence, N isan IFec’” -connected.

Theorem 3.3. Let (X,T) be an IFTS and Nel*. For ael,pBel, with a+B<1, if N
isan 1Fec”” -connected then, N isan |Fec®” -connected.

Proof. Suppose that N is an IFec”” -disconnected. Then, there exist A Be¢™* such that
AuB:N,(eclaﬁA)gE,(eclaﬁB)gR,A;tO . ,B#0 .. By Theorem 3.1, there exist
UV ed” with, U and V are {(a,p)- ifeos such that, AcU, BgV,AaV, BEU. Then,
N=AuBcUuUV. Also, NnU=0 .. For, if NNU=0 ., then NNA=0 .. Also,
UV cN. For, if UNV Z N then, (UNV)gN which implies that (UV)gA or
UnV)gB. Then (UgA and VgA) or (UgB and VgB) a contradiction with AaV and

BEU. Thus, N is an IFecf’/’ -disconnected, which is a contradiction. Hence, N is an
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IFec®” -connected.

Theorem 3.4 Let (X,T) beanIFTSand Nel*. For ael,, fel, with a+B<1,if N is
an 1Fec?” -connected then, N isan IFecs” -connected.

Proof. Suppose that N is an IFecy” -disconnected. Then, there exist (a, /) -ifeo sets
UVel® such that, NcUUV,NNUNV =0 ,NnU=0 NAV =0 . . Put
A=NnUcU and B=NnV cV. Then, AUB=(NNU)U(NNV)=NNnUwWV)=N.
Now, if AQV then, there exists Xe X such that z,(X)> 5, (X) or y.(X) <, (X). First if
w1y (X) >, (x) then, u,(x)>0 .. Since N=AvB and A<U then, g,(x)>0 . and
Uy (X)>0 .., (X)#0 .. (since, if g, (X)=0 ., then %, (X)=1 ., a contradiction with
L (X) >4, (X)). Thus (4, )AL, () A4, (X))>0 .. So, NnUNV =0 ., a contradiction
with NNUNV =0 .. Thus AoV . Second: if 7a(¥) < 1, (X) then,
u,(X)>0 ., xy(X)>0 . (for, if 4 (xX)=0 . then, N=AUB implies that,
Uy(X)= g (x)=0 .  so y,(X)=1 a contradicts with y,(X)<g (x) ). Since,
NcUUV =0 ., u(x)>0, ty(X)>0 then, (uyAp, Ap)(X)#0 . and  so,
NNU ANV #0 a contradiction, then AaV. Similarly, BEU. Then, N is an IFeC?'["
-disconnected, a contradiction. Thus N isan IFec;” -connected.

Theorem 3.5 Let (X,T) be an IFTS and Nel*. For ael,, pel, with a+B<1, if N
isan 1Fec”” -connected then, N isan IFec{” -connected.

Proof. Suppose that N is an IFecz”"/’ -disconnected. Then, there exist U,V €* with, U
and V are (a,p) -ifeo-sets such that, NcUuV,UnV gN,U gﬁ V gﬁ. Put
A=NNnUcU and B=NnV cV. Then, AUB=N. Let R=(X 14(X),7:(X)) and
S = (X, 15 (x), 75 (X)) . Where

() = {ﬂA(X), 1ty ()2 14, (9)
0, otherwise
ya(¥), iy, (<% (%)
1, otherwise
Mg (X), TF 14y (X) < 4, (X)
0, otherwise
(700, i 2,00> 7, (0
75 ()= {1, otherwise.

Then, N=RuUS Now, R=#0 . (since, if R=0 ., then UcV which implies that,

7R(X):{

s (X) = {

U=UnV gﬁ, a contradiction). Similarly, S#0 .. Also, RcAcU and ScBcV.
Now, Ra\/. For, if RqV then, there exists, XxeX such that, z,(X)>x(x) or
Vo (X) < 4, (X) . First, if g,(X) > 5, (X) then, z(X)>0 . whichimplies that, 2, (X)> g, (X).
Since N=RuUS then, Uy (X) = 1, (X) > 71, (X). Since, UnVcN then,
Uy X) <y, (X)) v, (X) but, g (X)>%,(X) this implies that y,(x) >, (X) then, y,(x)=1
this implies that 24, (X)=0 ., a contradiction. Then, RoV. Second, if 7 (X) < 1, (x) then,
7:(X) <1 . which implies that y,(X) <, (X). Since N=RUS then, y,(X)= (s A¥s)(X)
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implies  that  »,(X)<7.(X) then, ()< (x). Since, UNVcN  then,
V() = (1, Ay )(X) but, 7 (X) <4 (X) this implies that g, (X) > 2,(x) then, z,(x)=0
implies y,(x)=1 a contradiction. Then, RaV. Similarly, SaU. Then N is an IFec®”
-disconnected, which is a contradiction. Thus, N isan IFecg‘ﬂ -connected.
Theorem 3.6 Let (X,T) be an IFTS and Nel*. For ael,, Bel, with a+B<1, if N
isan 1Fec” -connected then,N isan Fecy” -connected.

Proof. Suppose that N is an IFech“,l'ﬂ -disconnected. Then, there exist A Be g“x such that,
AUB=N, (ecl, ,A)nB=0,(ecl, ,B)NA=0 . ,A#0 . ,B=#0 .. Let U=ecl ,A and

V =ecl, ;B. Then, U =U° = (ecl, ,A)°* and V =V' = (ecl, ,B)° are (a,p)-ifeo sets.

Now,  UnV =ecl,,Anecl, ,B=ecl, ,Auecl, ,B=ecl ,(AUB)=ecl ,NcN.  Also,

UuoV =ecl, ;,Avecl, ,B=ecl, ,Anecl, ,B=ecl, ,(AnB)=ecl, ,0 =0 =1 . Then,
NcUuwV Also U gﬁ. For if U gN then, N gU:eclaﬁA this implies that,
ecl, , ADAUB implies ecl, , 2B implies Bnecl, ;A0 , a contradiction. Similary,
V & N. Therefore, N is an IFec?” -disconnected which is a contradiction, then N is an
IFec’” -connected.
Definition 3.7 Let X be a nonempty set and ABel”. For ael,Bel, with
a+ <1, A and B aresaidtobe

1. (e, p)-intuitionistic fuzzy €-separated (briefly, (e, f)- IFes), if there exist IFSs
UV el with U and V are (a,p)-ifeo-sets suchthat AcU,BcV,UNB=0 . and
ANV =0 .,

2. (a, p)-intuitionistic fuzzy strongly €-separated (briefly, (a, ) - IFSeS ) if there exist
IFSs U,V eé’x with U and V are («,p)-ifeo-sets suchthat AcU,BcV,UNB=0 .
and AnV =0 . ,UgA and VgB.

Definition 3.8 Let (X,T) be a nonempty set and ABel*. For ael, Bel, with
a+ <1

1. N iscalled an intuitionistic fuzzy eO*”-disconnected (briefly, 1FeO*”
-disconnected) if there exist an («, f3) -IFeS sets A, Be(¢” suchthat AUB=N,A=0 .

and B0 .,

2. N iscalled an intuitionistic fuzzy eO;"” -disconnected (briefly, 1FeO;"”
-disconnected) if there exist an («, ) -IFSeSsets A Be/ ™ suchthat AUB=N,A=0 .
and B#0 .,

3. N iscalledan IFeO*”-connectedif N isnotan IFeO“”-disconnected,
4. N iscalled an IFeO:"ﬂ -connected if N isnotan IFeO:"ﬂ-disconnected.

Theorem 3.7 Let (X,T) be an IFTS and Nel*. For ael,, Bel, with a+pB<1, if N
is an IFecZ“’ﬂ -connected iff N isan 1FeO*” -connected.

Proof. Suppose that N isan IFeO“” -disconnected. Then, there exist A,Beg“X such that,
A B are (a,p)-IFeS, N=AUB,A=0 . ,B#0 .. Since AB are («,pf)-IFS, there exist
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uyvec”® with U and V are (a, B -ifeo-sets such that,

AcU,BcV,UnB=0 . ,VNnA=0 . ,N=AuBcUuUWV. Now
NNUNV =(AuB)NnU V) = (AnNUNV)u(BNUNV)=0 .. Also,
NNU =(AuB)NU =(AnU)u(BNU)=AU0 . =A=0 . . Similarly, NNV =0 ..
Then, N is an IFec;’"ﬂ -disconnected, which is a contradiction Hence, N is an IFeO*”
-connected.

Conversely, suppose that N is an IFeCZ’ﬁ -disconnected. Then, there exist U,V €™ with
U and V are (a,p) -ifeo-sets such that, NcUuUV,NNUNV =0 .,
NAU=0 . ,NnV =0 .. Let A=NnNnU cU and B=NnNnV cV. Then,
AUB=(NNU)UNNV)=NNnUUWV)=N. Also, UnB=UNNMNV =0 .. Similary,
VNA=0 .. So, N is an IFeO“”-disconnected which is a contradiction. Then, N is an
IFecy” -connected.
Theorem 3.8 Let (X,T) be an IFTS and Nel*. For acl,, Bel, with a+pB<1, if N
isan 1Fec” -connected then N isan IFeQ;” -connected.

Proof. Suppose that N isan IFeO;"ﬂ-disconnected. Then, there exist A B e g“x such that,

A B are (a,p)-IFSeS, N=AUB. Since AB are (a,p)-IFSeS, there exist UV e”
with U and \Y are (a, B) -ifeo-sets such that,
AcU,BcV,UnB=0.,VNA=0  ,UgAVgBN=AUBcUuUV. Now
NnUNV =(AuB)nUnV)= (AnUNnV)u(BNUNV)=0 .. Also, since UgA and
Ac N there exist xe X such that g, (X)>7,(X) =y, (X) or y,(X) <, (X) < g (X) this
implies that, U gﬁ. Similarly, V gﬁ. Therefore, N is an IFecf‘ﬁ -disconnected which
is a contradiction. Then, N isan IFeOé"ﬂ -connected.

Remark 3.2 From Remark 3.1 and Theorems 3.2-3.8, we can build the following diagram

IF ec}” disconnectedness

IF e -disconnectedness

. / 28 _ficconnectedness=
Efy " =18 CCIEANTSS 2 -
IF _{}Ld disconnectedness \ [Fecy” -disconnectedness=
e0 disconnectedness
[Fe0™ fed
B
IFE'{'_“ (1

[Fec);” disconnectedness sconnectedness

IF e0?? -disconnectedness

Examples 3.1, 3.2 and the next examples show that the reverse implications in Remark 3.2 are
not true in general.
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Example 3.3 Let X ={a, b} and N,G e(”(i=1,2) be defined as follows:

a b a b a b a

- PPN PN G:X__ o ;G:X1_1_1_

<(0303)(04 o§> =< %6 0)(020.1)> 2 <(a102)%3
Let T:£* —1x1 defined as follows:

i if Ac{0 .1 }
r(a) = [0402), if A=G;
(0.6,0.), if A=G,
0, otherwise.

b
,a)%

let «=03,8=04. Then, N isan IFec?” -connected but not IFec” -connected

Example 3.4 Let X ={a,b} and N,G, € (X (1=1,2,3,4,5,6) be defined as follows:

N = (i 6 (ﬁﬁmﬁ”
@W%@%@G Eﬁhﬁ
@m%@%@ (2 (e Dy
= (X, (E ﬁ) (03 a)) Let T:Z* —Ix1 defined as follows:
i, if Ac{0 .1 .}

T(A) = (0.3,0.1), if A={G,,G,}
(0.4,03) if A={G,,G,}
0, otherwise.
let «=0.3,=0.4. Then, N is an
IFecs” -connected.

Example 3.5 Let X ={a,b,c} and N,G, e (i=1,2,3) be defined as follows:

IFec” -connected and IFec{” -connected but not

c,,a b c : - a b c,a b c '
—<X(——'5§ 0020408 & =G5 0000 021010
a

— , —)) . Let
504 02 02 010.2
T:{"—>

L ﬁAem:J:}
T(A) = (0.2,0.4), !f A={G,,G,}

(0.6,0.), if A=G,

0, otherwise.

Llet «=0.1,8=0.7. Then, N isan IFeO(;”'”—connected but not IFecj”ﬂ -connected.

Example 3.6 Let X ={a,b,c} and N,G, € {X (1=1,2,3,4) be defined as follows:

C a b c a b ¢ a b ¢
- X - - _!_ ; G = X’ _1_!_! _l_!_ 7’
= ( 303’ 2)( 2'0.3 01)> L= (.3 0.3 02)(0.1 0.2 02)>
a b c a b ¢ a b c a b ¢
X - v - - - v 7 G = Xl _1_l_l _!_l_ ’
= (0 2'0.4'0. )(0 3'0.1 01)> 2 =( (03 0.4 02)(0.1 0.1 01)>
= (X, (O;a2 %,%) (% % Oi» Let T:£" —1x1 defined as follows:
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i if Ac{0 .1 }
(0.2,05), if A={G,G,}
(0.4,0.3), if A={G,,G}
0, otherwise.

T(A)=

let «=0.1,8=0.6 Then, N isan IFeC.” -connected but not IFec{"” -connected.
4. Intuitionistic fuzzy ec!” -connectedness
Definition 4.1 Let (X,T) beanIFTS. For acl,, el with a+[<1,

1. X iscalled an intuitionistic fuzzy ec?” -disconnected (briefly, IFecs”
-disconnected) if there existan IFS Ae ¢ suchthat Ais(a, B)-ifecl-open set (that is both
ifeo and ifecset) A#0 . and A=l ,

2. X iscalledan (e, p)-intuitionistic fuzzy €-disconnected (briefly, («, S)IFe
-disconnected) if there exist an IFSs A, Be¢* such that Aand B are(a, ) -ifecl-open set
suchthat AuB=1.,AnB=0 .,A#0 . and B=0 .,

3. X calledan IFec?” -connectedif X isnotan IFec?” -disconnected,

4. X calledan(a,f)IFe-connectedif X isnotan («,f)IFe-disconnected.

Theorem 4.1 Let (X,T) be an IFTS. For aecly,, fel, with o, <1, if (X,T) is an
IFec” -connected then, (X,T) isan (a, 8)IFe-connected.

Proof. Suppose that (X,T) is an (a,f)IFe -disconnected. Then, there exist (a,f)
-ifeo-sets A Be¢” such that, AuB=1 ,AnB=0 ,A=0 . ,B=0 . . This implies
that, s, v =1, ya AV =0y, i Aptg =0y, 74 vye =1, . Let C={xeX:u,(x)>0} and
D={xeX:u,(x)=0}

If xeC then, 4,(X)>0=145(X)=0= 1, (X) =1=7,(X)=0=y;(X) =1.

If XeD then, 1,(X)=0=y,(X)=1= ), (X)=0= 1;(X) =1. Then, u, =y, and y,=1;;
in other words, B=A then, A°=A=B are (a,/f)-ifeo sets and since B=0 ., A=1 ..
Thus, (X,T) is an IFec?” -disconnected which is a contradiction. Hence, (X,T) is an
(a, ) IFe -connected.

Theorem 4.2 Let (X,T,),(Y,T,) be two IFTSs and f:(X,T,)—>(Y,T,) be an intuitionistic
fuzzy continuous and surjective map. For ael,,fel, with a+pB<1, if (X,T) is an
(o, P)IF  -connected thensois (Y,T,).

Proof. Suppose that (Y,T,) is an («,f)|F-disconnected. Then, there exist (a, ) -ifeo-sets
UVel' such that, Uuv=1 UnNV=0. ,U=0. V=0. Since f is an
intuitionistic fuzzy continuous then, (a, B) -ifeo set of f*(U) in T, is greater than or equal
to (a,p)-ifeo set of U in T, and (a,p)-ifeo set of f*(V) in T, is greater than or
equal to (a,p)-ifeo set of V in T, . Let A=f*U),B=f"*(V), then A and B are
(a, B)-ifeo set in T,. Since f is surjective and U #0 . then, A= f*(U)=0 .. (For, if
f*U)=0 . then, U=f(f*U))=f0 . )=0 . a  contradiction).  Similarly,
B=f*'(V)= 0 .. Now, AUB=f'U)uf'(V)=f'UuV)=f7"1 .)=1 .. Similarly,
AuUB=0 .. Thus, (X,T)) is an (a,p)IF -disconnected which is a contradiction. Hence,
(Y,T,) isan (a,S)IFe-connected.
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Theorem 4.3 Let (X,T)),(Y,T,) be two IFTSs and f:(X,T,)—>(Y,T,) be an intuitionistic
fuzzy €-continuous and surjective map. For ael,, fel, with a+p<1, if (X,T) is an
IFec?” -connected thensois (Y,T,).

Proof. It is similar to Theorem 4.2
Theorem 4.4 Let (X,T) be an IFTS, For acl,, felwith a+f<1,(X,T) isan IFec”

-connected iff there is no exist IFSs A,Becl™ with A and B are (a,p)-ifeo set such that

A=B,A=0 . and B#0 ..

Proof. Assume that there exist A/ Bec* with, A and B are (a,pf)-ifeo set such that
A=B,A=0 - and B#0 .. Now, B°=B=A is (a, p) -ifeo sets and A=0 . implies
that B=1 . .Then (X,T) isan IFec?” -disconnected which is a contradiction. Conversely,
assume that (X,T) isan IFec?” -disconnected. Then there exists an IFS Ae (™ such that
A and A° are («,p)-ifeo set, A0 .,A=#1 . Now, take B=A then, B=B =A is
(a, p) -ifeo set and since A=1 . then B=#0 . which is a contradiction. Hence, (X,T) is
an IFec?” -connected.

Theorem 4.5 Let (X,T) be an IFTS, For acl,, el with a+<1,(X,T) is an IFecs”

-connected iff there is no exist IFSs A,Be(* such that B=A B= ecl, ,A A=ecl, ,B, A=0

and B=0.
Proof. Assume that there exist ABe(’ such that

B=AB=ecl, ,A A=ecl, ,B,A%0 . ,B#0 .. Then, A=cl, ,B=(cl, ,B) is (a,p)-ifeo
set and A=B= cI sA=(cl, ,A° is (a,p) -ifeo set. Then ,(X,T) is an IFec’”
-disconnected, a contradlctlon. Conversely, suppose that (X,T) is an IFeCS“’[" -disconnected.

Then there exists an IFS Ae(¢" such that A and A° are («,f)-ifeo set, A0 = and
A=l .. Let B=A. Then, Bx#1l . ,B#0 . and since A® is (a,p) -ifeo set then,

A=cl, A this implies that B = cI A Since BS=A = A is ifeo set, then AzgzclaﬁB,a

contradlctlon.
Definition 4.2 Let (X,T) be an IFTS. For ael, fel, with a+B<1, X is called an

(a, B) -intuitionistic fuzzy strong € -connected (briefly, («, f)IF -strong € -connected) if there
exist IFSeS ABel* with A° and B° are (a,B) -ifeo sets, such that
U+ g <Ly, +y, 21, A0 . and B=0 ..

Remark 4.1The notions of IFec?” -connectedness and (a,f)IF -strong € -connectedness

are independent as indiciated by the following examples.
Example4.1 Let X ={a,b,c} and G e¢” (i=1,2,3, 4) defined as follows:

a b c c a b c
- v v - v G X __!_l_!_ ;
(02 3 01)( 0.4'0.2 )> = ( 0.4 0.2) (0.2 0.3 0.1)>
a b c a b a b c a b c
), (=, —,— G, =X(—=——)(— — —);
=X ( 30.)(03 0.4 02)> = (030 02)(0.2 0.3 01)>
Let T:¢¥ —>I><I defined as follows:
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1, if Ae{O0 .,1 .}
T(A) = (0.3,0.4), if Ae{G,,G,}

(0.4,0.4), if Ae{G;,G,}

0, otherwise.
let «=02,3=04. Then, X is an (a,p) -strong € -connected but not an IFec”
-connected.
Example 4.2 Let X ={a,b, C} and G,,G, e¢” defined as follows:

b ¢ a b c
=X (ﬁ E ﬁ) (E E a» = (X, (—3 03’ E)’(ﬁ’ﬁ’ﬁ»

Let T:£* —1x1 defined as follows:

1, if Ae{0 .,1 }
T(A) = (0.3,0.2), if AeG,

(0.5,0.7), if AeG,

0, otherwise.
let «=0.1,3=04. Then, X is an IFec” -connected but not an (a,/3) -strong €
-connected.

Theorem 4.6 Let (X,T) beanlFTS. For acl,, fel, with a+[<1,(X,T) isan (a,p)IF
strong €-connected iff there is no exists IFSeS A,Be(¢” with A and B are (a,p)-ifeo set
suchthat pu,+uz 21y, +y7, <1, A#1 . and B=#1l ..

Proof. Llet ABel* with A and B are («,f) -ifeo set such that
o+ 217, +7.<1,A#1 . and B=1. . If we take C=A and D=B, then

Co=A"=A is (a, p) -ifeo set, D° =B =B is (a,p) -ifeo set C#0 . and D=0 ..
Moreover, . + i =ya+7g <1, 7. +7p = ta+ 145 =1, a contradiction.

The converse of the proof is obtained by using a similar technique.
Theorem 4.7 Let f :(X,T,)—>(Y,T,) be an intuitionistic fuzzy €-continuous and surjective

map from an IFTS (X,T,) to another IFTS (Y,T,). For acly,, fel, with a+pB<1, if
(X,T) isan (e, P)IF -strong €-connected thensois (Y,T,).

Proof. Suppose that (Y,T,) is not an (a,f)IF strong €-connected. Then, there exist
C,De¢” with C° and D° are (a,B) -ifeo sets such that, g+, <1,
Yat+7s21,C=0 . ,D=#0 .. By using Theorem 2.4, we have, (a,f)-ifeo set (f*(C))° in
T, is greater than or equal to («, 8)-ifeosetof C° in T, and («,p)-ifeoset (f (D))" in

T, is greater than or equal to («,pf) -ifeo set of D in T, Also,

poy o Fu =S F) T ()= peeo f e <l (since, g +pp <l )

t~1(c) )

Similarly, Ve T = ) +7 () =reo f+ypof =1 (since, yo+yp>1. ).
Moreover, f*(C)= 0 . (For, if f*(C)=0 . then, C=f(f*(C)=f(0 .)=0 . a
contradiction). Similarly, f *(C) =0 .. This is a contradiction, thus (Y,T,) is (a,/3)IF strong

€ -connected.
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5. (@, p) -intuitionistic fuzzy super € -connectedness
Definition 5.1 Let (X,T) beanIFTS. For acl,,fel, with a+ <1,

1. X iscalledan (a,f)-intuitionistic fuzzy super €-disconnected (briefly, («, )
IF-super € -disconnected) if there existan (a, f)-ifeoset A in X suchthat, A=0 . and
B=1 .,

2. X iscalledan (e, p)-intuitionistic fuzzy super €-connectedif X isnotan
(a, B) IFSe-disconnected.

Theorem 5.1 Let (X,T) be an IFTS. For ael, fel, with a+pB<1, the following

statements are equivalent.
1. X isan (a,/)I|F-super €-connected,

2. Foreach Ae¢”,A#0 . suchthat A isan (a,f)-ifeo set we have
ecl, ,A=1

3. Foreach Ae¢”,A#1 . suchthat A° isan (a,p)-ifeo set we have
int, ,A=0 _,

4. Thereisnoexist IFS’s, A/ Be¢” with A and B are («,f)-ifeo sets such that
AcB,A=0 . and B#0 .,

5. ThereisnoexistIFS's, A Bel™ with A and B are (a,f)-ifeo sets such that
B=ecl, ,A A=ecl, ,B,A=0 . and B#0 .,

6. ThereisnoexistIFS's, A Bel”™ with A° and B° are («,pf)-ifeo set such that
B=eint, /A A=eint, ,B,A=0 and B#0 . .

Proof. (i)= (ii): Assume that there exist Ae{*,A=0 . with A isan (a,p)-ifeo setsuch
that ecl, ,A#1 . Then, B=eint, ;(ecl, ,A)#1 = is an (a,p) -ifro set in X and
0  =#Ac eint, (cl, ,A)=B, whichisa contradiction. Then, ecl, ,A=1 .

(ii)=(iii): Let A#1 . be an IFSin X such that A° is an («,f)-ifeo set. Then, A=0 :
and A=A° is an (o, p) -ifeo set. By (i) we have, ecla’ﬁ(z\):1: implies that
m:o . and by Theorem 2.3, we have eint, /A=0 ..

(iii)= (iv): Let A Be¢” with, A and B are (a,p)-ifeo sets such that AcB,A=0 :
and B#0 .. Then, B=1 . and B is an (a,p)-ifeo set By (iii) we have einta'ﬂgio :
and since A<B, then 0 : ;tA:eintaﬁAgeintaﬁg:O . which is a contradiction.

(iv)=(i): Assume for a contradiction that X is an («,8)IF super €-disconnected. Then,
there exist an an («a,f)-ifeo set A in X such that A0 . and A%l .. By Theorem

2.5, A is an (a,p)-ifeo set. If we take B=ecl, ,A then B is an (a,p)-ifeo set and

B#0 (For, if B=0  =ecl, ,A=0  =ecl,,A=1 = A=eint, (ecl, ,A)=1  which
is a contradiction with the fact A#0 . ). We also, have A<B and this s a contradiction too.
()= (v): Suppose that there exist IFSs A Bec”* with, A and B are (a,p)-ifeo sets
such that B=ecl, ,A A=ecl,,B,A=0 = and B#0 .. Then eintaﬁ(eclaﬁA)=einta'ﬂ§:

ecl, , B = A and A=0  ,A#1  (For, if A=1., then 1 =ecl, B implies

a.p
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0 =ecl,,B implies B=0 . ). A contradiction with X is an (a,B)IF -super e
-connected.

(v)=(i): Suppose that X is an («a,f)IF super €-disconnected. Then, there is an (a, /)
-ifro set A in X such that, A#0 . ,A#1 .. Now, take B—ecl sA Then, B is an

(a,p) -ifeo setB=0 . and ecl ,B=ecl, ,(ecl, A):einta,/,(ecla,[,A):elntaﬁ(ecla’[,A):A
which is a contradiction.

(v) = (vi): Let AB IFSs in X with A" and B° are («,f) -ifeo sets such that
B=eint, ;A A=eint, B, A=l and B=#1 .. Take C=A and D=B. Then

C=0 .,D=0 ., C=A=A° is (a,p) -ifeo set D=B=B° is (a,p) -ifeo-set and

eclaﬁC =ecl, A eint,, A eint,, A= B=D. Similarly, ecl ;D =C. Thisis a contradiction.
(Vi)=(v): Itis 5|m|IarIy to that (v):>(vn).

Theorem 5.2 Let (X,T) be an IFTS. For a€l,, fel, with a+p<1,if X isan (a,p)IF
super e€-connectedthen, X isan IFecS“’ﬁ -connected.

Proof. It is clear.
The converse of Theorem 5.2 is not true in general as shows in the following example.

Example 5.1 Let X ={a,b,c,d} and G e(*(i=1,2,3,4) defined as follows:

b b
G, = (X, (—,—, , (—,—,—,—));
=4 (1.0 0.0'0.0 o.o) (o.o 0.0'1.0'1. »
a b ¢ d a b ¢ d
G =(x,(—,—,—,—4),(—,—,—,—/));
2 = (0.0 0.0 0.0 1.0) (1.0 0.0 1.0 O.O)>
a b ¢ d a b ¢ d
G = Xy Ty v v I\ v v Oy ;
2 = (10 0.0 0.0 1.0) (0.0 0.0 1.0 00)>
a b ¢ d a b c¢c d
G = X1 v v v I\ T v v
« =4 (00 0.0 0.0 OO) (10 0.0 1.0 10)>
Let T:¢* —1Ix1 defined as follows
1, if Ac{0 .1 .}
T(A) = (0.4,0.3), !f Ae{G,,G,}
(0.6,0.2), if Ae{G,,G,}
0 otherwise.
let «=03,4=05. Then, X is an IFec?” -connected but not (a,p)IF -super €
-connected.

Theorem5.3 Let (X,T),(Y,T,) be two IFTSs and f:(X,T))—>(Y,T,) be a surjective
intuitionistic fuzzy continuous map. Then, for ael,, fel, with a+p<1, if X is an
(a, P)IF super e€-connected, thensois Y.

Proof. Assume that Y is an (e, f)IF -disconnected. By Theorem 5.1(iv), there exist IFSs

C,De¢" with C is (a,p)-ifeo setin T, such that CcD,C=0 . and D#0 .. Since
f is intuitionistic fuzzy continuous,  T,(f *(C)) >T,(C) >(a, B) and
T,(f Y(D))>T,(D) (e, B),C<D implies that f*(C)cf™(D)=f*(D). Also,
f*(C)=0  and f*(D)#0 .. By Theorem 5.1(i), X is an (a,B)IF super €

-disconnected, a contradiction.
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