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Abstract:  In real life system, number of system is described using queueing system.In this paper , we have discussed about the 

fuzzy queues with unreliable server and a numerical example studied to find  the  performance measurement using  left    and right 

method in a trapezoidal fuzzy number. This method has shown graphically by showing the mean value of customers and the 

expected waiting times. 
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I. INTRODUCTION: 

              In queuing system generally, In most of the times, it is impossible for the operational server at any given time, then the 

service can be resumed. The major of this is the unreliability of the server. The method is to solve this kind of situation by M/M/I 

retrial queue with unreliable server. Most of the studies on queueing systems are only perfect (reliable) server.but in real life system 

the server may be unpredictable breakdown. Therefore queueing model with server breakdowns provide the realistic representation. 

Gaver first proposed the queueing model as a ordinary M/G/I queueing system. This system was extended by Sengupta as GI/GI/I. 

Li et al and Wang investigated the behaviour of the unreliable server and the effct became a queueing model M/G/I and recently he 

investigated the contollabe queueing system M/HK/I with an unreliable server. 
In this paper, we have an approach that can the system characteristic of fuzzy queues with an unreliable server, with the fuzzy 

variables, namely fuzzified exponential arrival rate, service rate, breakdown rate and repair rate. Though the α cuts and zadeh’s 

extension princle, we transform the fuzzy queue  with unreliable server in a family of crisp queues with an unrel+able server. We 

also have denoted a models by FM/FM(FM,FM)/I where all FM represents he fuzzified exponential arrival, service,breskdown and 

repair rate respectively, in contrast M/M(M,M0/I modek represents the exponential inter arrival(poisson), service, breakdown and 

repair rate respectively. 

Although author’s considered fuzzy queueing models , however the methodology is to compute the performance measures of a 

queue method. This approach to be adopted for the decision makers to measure effectively .this approach basically adopts left and 

right fuzzy arithmetic for the computational average number of the customers in the service system and also the expected waiting 

time of a customer. The paper is not only easy , but also able to give an exact value, for thr mran waiting time in a queue. 

 

II. Fuzzy queues with unreliable server: 

M/M(M,M)/I Queues: 
                       Consider a queue system with an unreliable server and two different types of breakdowns. In type I, the server 

may breakdown when there is atleast one customer in the system and in type II the server may be breakdown even if there is no 

cutomer in the system. It is assumed that the customersarrive at a single server facility as a poisson process with rate λ, the service 

times as an exponential distribution with rate µ, the server may have a breakdown following process with rate σ, and the repair 

follows an exponential distribution with rate β. Let E and F represents the probability that the system is idle in type I and  type II 

respectively. 
                           E= (𝛽µ − 𝜆(𝜎 + 𝛽))/𝛽µ                                                                      (1) 

 

                           F=(𝛽µ– 𝛼(𝜎+β))/µ (α+β)                                                                      (2) 

  In steady state, it ie required that  0≤ (𝛽µ − 𝜆(𝜎 + 𝛽))/𝛽µ ≤1 and  0≤(𝛽µ– 𝛼(𝜎+β))/µ (α+β) ≤ 1 

Also it is noted that by letting σ=0 in (1) yield the result 1–λ/µ which coincides with that of the M/M/I queueing system with a 

reliable server. 
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FM/FM(FM,FM)/I Queues:  
                Suppose the arrival rate λ, service rate µ, breakdown rate σ and repair rate β are approximately known and can be 

represnted by fuzzy sets�̃�,µ̃, �̃� and 𝛽 respectively. Let 𝜂𝜆(x), 𝜂µ̃(y), 𝜂�̃� (u) and 𝜂
�̃� ̃

(v) denote the membership functions of �̃�, µ̃,  �̃� 

and 𝛽 respectively. 

We have the following 
             �̃�={(𝑥, 𝜂𝜆(𝑥))|𝑥 ∈ 𝑋}                                                             (3) 

       µ̃={(𝑦, 𝜂µ̃(𝑦)|𝑦 ∈ 𝑌}                                              (4) 

       �̃� ={(𝑢, 𝜂�̃�(𝑢)|𝑢 ∈ 𝑈}                                            (5) 

      𝛽={(𝑣, 𝜂�̃�(𝑣)|𝑣 ∈ 𝑉}                                               (6) 

Where X,Y,U and V are crisped universal set of anrrival rate , service rate, breakdown rate  and repair rate respectively. 

Let f(�̃�, µ̃ , �̃� ,𝛽)denote the system characteristic of interest. Since �̃�, , µ̃ , �̃�, 𝛽 are fuzzy numbers f(�̃�, µ̃ , �̃� ,𝛽) is also a fuzzy 

number. 

Following zadeh’s extension principle, the membership functions of the system characteristic f(�̃�, µ̃ , �̃� ,𝛽) is defined as 

 𝜂f(𝜆,µ̃ ,�̃� ,�̃�)(𝑧)= 𝑠𝑢𝑝
𝑥∈𝑋,𝑦∈𝑌
𝑢∈𝑈,𝑣∈𝑉

𝑚𝑖𝑛{𝜂𝜆(𝑥), 𝜂𝜆(𝑥), 𝜂�̃�(𝑢), 𝜂�̃�(𝑣)|𝑧 = 𝑓(𝑥, 𝑦, 𝑢, 𝑣)}       (7) 

The membership function for the system is idle of type I 

𝜂𝐸(𝑧)= = 𝑠𝑢𝑝
𝑥∈𝑋,𝑦∈𝑌
𝑢∈𝑈,𝑣∈𝑉

𝑚𝑖𝑛 {𝜂𝜆(𝑥), 𝜂𝜆(𝑥), 𝜂�̃�(𝑢), 𝜂�̃�(𝑣)|𝑧 =
vy−x(u+v)

vy
}                     (8) 

The membership function for the system is idle of type II 

   𝜂F(𝑧)= = 𝑠𝑢𝑝
𝑥∈𝑋,𝑦∈𝑌
𝑢∈𝑈,𝑣∈𝑉

𝑚𝑖𝑛 {𝜂𝜆(𝑥), 𝜂𝜆(𝑥), 𝜂�̃�(𝑢), 𝜂�̃�(𝑣)|𝑧 =
vy−x(u+v)

y(u+y)
}                       (9)      

 

III. LEFT AND RIGHT METHOD: 
                      The main ideas of this approach is the derivation of the performance measurements using an approximation of the 

relationship between α- cut intervals and non linear parametric programming technique(NLP).this merge proposes a new 

mathematical procedure for the computation of the performance measurements under both the fuzzy and the crisp queues. This 

procedure is adopted in a single channel model to find the average number of the customers in the service system and the expected 

waiting times of customers spent in the system including service time. The solution procedure for computing Ls and Ws, are shown 

in the following steps  

Step 1: Identification of the fuzzy arrival rate  �̃� and fuzzy service rates µ̃ . We also identify the fuzzy Little's formula where 𝑁, 

�̃�represents the fuzzy mean number of customers in the system and a fuzzy mean waiting time of customer in the system 

respectively.  

Ls ≡ 𝑁 ̃= f (�̃�, µ̃ ) =
      𝜆

      𝜆−µ̃
                                                                             (10) 

 

Ws≡ �̃�= f (�̃�, µ̃ ) =
𝑁 ̃

𝜆
                                                                                     (11) 

Step 2. Calculation of the α-cut of the fuzzy parameters  

         Let E represent the classical set or a universe and a fuzzy subset𝐴 ̃  in E is defined by the function 𝜂𝐴 ̃universe which is called 

the membership function of 𝐴 ̃, from E to the real unit interval [0,1] where𝜂𝐴 ̃ (a) represents the grade or the member degree of  a,∀ 

a∈A 

   Let 𝐴 ̃be a subset in the universe E. The α-cut of 𝐴 ̃noted  𝐴�̃�is a classical set defined as follows:  

                              

                              𝐴�̃� = {𝑥 ∈ 𝐸|𝜂𝐴 ̃(𝑥) ≥ 𝑎}                                             (12) 

 

 

Step 3: Determination of the α-cut of  𝑁 ̃and �̃� , noting that it is very difficult to imagine their shapes. For this, α-cuts method 

appeals to the problem using mathematical programming techniques and also to determine the intervals. 

                    

                        𝑁�̃�= 
𝜆𝛼

𝜆𝛼−µ𝛼
                                                                              (13) 

                              

                         𝑇�̃�=
 𝑁�̃�

𝜆𝛼
                                                                                   (14) 
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Step 4.  Substitution of α at a possibility level of 0 and 1 in the equations displayed in step 3 to obtain the trapezoidal fuzzy numbers 

for 𝑁and �̃�, which correspondingly represents the trapezoidal membership functions.  

 
Step 5. Calculation of the ranking of the left and right method  

 Determine the left and right representation of the fuzzy arrival rates �̃� and fuzzy service rate µ̃ 

 

                   �̃� =〈 𝜆2, 𝜆2- 𝜆1, 𝜆3-𝜆2,𝜆4-𝜆3⟩LR                                                                                                (15)                                                                      

 
                  µ̃ =〈µ2, µ2- µ1, µ3-µ2,µ4-µ3⟩ LR                                                                                           (16) 

Compute 𝑁 ̃ and  𝑇 ̃by substituting the values of fuzzy arrival rates �̃� and fuzzyy service rates µ̃ in equations (12) and (13) to get 

positive values for both the left and right fuzzy numbers.  

  

              𝑀 ̃= 〈m,a,b,c⟩                                                                                             (17) 

 

                𝑁 ̃= 〈n,d,e,f⟩                                                                                                (18) 

   

Where the  mean values, that is mode value of the model,is represented by m and n while the left and right interval which defines 

the area is represented a,b,c and d. Determine the inverse secant approximation for both the right and left fuzzy number defined 

which follows the determination of this approximation as follows  

 
𝑀 ̃

  𝑁 ̃
=
〈𝑚,𝑎,𝑏,𝑐〉𝐿𝑅

〈𝑛,𝑑,𝑒,𝑓〉𝐿𝑅
=〈
𝑚

𝑛
,

𝑚𝑓

𝑛(𝑛+𝑓)
+

𝑎

𝑛
−

𝑎𝑓

𝑛(𝑛+𝑓)
,
𝑚𝑒

𝑛
+

𝑏

𝑛
+

𝑏𝑒

𝑛
,

𝑚𝑑

𝑛(𝑛−𝑑)
+

𝑑

𝑛
+

𝑐𝑑

𝑛(𝑛−𝑑)
〉LR                     (19) 

 

1V. Numerical example:  

               In a medical company, which receives 10 order per days as a poisson process. Then the server has to serve the demands 

around 60 customers per day for every 10 orders. Help the owners of the medical company to evaluate the performance of a system. 

To begin the computaton of the performance measure assume that the service rate 60 customers per day.in this case the fuzy service 

rate can be taken as a trapezoidal fuzzy number µ̃ =(50,60,70,80) and the number of arriving at the system �̃� = (10,20,30,40) 

First we need to apply α- cut closed intervals of µ̃ and �̃� which are given below 

 

     𝜆𝛼 = [10 + 10𝛼, 40 − 10𝛼] and µ
𝛼
= [50 + 10𝛼, 80 − 10𝛼]       

 

Compute  𝑁�̃� and  𝑇�̃�  

 

 𝑁�̃� =
[10 + 10𝛼, 40 − 10𝛼] 

[50 + 10𝛼, 80 − 10𝛼] − [10 + 10𝛼, 40 − 10𝛼]
 

 

 𝑁�̃� =
[10 + 10𝛼, 40 − 10𝛼] 

[−20𝛼 + 70,20𝛼 + 10]
 

 

 𝑇�̃� =

[10+10𝛼,40−10𝛼] 

[−20𝛼+70,20𝛼+10]

[10 + 10𝛼, 40 − 10𝛼]
 

 

Usingthe parametric NLP, we obtain 

 

 𝑁�̃� =
[10+10𝛼,40−10𝛼] 

[−20𝛼+10,20𝛼+10]
                                                                                     (20) 

 

 𝑇�̃� = [
10+10𝛼

(−20𝛼+70)(40−10𝛼)
,

40−10𝛼

(20𝛼+10)(10+10𝛼)
]                                                     (21) 

 

Substituting α=0 and α=1 in equation (20) and (21), the trapezoidal fuzzy number is obtained 

 

𝑁 = [0.1429,0.4,1.0,4.0]     
 

�̃� = [0.0035,0.0133,0.05,0.4]   
 

 

Thus the trapezoidal membership function can be represented as follows, 
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                    𝜇�̃� (x)      = 

{
 
 

 
 
𝑥−0.0035

0.0098 
      ,0.0035 < 𝑥 < 0.0133

1               , 0.0133 < 𝑥 < 0.05
0.4−𝑥

0.35
   ,0.05 < 𝑥 < 0.5

0 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

    

                  

             

 We deterrmine the left and right representation in fuzzy arrival rate and service rate numbers. We obtain �̃� = 〈20,10,1,1〉 and  µ̃ =
〈60,10,1,1〉. The mean obtained is the same with average number in the service system and the waiting time spent in the system of 

customers 𝑁 = [0.1429,0.4,1.0,4.0]     and �̃� = [0.0035,0.0133,0.05,0.4] 
The figure 1 and 2 shows the graphical results of values. 

 

Figure1: membership function of fuzzy number of customers in  �̃�.    Figure 2: membership function of fuzzy waiting time in the system �̃� 

 

                                                                                                                                                                                                                                                              

  
                                                                                                                                                                                                                                                    

 

 

 

 

IV. RESULTS AND DISCUSSION: 

 As observed in the results obtained in the example ,the performance of the unreliable queueing system is also 

fuzzy, similar to the main parameters, arrival rate and service rate which are also fuzzy. In example presented, 

using the left and right method, the membership function of �̃� and �̃� can be obtained. In summary figures 1 

and 2 show the number of customers in the system ranging between 0.1429 and 4.0 with exact mean value 1 

and the waiting time  in the queue at a steady state being 0.013≈1 minutes with exact average waiting time 

0.05≈3 minutes this implies that the exact maximum time in queue is 0.4≈22 minutes for supplying the 

demands. 

 

V. Conclusion: This paper presents that a queueing model with unreliable server based on the left and right 

method. The papert gives exact mean value byapproachesfirst approach is the alpha cut method with non linear 

parametric programming, and the scond approach is by using the trapezoidal membership function. The adoption 

of this method has three major advantages as seen in literature, which include less computational burden, 

convenient and flexible to use.  
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