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ABSTRACT

This article investigates the Dirichlet averages or the product of two elementary

functions including their fractional integral representation. Certain results are
obtained involving Gaussian hypergeometric functions ,F® and ,F?® which

illustrate their applications and partial derivatives in terms of Dirichlet averages,

with respect to various parameters are also reported.
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1. Introduction

Carlson [3, 4] introduced the concept of Dirichlet average (also called as
weighed average), which denotes a certain kind of integral average with respect to a
complex measure. Dirichlet averages satisfy certain special class or partial
differential equations (cf. Carlson [3]) and are employed to evaluate certain integrals
involving classical orthogonal polynomials and various elliptical integrals (cf.
Carlson [3, 4]). Hidden symmetries of special functions in the context of Dirichlet
averages were studied by Carlson [3] and Prabhakar [10]. One may refer to the

works of Deora [6], Vyas [11], Vyas and Banerji [11], Banerji and Deora [7], Deora
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and Banerji [6,7], Deora, Banerji and Saigo [9], and Vyas, Banerji and Saigo [12]. It
may not be out of place to contributions by Banerji. Vyas and Deora, as cited in the

references. It still requires rather intensive study and finding its applications.

In the present paper we compute the Dirichlet average or the product e"t™
with respect to a complex measure u, and express it in terms of fractional integral
operator and confluent hypergeometric function of two variable. For various
terminology’s and definitions of Dirichlet averages and fractional calculus, one may

refer to Banerji [1] and Vyas [11].

Following the terminology of Carlson [3], the Dirichlet average of the

product et is expressed as :
W, (b,2) = [ (u,2)"e"“Pdp,(u) ... (1.1)

where z=(z1,..... ,Zx), b=(b1,..... ,bx)

and z:kiulzl ;U =1->"u,

i=1 i=1
2. Main Results

For convenience, this section is divided into three subsections.
O(—FB ! -1 A [ux+(1-u)y]
W, (o Bix,y) =T " |[Tux + (- u)y] "eret
, a,B o

xu*t1-u)Ptdu, .. (2.1

where

du, (U) = F{OHB} (1= u)*du
a,f
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and

r{“ + B} _T(a+p)
ap ] T()r®)

Rearranging the terms in (2.1), we have the modified version of the result as:

Wr 2 (O(., B, X, y) = F|:a * B:|Il[y — u(y _ X)]iT ex[y*U(Y*X)]
, o B A

Xua_l(l—U)B_ldU, . (2.2)

which can be written as

W, (o, B X, y) = r{a Y B}yfexy ‘{1— u(l— ﬁ)} M=y
1 o, o Vv

xu*t@1-u)Ptdu, ... (2.3
An appeal to the integral representation of confluent hypergeometric function of two

variables permits us to write (cf. Erdelyi et al. [37]).
W, (o, B; X, y) = e”y“d{r, oo+ B;l—%,k(x - y)} , (2.4)

where ¢,(.) is the confluent hypergeometric function of two variables. An alternate

form of (2.4) is
Wl_lk(oc,B;x,y):e”yy‘rq)l{r,ﬁ;a+B;1—§,x(x—y)},... (2.5)

And is justified by the hidden symmetry of ¢,() which accounts for their
transformation properties (cf. Prabhakar [10] p.166).

3. Fractional Integral Operator and Dirichlet Average :

Setting u=t/(y—x) in (2.2), we obtain the following integral
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URCE S ] R

o, B

x joy‘x{(y— xX) — Pt le M (y—t) Tdt.... (3.1)

which upon using the definition of fractional integral operator, assumes the

following form

W, (o B;X,Y) =F{Q+B

}(y =x)"“PeoDE [(y - x)* e X,
o,B

where D stands for the fractional integral operator of order f.

Particular Cases of (2.4) :

(i)  If we replace B by B-a the explicit form for ¢,(.) is obtained as

W, (o B— 05X, Y) =€y " o,[B, T oc;l—g,k(x —y)]-es (3.3)

(ii) If we set A=0 in (4.3.3), we get (cf. (58)]

Wes (@ paixy) = y_TZFl(OL’ T;B;l‘gj
=R_.(B.B-a;X,y)

(iii) Setting A=0 and x<>y in (3.3), and using the hidden symmetry of R-function,

we obtain (cf. Carlson[3]).

Wop (o =iy, x) = XTzFl(oc, T;B:l—gj
=R_.(B.B-0;x,y)
..... (3.5)
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4. Dirichlet Average of e’

Taking t=—n in (4.2.1), we have
OL+B 1 n ux+(1-u
W, (o, BiX,y) = F{ 0B } jo [ux + (1—u)y]" eyl

xu*t@-u)tdu, .... (4.1

Multiplying both the sides of (4.1) by 1/n! and taking summation, we get

o0

P, (a.B;X,y) = %Wm(a,ﬁ:x,y)

n=1 '+

:F|:OL+B:|
a,f3

A%-1, Re(a), Re(p) > O.

[ el-mme (g yPidy, . (4.2)

which denotes the Dirichlet average of e" " dque to change of order of summation

and integration. An alternate form of (4.2) is given by

P, (ou B X, y) =Y Flo, B+ oy (L +1)(X=Y)], ... (4.3)

where ;F denotes the Kummer’s confluent hypergeometric function (cf. Salter [14].
For A=-1, (4.2) and (4.3) reduce to unity, i.e. P, (o,B;x,y)=1. Also for A=0, (4.2) and

(4.3) reduce to Gupta and Agarwal [38].

Py (0L, B X, Y) =S(a, B X, y) =€’ (Rla,B+a;(x=y)],... (4.4)

S(.) being the single Dirichlet average e! (cf. Gupta and Agrawal [58]).
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5. Derivatives of Dirichlet Average

In what follows are certain results incorporating the Dirichlet average,

associated hypergeometric function and digamma function.

Following formulae are used in the analysis of results.

FO0 (0, By 2) = L) XPLin(B—7)]
BT @) (y - B)2sinn(y — B)]

B-1r1 _ +\v—B-1
XJ‘It (1 t)

0" (1-1)" log(l—tz)dt ..... (5.1)

of o iT(explin(B-1)]
RO = pyasiniats—B)]

Il i L
X
0 (A-tz2)*

logt dt .. (5.2
The validity for both (5.1) & (5.2) are Re (B)>0, |arg (1-2)| <=, (y—p)#1,2,3...

6. Partially Differentiating with respect to 7

Differentiation of (2.1) with respect to t as parameter leads to a class of
functions which is supposed to be new and contains associated confluent
hypergeometric function of two variables. The associated Gauss hypergeometric

function follows as particular cases of these functions.

Differentiating (2.1), for T —» —1, we obtain

Q0B Y) = QAL (e B Y
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< X
e™y® log y¢§”Wr,x(B,—r:oc+B;1—§,%(x—y)), e (6.1)

where (I)il) stands for associated confluent hypergeometric polynomial of the first

kind. Further for A=0 and t=n (6.1) reduces to

_=2sin[n(B-a)]0 (BN x
QuoleBrxy)= o e—a ( il yj (6.2)

which is believed to be another interesting result for Dirichlet averages, (6.2) can

also be interpreted in terms of known result (cf. Gupta and Agarwal [58] as
QuoleBx.y)=L, (B xy) ... 6.3)

Here Ly(.) is the single Dirichelt average of xrlog x (cf. Carlson[4]).

Differentiating (2.1) r-times with respect to 1, we obtain

S ooy

7.Partially Differentiating with respect to a:
Here we deal with partial derivatives of W__,[.] with respect to a i.e. one of the
parameters of hypergeometric function. Now, let

l, = Jj[ux + (L= u)y] MYyt (1~ u)Pdu. e (7.7)

Rewriting (2.1) as

I'(o+p)

Wfr,k(a" B: X, y)}: m i

Differentiating (7.2) partially with respect to a, one can write
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aﬂ a, a_I{M} (7.9
oo

0 : _ —
W, (aBixy)= F{ opB |éa oo |D(a)(a)

and we get the following relationship involving associated confluent hypergeometric

function of the second kind :

i{\Nm(ouB;x,y)}=e”y‘<1>§2)(ﬁ,r;B+ou1—5,7»(><—y)j
oo ‘ y

Hy(o+B) - wla W, , (. Bix,y). s (7.4)

where ¢?(.) stands for associated confluent hypergeometric function of the second

kind while y(o) denotes the digamma function.

For A=0, (4.7.4) implies the following :

d .
£WT,O(OL,B,—OL’ Xy)= ] exp[i m(B—o)]

2sin[x(B—a)] = zFl‘”( B,T; 1_xj
(o Yy

Hy(a+p)-w()}R (oBixy), . (7.5)

here R__()is given in (4.3.4) (cf. Vyas and Banerji (11]) and ,F" is the associated
Gauss hypergeometric function of the second kind.

8. Partially Differentiating with respect to A:

We have two differential recurrence relations for W, [.] are given.

Differentiating (2.1) partially with respect to A, we get.

a%WT,X(a’B;X’y):Wt+1,k(a’B;X’y) ..... (8.1)

The r-times partially differentiation with respect to A, gives rise to the following

recurrence relation
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a/
WW‘E,X(GW B’ X’ y) = W‘c+'c,7n ((X, B’ X1 y)
ey, (B, T+T,B+ oc;l—%,?»(x — y)J ..... (8.2)
Conclusion

(i) If we take A=0 throughout the text, the results of Gupta and Agrawal [58]

follow as particular cases of our results.

(ii)) If we take 1=0 and A=1 in the main result simultaneously, further results of

[4] follow as the special cases.
(iii For A=1=0, the integrals are trivial.
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