© 2017 JETIR October 2017, Volume 4, Issue 10 www.jetir.org (ISSN-2349-5162)

An M/G/1 Queue with K Phases of VVacation and
with Second Optional Service and with State
Dependent Arrival Rate

Kalyanaraman, R.
Department of Mathematics, Annamalai University, Annamalainagar, India.

and Shanthi, R”.
Department of Mathematics, PSPT MGR Government Arts and Science College, Sirkali, India.

Corresponding Author: Shanthi, R”
Abstract

We consider an M/G/1 queue with K-phase of vacation and with second optional service. The
service policy is after completion of essential service, the customer chooses an optional service
with probability p or leaves the system with probability (1-p). Both the essential service and
optional service follows general distributions. In addition, after completion of essential service
or second optional service, if there are no customers in the system, the server takes vacation
consisting of K-phases. After completing the K" phase of vacation, the server enters into the
service station independent of the number of customers in the system. The vacation periods
follows general distribution. For this model the supplementary variable technique has been
applied to obtain the probability generating functions of number of customers in the queue at
different server states. Some particular models are obtained, and a numerical study is also carried

out.

Keywords: Vacation queue, Supplementary variable, Probability generating function,

Performance measures.
1. Introduction

Many real-life queueing situations encountered in day-to-day as well as industrial scenario, the
vacation models are the models which are the best fit. In queueing theory, the vacation period
can be considered as the period during which the server is not available as he/she has left, when
the system becomes empty. Inthe M/G/1 queueing system, the concept of vacation had been first
studied by Keilson and Servi (1987), they introduced the concept of modified service time which

has a main role in the system with general service and vacation times. In many real-life situations
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such as production system, bank services, computer and communication networks, we have the
concept of vacation. Also, for overhauling or maintenance of a system the server (system) may

go to vacation.

The classic M/G/1 queue with various vacation policies have been well studied by
researchers (see Doshi (1986, 1990), Gross and Harris (1998), Ke (1986), Takagi (1991) collected
the research results of the M/G/1 vacation queues. Chen et al. (2009) interruption where the
vacation time follows a phase type distribution. Tian and Zhang (2001) treated the Geo/G/1
system with a variant vacation policy. In this system, they assumed that after serving all
customers in the system the server take a random maximum number of vacations before returning
to the service station. Tian and Zhang (2002, 2003) discussed the discrete time G1/Geo/1 queue
with server vacations and the GI/M/1 queue with PH vacations or setup times, respectively. Ke
and Chu (2006) analyzed the M™/G/1 queue with modified vacation policy by stochastic
decomposition property and Ke (2007) used supplementary variable technique to study an

M™I/G/1 queue with balking under a variant vacation policy.

Ke (2003) made the contribution to the control policy of M/G/1 queue with server
vacations, startup and breakdowns. He obtained the system characteristics of the model and
obtained the total expected cost function per unit time to determine the optimal threshold of N
policies at a minimum cost. Ke et al. (2010) studied the operating characteristics of an M™X/G/1
queueing system with N-policy and at most J vacations. In this model they assumed that the server
takes at most J vacations repeatedly until at least N customers are waiting in the queue while

returning from vacation.

In day to day life, we have numerous queueing situations in which all the arriving
customers are moved over the essential service and merely some of them may need additional
optional service. Such a model was first studied by Madan (1994). The other works to be noted
here are Madan (2000), Medhi (2002), Al-Jararah and Madan (2003), Wang (2004),
Kalyanaraman et al (2005) and Jau-chuan (2008). In this paper we consider an M/G/1 queue with
K-phase of vacation and with second optional service. In this queue, after completion of essential
service, the customer chooses an optional service with probability p or leaves the system with

probability (1-p). After completion of essential service or second optional service, if there are no
JETIR1710107 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | 679



http://www.jetir.org/

© 2017 JETIR October 2017, Volume 4, Issue 10 www.jetir.org (ISSN-2349-5162)

customers in the system, the server takes vacation consisting of K- phases. After completing the
K™ phase of vacation, the server enters into the service station independent of the number of
customers in the system. The service period and vacation period follows general distributions.
The mathematical description and analysis of this model is given in section 2. In section 3, we
derive some operating characteristics of the model analyzed in section 2. Section 4 deals with
some particular models and section 5 presents some numerical results related to the model

analyzed in this paper. The last section gives a conclusion.

2. The mathematical model and analysis

The arrival process is a Poisson process with positive arrival rate. The waiting room is of infinite
capacity and service discipline is first in, first out (FIFO). The server provides two types of
service called first essential service and second optional service and let B; and B; be the duration
of the services provided by the server to a customer respectively. The service times are assumed
to be a sequence of independent, identically distributed random variables with cumulative
distribution function B;(t),(j = 1, 2), Laplace-Stielties Transform (LST)

Bj(s)=E (e™*FD), and first and second moments bj1 and b, respectively. As soon as the first
essential service is completed, with probability p, the customer may opt the second optional
service or with probability 1-p, he may opt to leave the system. After completion of a service
(first essential or second optional service), if there are no customers in the system, the server takes

vacation consisting of K-phases with each phase respectively has time duration
V1, V2, Vs, ..., Vk. The Vil s are independent random variables with distribution functions V(x),i

=1,2,..,K. After completing the K" phase of vacation, the server enters into the service station
independent of the number of customers in the system. That is if there are customers in the queue,
the server starts service for the customer in the head of the queue otherwise, the server waits ideal
for a new arrival. The arriving customers waiting in a queue of infinite capacity, if the service is

not immediate due to server is busy or server is on vacation.

Now the modified vacation period is

V=Vi+V2+V3+--+ Vg (1)
and the LST of V is
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K
v =] |vo )

S wid . _ — - .
Whose mean ist = Zle‘u‘, where ¢ = E(V),¢; = E(VJ)J =12, *--JK, and second moment is
— vk —_ 2 _ 2y . L .
d= Z;;ld;au' =EWV*®).,d; = E("} ),; =12,..K Now, it is assumed that the arrival rates
are state dependent, that is, the arrival rate O is defined as,

. if the arrival is during idle period

1» Lf the arrival is during essential service period
20 if the arrival is during second optional service period
3 if the arrival is during vacation period

O
O

The time required by a customer to complete a service cycle is Be = pBy + (1 = p)B; +V
where V is defined in equation (1). Now the LST of B¢ is Bz (s) = p(1 — p)B;(s)B3(s)V"(s),
where V(3] is given in equation (2) and E(B.) = pE(B,) + (1 = p)E(B;) + E(V) = pby, +
(L—=plbsy +c

Assume that Bj(0) = V;(0) = 0,B;(0) = V() =1;i=1,2,..,K,/ = 1,2 The glapsed
first essential service time (second optional service time) of the customer in service at time t is

denoted by 01 (t) (02(t)) and the elapsed vacation time of phase i is denoted by 0:(t),

Let ¥ (t) be the state of the server at time t and is defined as

0, if the server is idle at time t
Y(t) = i, if the server is at jth phase of vacation at time t;i =1,2,..., K
K+1 if the server is busy at time t

Let the random variable L{(t) is defined as

0 if Y(t) =0
. (), ifY(®) =ii=12.K
L(t) = (® ifY(t) = K + 1 with

probability p
L(8), if Y(t) = K + 1 with probability (1 — p)
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and let the random variable N(t), is the number of customers in the queue. Now the following

probabilities have been defined for the analysis:
Q(t) =Pr{N(t) =0, L(t) = 0}

Pu(t,x)dx =Pr{N(t)=nY@t) =K+ 1, x<0i(t) <x+dx},n=0
Qn(t,x)dx=Pr{N@t)=nY@t) =K+ 1, x<02(t) <x+dx},n=>0
Rin(t, x)dx =Pr{N({t) =nY(t) =i, x<0it) <x+dx},n=0,i=1,2, .., K where {N(t),

Y(t),t = 0} is a bivariate Markov process with state space

S={0,0}U{(K+1,)H}u{ijH}i=1,2,..,K,j=0. Insteady state, the corresponding

orobabilities are ¢ = 1M, Q(0), Fy(x) = lim Po(t, x)

Qn(¥) = lim Q“[t’x), and Rin () = M Rin(6:X) 00 pazard rate function of Bi1(B>) is

dBy(x)
1-B4i(x)

dBa(x)
1-B;(x)

py (x)dx = (uz (x)dx = )

is the conditional probability of completion of a first
essential service (second optional service) during the time interval (x, x + dx] given that the

elapsed first essential service (second optional service) is x. The similar quantity for V; is

Wil i —12,...K

1-Vi(x)'

0 (x)dx =

The model is governed by the following differential difference equations for x > 0,

d
EP[}(I) + (3»1 + HI(I)JP{J(IJ =0 (3)
;—xPn(x] + (11 + 1y (I))Pn(—’f) =A4Pp(x)n =1 (4)
d
a@n(xj + (—'112 + P-z(x))Qn(I) =0 (3)
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d
EQH(X) + (iz + Hz(ann{x] = L0h1(x)n=1

d
aRgn(I) + (;—13 + UE[X))R;',D(I) —0

d
—Rin () + (25 + u30O)Rin(®) = AsRin 1 (0,1 = 1,2, .., K

200 = fﬂ M (CORg 0 () dx

The boundary conditions at x = 0 are

[=2]

PO =00+ [y CORku (O + (1= ) f i (0P, () dx
0 0

+f Hy (x)Qp(x)dx
0

oo

Pa(0) = [

0

e R QO+ (1= ) [ by (P (P
4—J1 Hy (2)Qp4q (x)dx
0

0(0) = p j b OB d,  n=0

=)

Ryo(0) = (1 —p) f ity (0P, (x)dx + f y ()0 (X)dx, 1 = 0
(] 0
R, ,(0)=0,n>1

[¥a]

Ri»(0) = f Ni_q COR_1n(X)dx, i =2,3,..,K;n=0
0

The normalizing condition is

(6)

(7)

(8)

€)

(10)

(11)

(12)
(13)
(14)

(15)
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K
Q+PM+QM+ ) Ri()=1
i=1

For the analysis, the following probability generating functions have been introducedP(x, z) =
Yn=0Z" Pa(x), Q(x,2) = Tz 2" Qu(x) and Ri(x,2) = ¥poz" Rin(x),i = 1,2,... K

From equation (3), we have

Po(x) = Po(0)(1 — B1(x))e "1 (16)
Multiplying equation (4) by z», summing from 1 to co and adding equation (3), we get
P(x,z) = P(0,2)(1 — B1(x))e-M1(1-2)x (17)
From equation (5), we have

Qo(x) = Qo(0)(1 — Ba(x))e " (18)
Multiplying equation (6) by z», summing from 1 to co and adding equation (5), we get

Q(x, z) = Q(0,2)(1 — Ba(x))e-"2(-2x (19)
From equation (7), we have

Rio(x) = Rio(0)(1 — Vi(x))e 8, i=12, .., K (20)
Multiplying equation (8) by z», summing from 1 to co and adding equation (7), we get
Ri(x, z) = Ri(0,2)(1 — Vi(x))e-T0-2x  j=1,2, ..., K (21)

Multiplying equation (11) by z», summing from 1 to co and adding equation (10) and multiply by
z, we get

oo ]

e CORe(2)dx = [ CORo()dx
0

zZP(0,z) = zA4,Q + f

0

[* 4]

+(1—TJ)“ My (x)P(xJZde—J- My (x)Pn(x)d:'c]
0 ]
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€ a]

+ f 1 (X)Q(x, 2)dx - f iz (0 Qo () dx (22)
0 0
From equation (16), we have
L (O Py(0)dx = Po(0)B () 23)
Similarly from equations (18) and (20) we get
L 2 (9)Qo () dx = Qo(0)B3(4,) (24)

f n; (X)Ro(x)dx = Rip(0)V; (43).i = 1,2,...,.K (25)
0

From equation (17), we have
[ 1 COPG2dx = P(0,.2)B; (a1 = 2) (26)
0
Similarly from equations (19) and (21) we get

J; i (0)Q(x,z)dx = Q(0,2)B3(4,(1 - 2) ) (27)

me (X)R;(x,2)dx = R;i(0,2)V; (As(1 - 2)),i = 1,2, ..., K (28)
Using equations (23), (24), (25), (26), (27) and (28) in (22), we get
zP(0,z) = z0oQ + Rx(0, 2)Vk*(R3) — Rk,0(0)Vk*(Os3) + (1 — p)[P(0,2)B1*(R1)
—Py(0)B1(41)] + Q(0,2)B2(Rz) — Qo(0)B2(42) (29)
where Ri=0:1(1—-2), R2=02(1 —2) and R3=03(1 — 2)
Multiplying equation (12) by z», summing from 0 to oo, we get

Q(0,2) = pP(0,2)Bi(R,) (30)

Put n =0 in equation (12), we get

JETIR1710107 | Journal of Emerging Technologies and Innovative Research (JETIR) www.]etir.org | 685


http://www.jetir.org/

© 2017 JETIR October 2017, Volume 4, Issue 10 www.jetir.org (ISSN-2349-5162)

Qo(0) = pPo(0)B1*(01) (31)

Multiplying equation (14) by z», summing from 1 to oo and adding with equation (13), we get

Ri(0,z) = (1 — p + pB2*(02))Po(0)B1*(01) (32)

Multiplying equation (15) by z*, summing from O to oo, we get

i—1
Ri0.2) = [ [V (R)(1 = p +pB3(22))Po(@)Bi ()i = 2,....K (33)

=1

Put n = 0 in equation (15), we get

i—1
Rio(0) = | [ Vi Go)(1 —p + pB3(22))Po(0)B} (Au).i = 2,....K (34)
=1

From equation (29), we get

[z = (1—p +pB:(Ry))Bi(R)IP(0,2) = 229Q + (1 — p + pB3(43) )Py (0)

K K
B || [w ke -1-] W {»13)] (35)
=1 =1
From equation (9), we get
K
400 = | [V Ga)(1 = p + pB3 (1)) Po(@)B; () (36)
=1

Substituting equation (36) in (35), we get

(1 —» + pB3(4,)) P (0)B; (1)

P(0,z) = [z — (1 —p+pB;(R,))B; (R)]

K
(-] |we-1
=1

K
+| |vi ) (37)
=1
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Now
P(z) = J-MP(IJ z)dx = P(0,z) (1 _ BI(RJ) )
0 Ry
Q(z) = f Q(x,z)dx = (;;(ﬂ,z)(’l ~ Bi(Ry) » (38)
0 R
and Ry(z) = f " Rio 2 = R0, VB ok
0 R3 J

To find the unknown probability Po(0). we use the normalizing condition

K
Q+P(1)+Q(1)+ZR5(1)=1

)

We get

Ao(1 = Ay1byy — Agpbay)

Py(0) =
0(0) (1—p+pB;5(13))B; (4G

(39)
where
K
G =1+ (A — A)byy + (Ag — 42)pbo4 ] n Vi (43) + Age[1 + (43 — A1)byy
=1
+(0s —02)pba |
and substituting equation (39) in (36), we get

K
1—Abyy — A;pb.
Q=( A1 1::1 2P zl)ﬂﬂ,(}%) (40)
=1

Equations in (38), together with (30), (32), (33), (36), (37), (39) and (40) gives the probability

generating function of number of customers in the queue when server is busy the service is idle

and the server is on the i (i = 1,2, ..., K) phase of vacation respectively.
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3. Some operating characteristics

In this section we derive the operating characteristics mean and variance number of customers
in the queue when the server is on the essential service, mean and variance number of customers

in the queue when the server is on the second optional service and mean and variance number of

customers in the queue when the server is on the i*"(i=12,..K) phase of vacation.

Mean number of customers in the queue when the server is on the essential service is

AgCs

L, = -
? 7 2(1 = Aybiy = Apphy1)Cy

Variance of number of customers in the queue when the server is on the essential service is

_ Al2€y G5 —324C3]
B 12(1 — A1byq — ﬁ-z;ﬂhm)sz

b

Mean number of customers in the queue when the server is on the second optional service is

L. = pPAaCy _
* 21 = Aybyy — Aapbyy) Gy

Variance of number of customers in the queue when the server is on the second optional service
IS

y _ _ PAo[2 Gy Cs — 3p4,Ci]

*12(1 = Aybyy = Appbyy)3CE

Mean number of customers in the queue when the server is on vacation is

_ Aodzd(1 = A;byy — Aopbyy)
v 2C,

Variance of number of customers in the queue when the server is on vacation is

AoAz(1 — A1byy — Aapby.
g, = 2o 3( 112(;12 2P 2‘}{@{:1 +423eCy — 349A3d? (1 — A4 by
1

—Aapbaq)}
where
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K K-1 Kkd=)

di+ 2> ci) ¢

i=1 i=1  j=i+1

K K—1 K K—1 K K-2  K-1 K
e=Ye+3dYci+Ycadd]+6Yc)c » cm

i=1 i=1  j=it+1 i=1  j=i+1 i=1  j=i+1 m=j+1

K
G = [/1-1 bya(1 — pAzbyy) + pAzby1(241Dy1b;4 + A3b35)] (ﬂ Vi (43) + fiaf)
=1

+45db,y (1 = Aybyy — Apbay)

C3 = [3(1 = Aybyy — PAabyy + Aibyg + 2D Ay Aybyybay + P A3by2) [ A, byy

X (1 — pO2b21) + pO2b11(201b11b21 +02b22)] + 2(1 — O1b11 —O2pb21)

X (A2by13(1 — pAyhyy) + 3pAy Apbyy (Abiabyy + Azbyybyy) + pAabiibys)]
K

X (l—[ Vi (43) + 713'3) +343d(1 — Aybyy — Aapb21) [ b12(1 — pAzbyy)
[=1

+by3(1 — A3byy — Apbyy) + pAzbyy (241 b11b31 + Azbyp)] + 2/1?%‘3’5'11

X (1 —01b11 —02pb21)?

K
Cy= [(1 — A1b11)(Azbzz + 241 b1 byq) + '{3512521] (n V' (A3) + 1'1-31':-') + FL%
=1

X db21(1 —01b11 — O2pb21)

Cs = [3((1 = Aabys) (Azbaa + 2A1by1b2y) + Abizbyy)(1 = Aybyy — pAzbyy

+012b12 4+ 2p0102b11b21 + pO22b22) + 2(1 —01b11 —O2pb21) ((1 —01b11)

K
X (15523 + 34, (A1 by2b7, + ij2:*‘-"1:1*522)) + ’ﬁbﬂbzln (1_[ V" (43) + 335)
1=1
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+325(1 — Aybyy — Aapba1)d[(1 — A1b13) (Azbyz + 241by1b31) + Aibyzbyy
+byy (1 — A1byy — A;pbyy)] + 2435’521(1 — Abyy — A;pbyy)?
4. Some particular cases

In this section, we present five particular cases by assuming particular form to the parameters

and/or particular probability distribution to service time and/or vacation time.

Case 1: Nowwetake Op=0:=0,=03=0

K
1— Aby, — Apb
Q:( Aby pm)l—lww
1 =1

D

|:|2D2

Lb=2(1 —0b11 —Opb21)D1

O2[2D1D3 — 302D22]

O2pD4

Ls=2(1 —0b11 —0pb21) D1

A%p[2D;Ds — 32.%pD2]
12(1 = Abyy — Apb,,)?D]

V, =

L = 22d(1 = Aby; — Apby,)
v 2D,

_ M (1= Abyy = Apbyy)
v 12D?

{'q.‘.?l.,ED-l + '6[1[)1 - 3;"..2[12(1 - Ab]i - /?.pbz-l)}

where

K
D, = l_[b}* (D) + Ac
=1
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D2 = [b12(1 — pOb21) + pOb11(2b11b21 + b22)]D1 +Udb11(1 —0Ob11 —Opb21)
D3=[3(1 —Ob11 — pOb21+02b12 + 2p02b11b21 + pO2b22) (b12(1 — pUb21)

+p0b11(2b11b21+ b22)) + 20(1 — Ob11 —Upb21) (b13(1 — pOb21) + pOb11

X (3(b12b21 + b11b22) + b23))]D1+ 30d(1 —0Ob11 — Opb21)[pO2b11(b22

+2b11b21) +0b12(1 — pOb21) + b11(1 —0Ob11 — Opb21)] + 2 2ebns
X (1 —0b11 —0Opb21)?
D4=[(1 —0b11)(b22 + 2b11b21) +0b12b21]D1 +0db21(1 —0Ob11 — Opb21)
Ds=[3((1 —0Ob11)(b22 + 2b11b21) +0b12b21)(1 —Ob11 — pOb21 + O2(b12
+2pb11b21 + pb22)) — 20(1 —Ob11 —Opb21)((1 —Ob11) (b23 + 3(b12b21
+b11b22)) +0b13b21)|D1+ 30(1 —0Ob11 —Opb21)d[O((1 —=0b11) (b22

+2b11b21) +|:|b12b21) + b21(1 —0b11 —pr21)] + (1 —0b11 —pr21)2

X 20%eb21
Case 2: The service time and vacation time follows exponential distribution.
= — —|J._1.1' i "” - i _E'
- 2 6
By(x) =1—e 2% B;(s )— Bz ({]}—— B (U) B (U)— ; Vt(x)Zl—
e— X " — o _ -1 M _ 2 ST — -6 =,V (S) s+0i, Vi (()) i
Vi (o2, Vi (0)osi, i 12, .., K.

0= (M — Aty — Azppy) ﬂ
Dg Az + g
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L AoDq
’ (Hypty — At — Appuy)Dg
v = Ao(DgDyo — A9D3)
" (Mt — Aypty — Appiy)?D2
[ = AopPD1y
: (Mg — Aquy — ApHy) Dy
V= Aop(DgDyp — ’T-{JPD%:L)
* (ypty — Aty — izpul)zﬂﬁ
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Case 4: The vacation time follows exponential distribution.
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Case 5: The probability p =0
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5. Numerical results

In this section, we present some numerical results in order to illustrate the effect of various
parameters on the performance measures of the model (case 2) in section 4. The effect of the
parameters arrival rate, service rate, vacation rate and the number of phases of vacation on the
system performance measures (i) the mean number of customers in the queue when the server is
on essential service (Lp), (ii) the mean number of customers in the queue when the server is on

second optional service (Ls), (iii) the mean number of customers in the queue when the server is
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on vacation (Ly), (iv) the variance of number of customers in the queue when the server is on
essential service (V»p), (v) the variance of number of customers in the queue when the server is on
second optional service (V) and (vi) the variance of number of customers in the queue when the
server is on vacation (V) have been numerically analyzed . Figure 1 represent the idle
probability for different values of service rate. The idle probability increases for increasing value
of service rate. Figure 2 represents the graph of mean number of customers when K = 5 by
varying the service rate. From the figure, it is seen that the mean number of customers when the
server is on essential and second optional service is decreases whereas the mean number of
customers when the server is on vacation increases for increasing values of service rate. Table 1
shows the variance of number of customers. The variance value with respect to server is on
essential and second optional service decreases as the service rate increases but in the case of

variance with respect to vacation we encounter the contrary concept that is variance increases.

For this analysis the values Oo = 0.5,001 = 0.4,00> = 0.3,03 = 0.2 are fixed.
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Figure 1: Idle probability
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Figure 2: Mean number of customers for K=5
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IJ, Vb Vs Vv

1.1 |3.7779 |4.7543 | 1.3778
1.2 29671 |4.0301 |1.4629
1.3 |2.4389 |3.5580 | 1.5296
1.4 |2.0693 |3.2282 | 1.5832
1.5 |1.7968 |2.9859 |1.6271
1.6 |1.5879 |2.8008 |1.6638
1.7 |1.4228 | 2.6552 | 1.6948
1.8 |1.2889 |2.5378 |1.7214
19 |1.1783 |2.4411 |1.7444
2.0 |1.0853 |2.3603 |1.7645

Table 1: Variance of number of customers for K=5

6. Conclusion

In the forgoing analysis an M/G/1 queue with K-phase of optional vacation and with second

optional service has been considered. For this model the queue length distribution and the mean

queue length are obtained. An extensive numerical work has been carried out to observe the

nature of the operating characteristics.
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