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Abstract:- In this paper, we prove some fixed point theorems. In this paper, we prove some fixed point results
for nonexpansive and generalized nonexpansive mappings. Invariant approximation results are also obtained
for these types of mappings as applications. we obtain Brosowski — Meinardus type theorems on invariant

approximations on a class of nonconvex sets in locally bounded topological vector spaces.
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(1)-Introduction:- Fixed point theory is one of the famous and traditional theory in mathematics and has a lot
of applications. In fixed point theory the importance of various contractive inequalities can not be over
emphasized. Fixed point theorems for different types of mappings have been investigated extensively by
various researchers. Brosowski initiated the study of invariant approximations using fixed point theory and
subsequently

various generalizations of Brosowski’s results have appeared in the literature . In this paper, we extend some
important fixed point theorems due to Dotson, Anderson, Nelson and Singh, Khan and Sessa to a locally
bounded topological vector space and as applications ,we obtain several Brosowski — Meinardus type
theorems for nonexpansive maps defined on a class of nonconvex sets containing the subclass of starshaped
sets in a locally bounded topological vector space which is not necessarily locally convex. Some recent results

of Habinaik, Khan and Khan, Khan and Sessa follow as a consequence of our results.

(2)-Preliminaries:- Here first, we recall some important definitions, well known fact andnotations.

Let ( X, d ) be a metric space, T be a self-map of X, F(T) , the set of all fixed points of T. The map T is
nonexpansive on a subset Sof X if d ( Tx, Ty ) <d ( x, y ) for all x, y € S . Thus the contractive mappings are
nonexpansive and any nonexpansive map is continuous. A subset S of a linear space E is called starshaped if
there exists at least one point z € S such that tz + (1-t)x e Sforallx € S, t € (0, 1); z is called a star center of S.
Let 0 < p £1. Areal valued map

II.1lp on aliner space E is called a p- norm if (i) lIxllp>0and lIxllp=0iffx=0,
(i) A Np=1AIPUXxlp,and (iii) I x+yllp<lxlp+1lyllpforallx,yeEandAeC. Theformuladp (x,y)=Il

x —y llp defines a translation invariant metric on E . It is well known topology is generated by a p- norm. Let S
C Eand F={fa} for each a €S afamily of

function from [0, 1] into S such that fa(1) = a for each a € S. The family F is said to be

contractive it there exists a function ¢: (0,1) = (0, 1 ) such that foralla, B €S and

allt e [0, 1], we have Il fa(t) — fa(t) llp < [ (t) I° I = B llp. The family F is said to be jointly continuous if t = to
in[0,1]and a = aoin S, then fq4(t) = fao(to) in S . Here a — aodenotes the weak convergence in S. If for a
subset S of E, there exists a contractive jointly continuous family of functions F = { fa}aes, then we say that S
has the property of contractiveness and joint continuity. We observe that if S € E is starshaped with z as star
center and f,(t) = (1-t)z+tx, (xeS,te[0,1]), then F ={f;}.csis a contractive jointly continuous family

with ¢(t) =t . Thus the class of subsets of E with the property of contractiveness and joint continuity contains
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the class of starshaped sets which in turn contains the class of convex sets. For a subset S of E, a mapping T: S
— E is said to be

(i) demicompact if every bounded sequence ( xn) in S such that ( Txn— xn) is strongly convergent in E has a
strongly convergent subsequence.

(ii) completely continuous if whenever ( x, ) converges weakly to x, then ( Tx, ) converges strongly to Tx . Let S
be a subset of a metric space (X, d ). ForanelementxeX,
wesetd(x,S)=inf{d(x,y):yeS}.andPs(x)={yeS,d(x,y)=d(x,S)}, Ps(x) is called the set of all best
approximations of x from S . The map Ps: Z - 2% is called metric projection onto S . It is well known that Ps(x)

is always bounded it is closed if S is closed .

(3) Results:- First we shall need the following result of Khan and Sessa which is an analogue of a fixed point
theorem of Subrahmanyam.
Theorem ( 3.1 ) — Let S be a closed subset of a metric space ( X, d ) and T: S — S a continuous map with T(S)
compact. Suppose that d (Tx, T2 )<k d (x, Tx ) forallxeS, 0< k < 1. Then T has a fixed point in S.
We now establish some common fixed point theorems for two maps.
Theorem (3.2)- Let |, T be two self maps of E, u € F(T) N F(l) and S compact T invariant subset of E. Suppose that
| & T are commuting on D = Ps(u), | is continuous on D, T is
| — nonexpansive on D U {u}and I(D) = D. Suppose that D has a contractive jointly
continuous family F = { fx(a) } x € psuch that I( fx(a) ) = fi(x(a) forall xe Dand alla € [ 0, 1]. Then |, T have a
common fixed point in D.
Proof:- We note that D is non empty , T — invariant and compact . Define Tn: D =D as in the proof of below
theorem . Since | and T commute on D, it follows from the property of F that
To(1(X))=Ffraon (M) =Ffimon(An)=1(freo(An))=1(Tn(x)), xeD.
Thus for each n, T, commutes with | and T, (D) € D =1 (D). Since F is contractive andT=1(fr (An) ) =
I (Ta(x)), xeD.
Thus for each n, T, commutes with | and T, (D) € D = | (D). Since F is contractive and T is | —
nonexpansive , we get
I Ta(x) = Taly) o< [ (An ) 1P 11 T(x) = T(y) llp
< T AM)P TI1(X) = 1(y) 1o LII(X) = I{y) 1o, 1(X) # I(y).
So we get xn € D such that x, € F (Tn) N F(l) for each n, in particular, | (xn) = xn. By compactness of D, ( xn) has a
subsequence ( xnj) which converges to z € D and hence T (xnj) = T (z) . The joint continuity of F and the
uniqueness of the limit give
Xnj = Tnj (Xnj) = frixnj) (Anj) = Frz) (1) =T(z) = 2.
And hence by the continuity of |,
[(z) =1 ( lim j tends to e xp;) = lim j tends to o | (xnj) = lim j tends to o= xnj= z . This completes the
proof.
Theorem (3.3):- Suppose that E is complete and S is a weakly compact subset of E , T, | are commuting self
maps of S with | being continuous in the weak and strong topologies on S, T functions such that | { fx(a) } = f
(a) for all x € S and all a € [0,1]. Then each of the followingcases |, T have a common fixed pointin S.
(i) E” separates points of E, T is weakly continuous and family F = { fx(a) } xesis jointly weakcontinuous .
(ii) T, is completely continuous and F is jointly continuous .

(iii) 1, is demicompact and F is jointly continuous .Nonexpansive imply

JETIR1712240 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | 433


http://www.jetir.org/

© 2017 JETIR December 2017, Volume 4, Issue 12 www.jetir.org (ISSN-2349-5162)

1 Ta(x) = Taly) 1< [ AP IT(X) = T(y) o< [P HI(X) = I(y) I, forallx,yeS
So there exist a unique x, € S such that x,= TnXn = | Xn for each n. Now S is weakly compact implies that there is
a subsequence (x;) of ( xn) converging weakly to some a € S and | beingweakly continuous gives la = a.
(i) Tis weakly continuous so Tx;— T(a) and hence x;=fry) (A}) = fr(a) (I) = Ta. Also x;— a. Asthe weak topology is
Hausdorff , we get Ta = a.
(i) Asx; = a, so T(x;) = Ta. Also, x; = frj () = fr() (1) = Ta . thus T(x;) — T?a and consequently T2a = Ta implies
Tw=w,wherew=Ta.AlsolTa=Tia=Ta=w.
(iii) Suppose that (x,) is a bounded sequence and ( Txn— Xn ) converges strongly to 0 . BY demicompactness of |
, (xn) has a subsequence (xx) converges strongly to x in S and hence xk= | xk—= Ix implies that x = | x . Also Tx

— Tx . Further , xk= fru(Ak) = frx (I) = Tx. Since thestrong topology is Hausdorff , we get Tx = x .

Theorem(3.4):- Let E be complete, T, |, selfmaps of E and u € F(T) N F(l), S a subset of Esuch that T(aS) € S,
where aS is the boundry of Sin E, | continuous in the weak and the strong topologies on D = Ps(u) , ID=D, I, T

commute on D and

HTx=TyH<ImMx=1"yll, forallx,yeDU{u}coorrvvirrirrrrinnns (*)
And forsomem=m(x,y),n=n(x,y)inNo={0,1,2,3,............. }. If D is nonempty weakly

compact and has a contractive family of functions F = { fx(a) }xe p such that | ( fx(a) ) = fi x) ()
ForallxeDandallae[0, 1], thenl, T have a common fixed point in D under the condition

(i) - (iii) of theorem (3.3).
Proof:- Lety e D . Then I"y € D for n e Nobecause | (D) € D. Moreover, by definition of D,y € aS . Since T(aS) S
S, therefore, Ty € S . By equation (*) we have
HNTy—=ullp=lITy=Tull o<l 1"y =1Mu Il , for some n, m € No. Also I™u =u, so
NTy-ullp<lI"y—ully.Since Ty e Sand I"y € D, so by definition of D, Ty e D and hence T, | : D - D satisfy by
the hypotheses of theorem (3.3) and the result follows.

Let X be a Hausdorff locally convex space whose topology is defined by a family Q of continuous seminorms.
A subset M of X is approximatively compact in X iff for each y € Eand a net ( xn) in M such that lim x = p ( xx
—y)=infp(y—m)foreach me M, p e Qimplies that there exists a subnet ( xnj) converging to an element of
M . A compact set is approximatively compact but the converce is not true, in general , for instance a closed

convex set in a Hilbert space is approximatively compact but fails to be compact.

Theorem(3.5):- Let M be a nonempty approximatively compact subset of a locally convex space X and Py : E
- 2M be the metric projection . Then

(i) Pm(x) # ¢ for each x e M.
(ii) Pm maps a compact subset of X onto a compact subset of M.

The above remarks lead to another Brosowski — Meinardus type theorem on invariantapproximations.

Theorem(3.6):- Let ( X, t) be a Hausdorff locally convex space , T a nonexpansive selfmap of E,a € F(T)and S a
nonempty approximatively compact T — invariant subset of X. If Ps(u) has the property of contractiveness and

joint continuity , then T has a fixed point in Ps(u).
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Proof:- The topology t is determined by a family Q of seminorms and hence by theorem B, Ps(u) is a
nonempty compact subset of S . If y € Ps(u) , then by hypothesis T(y) € S . As before we can show that p(u) —
T(y) =dp (u, S) for all pe Q and hence Ps(u) is T —invariant . Further

T: Ps(u) = Ps(u) is nonexpansive , therefore T has a fixed point in Ps(u) as required .

Theorem(3.7):- Let T be a nonexpansive selfmap of E, u € F(T) and S a compact T — invariant subset of E such
that T(S) is compact . If Ps(u) has the property of contractiveness and joint continuity , then T has a fixed point
in Ps(u) .

Proof:- The Ps(u) is nonempty . As S is closed so is Ps(u) and hence Ps(u) is compact . To show that Ps(u) is T —

invariant, Let y € Ps(u) and set dp(u, S) =r. By hypothesis
r<do(u, T(y) ) =dp( T(u), T(y) ) £dp(u,y)=r.Thatisr =dy(u, T(y) ) and hence
T(y) € Ps(u) and consequently Ps(u) is T —invariant . By theorem we prove that T has a fixedpoint in Ps(u) .

Theorem(3.8):- Let E be complete with a separating dual E, T be a nonexpansive selfmap of S,
u € F(T) and S a T — invariant subset of E . Suppose that Ps(u) is nonempty weakly compact and
has the property of contractiveness and joint continuity

. Then T has a fixed point in Ps(u) .

Proof:- As in the proof of theorem (3.7) , we can show that Ps(u) is T — invariant and hence by
the above theorems, T has a fixed point in Ps(u) .

Conclusion:- In this paper we define some important applications of fixed point theorems to

explain the invariant approximations.
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