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Abstract: In Heat Exchangers text books, the derivation of the effectiveness( )and the number of transfer units( NTU ), (ε-NTU) 

relations, are based on figures which are difficult to understand and the physical meaning of the steps in the derivation is unclear. The 

NTU-Effectiveness heat exchanger design formula for the double pipe heat exchanger in parallel flow arrangement is derived from the 

first principles. Energy equations of parallel flow arrangement for both the hot and the cold fluids are determined. The actual rate of 

heat transfer for parallel flow arrangement along with the heat exchanger effectiveness are stated. The relationship between the 

effectiveness( )and the number of transfer units( NTU ) for the double pipe heat exchanger in parallel flow arrangement is plotted.  
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I. Introduction 

    Heat exchangers are devices that provide the transfer of thermal energy between two or more fluids at different temperatures. Heat 

exchangers are used in a wide variety of applications, such as power production, process, chemical and food industries, electronics, 

environmental engineering, waste heat recovery, manufacturing industry, air-conditioning, refrigeration, space applications [1]. There are 

two ways in which heat is transferred in the heat exchanger: conduction through the wall that separates the two fluids and convection in each 

fluid. The double pipe heat exchanger is consider the simplest type of heat exchanger which consists from two pipes that have the same 

center with different diameter, as shown in figure (1-1). One fluid flows through the smaller pipe, however; the other fluid flows in the 

circular area between the two pipes. There are two flow arrangement types in a double pipe heat exchanger: parallel flow and counter-flow 

[2]. In the parallel flow heat exchangers, the two fluids enter the exchanger at the same end and flow parallel to one another in the same 

direction to another side. For all types of heat exchangers, there are two methods of analysis: The log mean temperature difference (LMTD) 

method, and the number of transfer units (NTU) which is based on a formal definition of effectiveness [2]. In Heat Exchangers text books, 

the derivation of ε-NTU relations are based on figures which are difficult to understand and the physical meaning of the steps in the 

derivation is unclear.  

 

 

 
Fig (1-1): The double-pipe heat exchanger in parallel  flow arrangement 

1.1 Actual rate of heat transfer (


Q ) 

The actual heat transfer rate can be defined from an energy balance of the cold fluid or the hot fluid which means the heat transfer rate of the 

hot fluid is equal to the heat transfer rate of the cold fluid. 

 
outhinhh

TTCQ
,,




                                                         (1.1) 

 incoutcc TTCQ ,, 


             (1.2) 

where 

hphh
CmC                 (1.3) 

cpcc CmC                            (1.4) 

1. 
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2 The maximum possible heat transfer rate ( max


Q ) 

The maximum heat transfer is the maximum heat that could be transferred between the fluids. The outlet temperature of the colder fluid 

becomes equal to the inlet temperature of the hotter fluid when 
cpc Cm < 

hph
Cm  of infinite length as shown in figure (1.3) [3]. 

The heat transfer of the cold fluid equals   

 incoutcc TTCQ ,, 


 

Since  
inhoutc TT
,,    and  cC < 

h
C = minC   

 
maxmin ,,



 QTTCQ incinh
  

 

 

Fig (1-3): The relationship between the outlet temperature of the colder 

fluid and the inlet temperature of the hotter fluid of infinite length. 

The outlet temperature of the hotter fluid becomes equal to the inlet temperature of the colder fluid 
hph

Cm < 
cpc Cm  of infinite length 

as shown in figure (1.2). 

The heat transfer of the hot fluid equals 

  

 
outhinhh

TTCQ
,,




 

Since incouth
TT ,,

  and  
h

C < cC  = minC   

 
maxmin ,,



 QTTCQ incinh
  

 incinh
TTCQ ,,minmax 



               (1-5)                                                                                        

 

Fig (1-4): The relationship between the outlet temperature of the hotter 

fluid and the inlet temperature of the colder fluid of infinite length. 

 

1.3 The heat capacity ratio (Cr) 

The heat capacity ratio is defined as the ratio of the minimum heat capacity rate to the maximum heat capacity rate [3]. 

max

min

C

C
Cr 

                                                                                                                   

(1-6)

                                                

 

1.4 The number heat transfer units (NTU) 

It is defined as the ratio of the overall conductance to the smaller heat capacity rate  

minC

UA
NTU 

                                                                                                                

(1-7) 

1.5 The effectiveness of the heat-exchanger ( ) 

The effectiveness of the heat-exchanger is defined as the ratio of the actual heat transfer rate to the maximum possible heat transfer rate. 






maxQ

Q
                                                                                                                  (1-8) 

The effectiveness is a dimensionless quantity between (0 and 1). 

Also    rCNTUf ,  

 

II. The derivation 

2.1 Energy equations of parallel flow 

The first law for parallel flow per unit length of (x) direction for: 

 

2.1.1 The hot fluid  

The energy transfer of the hot fluid of length (dx) is equal to the temperature difference between 

the hot and the cold fluids multiply in the overall conductance which is equal to the energy 

transfer of the cold fluid of the same length (dx). From the control volume as shown                           

fig (2-1)   
 in figure (2-1), the energy balance of  the total heat transfer between two fluids inside the heat 

exchanger is:                                                                                      
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 )()(
)(

xTxTPU
dx

xdT
C ch

h
h                                                                                 (2-1)  

2.1.2 The cold fluid 

 )()(
)(

xTxTPU
dx

xdT
C ch

c
c 

                                                                                  

(2-2)

  

Putting equation (2-1) and (2-2) in matrix form gives
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
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(2-3) 

Assuming the solution to be 

e
SX

c

h
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T

T


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
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(2-4) 

So 

es
SX

c

h

A

A

dx

dT
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
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(2-5) 

Put equations (2-4) and (2-5) in equation (2-3) gives 

ees
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c
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Which has a nonzero solution for (A1 and A2) only if  the determinate of coefficient array is zero. This determinate condition is called the 

characteristic equation. 

Hence. 

022222  UPUPSPUCSPUCSCC chch                                                   
(2-6)

 
Or

 

0)(2  SCCPUSCC chch                                                                                    
(2-7) 

Or
 

0))()((  chch CCPUSCCS
                                                                              

(2-8) 

Either 

0S  

Or 

)(

)(
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The solution becomes 

e
PUmX

h

c

c

h

C

C
BA

xT

xT 






























1

1

)(

)(

 
The boundary conditions for this type are:  

At
inhh TTX  )0(0  

At
incc TTX  )0(0  

BCAT cinh 
                                                                                                            

(2-9) 

BCAT hinc 
                                                                                                          

(2-10) 

From (2-9) & (2-10) 

ch

incinh

CC

TT
B




  

 

 

 

2.2 The actual rate of heat transfer for parallel flow 

The heat transfer between the two fluids over the small length (dx) is: 

  dxxTxTPUQ ch )()( 



                             

To obtain the total heat transfer between the two fluids inside the heat exchanger, the above expression is integrated from (0 to L) (the length 

of the heat exchanger).  

  dxxTxTPUQ

L

ch 


0

)()(

                                                                                     

(2-11)

 

Applying )()( xTandxT ch  in equation (2-11) 

  dxCCBUPQ e
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L

ch




 
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Applying  
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(2-12) 

2.3 The heat-exchanger effectiveness  

 

from equation (2-12) and (1-5)  
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The last formula expression is the relationship between the effectiveness( )and the number of transfer units( NTU ) .The plot below shows 

the relationship between the effectiveness( )and the number of transfer units( NTU ) for multiple values of Cr 

 

Fig (2-2) the effectiveness for parallel flow heat exchanger for for multiple values of C. 
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III. Conclusions 

     The method used in this paper to derive the NTU-Effectiveness formula for the double pipe heat exchanger in parallel flow arrangement 

is based on the basic energy balance equations of heat transfer with boundary conditions which is easy to understand and the physical 

meanings are clear.. From the plot between the effectiveness ( ) and the NTU, it was noticed for the effectiveness of parallel flow 

arrangement, is parallel to each other as the area increase for different Cr. However; the method used in text books based on figures which is 

difficult to understand. 
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