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Elmuataz Moftah, Ahmad Abdelaly
Mechanical Engineering Department, Faculty of Engineering, Tobruk University, Libya.

Abstract: In Heat Exchangers text books, the derivation of the effectiveness( & )and the number of transfer units( NTU ), (e-NTU)
relations, are based on figures which are difficult to understand and the physical meaning of the steps in the derivation is unclear. The
NTU-Effectiveness heat exchanger design formula for the double pipe heat exchanger in parallel flow arrangement is derived from the
first principles. Energy equations of parallel flow arrangement for both the hot and the cold fluids are determined. The actual rate of
heat transfer for parallel flow arrangement along with the heat exchanger effectiveness are stated. The relationship between the
effectiveness( & )and the number of transfer units( NTU ) for the double pipe heat exchanger in parallel flow arrangement is plotted.
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I. Introduction

Heat exchangers are devices that provide the transfer of thermal energy between two or more fluids at different temperatures. Heat
exchangers are used in a wide variety of applications, such as power production, process, chemical and food industries, electronics,
environmental engineering, waste heat recovery, manufacturing industry, air-conditioning, refrigeration, space applications [1]. There are
two ways in which heat is transferred in the heat exchanger: conduction through the wall that separates the two fluids and convection in each
fluid. The double pipe heat exchanger is consider the simplest type of heat exchanger which consists from two pipes that have the same
center with different diameter, as shown in figure (1-1). One fluid flows through the smaller pipe, however; the other fluid flows in the
circular area between the two pipes. There are two flow arrangement types in a double pipe heat exchanger: parallel flow and counter-flow
[2]. In the parallel flow heat exchangers, the two fluids enter the exchanger at the same end and flow parallel to one another in the same
direction to another side. For all types of heat exchangers, there are two methods of analysis: The log mean temperature difference (LMTD)
method, and the number of transfer units (NTU) which is based on a formal definition of effectiveness [2]. In Heat Exchangers text books,
the derivation of e-NTU relations are based on figures which are difficult to understand and the physical meaning of the steps in the
derivation is unclear.
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Fig (1-1): The double-pipe heat exchanger in parallel flow arrangement

1.1 Actual rate of heat transfer (Q)

The actual heat transfer rate can be defined from an energy balance of the cold fluid or the hot fluid which means the heat transfer rate of the
hot fluid is equal to the heat transfer rate of the cold fluid.

Q=Cy (Th,in _Th,out) (2.1)
Q=C (Tc,out _Tc,in) (1.2)
where

1.
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2 The maximum possible heat transfer rate (Q max )
The maximum heat transfer is the maximum heat that could be transferred between the fluids. The outlet temperature of the colder fluid
becomes equal to the inlet temperature of the hotter fluid when M CpC < mh C Ph of infinite length as shown in figure (1.3) [3].

The heat transfer of the cold fluid equals

Q=Cc (Tc,out _Tc,in> Thn = To,out
Since T oyt =T, ad Ce< Cy = Cin
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Fig (1-3): The relationship between the outlet temperature of the colder
fluid and the inlet temperature of the hotter fluid of infinite length.

The outlet temperature of the hotter fluid becomes equal to the inlet temperature of the colder fluid mh Cph < Mg CpC of infinite length

L=0 L=cx

as shown in figure (1.2).
The heat transfer of the hot fluid equals

Q= o (Th,in _Th,out)

I'han

|
SinceTh,out :Tc,in and Ch < C¢ = Cmin k: Ch=Cinin i
L] [} vrl_ Nt - ~ / :
Q=Chi (Th,in _Tc,in): Q e T TR |
Qmax = Cmin (Th,in _TC,in) (1-5) cord guid | Thout=T

Fig (1-4): The relationship between the outlet temperature of the hotter
fluid and the inlet temperature of the colder fluid of infinite length. ke '
1.3 The heat capacity ratio (Cr)

The heat capacity ratio is defined as the ratio of the minimum heat capacity rate to the maximum heat capacity rate [3].

Chi
C = Zmin 1-6
f Cmax r

1.4 The number heat transfer units (NTU)
It is defined as the ratio of the overall conductance to the smaller heat capacity rate

NTU = DA (1-7)

min
1.5 The effectiveness of the heat-exchanger (&)
The effectiveness of the heat-exchanger is defined as the ratio of the actual heat transfer rate to the maximum possible heat transfer rate.

Q
Qe
The effectiveness is a dimensionless quantity between (0 and 1).
Also &= f(NTU,C,)

&= (1-8)

Il. The derivation
2.1 Energy equations of parallel flow .
The first law for parallel flow per unit length of (x) direction for: 8Q =U P(Th-Tc) dx

2.1.1 The hot fluid ——
The energy transfer of the hot fluid of length (dx) is equal to the temperature difference between Th I I _ Th+dTh
the hot and the cold fluids multiply in the overall conductance which is equal to the energy

I |
transfer of the cold fluid of the same length (dx). From the control volume as shown ChTh |‘ |-' Ch(Th+dTh)

fig (2-1) L Tc
in figure (2-1), the energy balance of the total heat transfer between two fluids inside the heat L__ f
exchanger is: | .

dx
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C, =—PU (T, (X) =T, (x)) (2-1)

2.1.2 The cold fluid

. T _pu (1,0 -T.(0) @)

dT, (x)
X

Putting equation (2-1) and (2-2) in matrix form gives
dT,

{ch o} dx :{—PU PUHTh} 23
0 C.||dT, PU —-PU]||T,

dx
Assuming the solution to be

T, LA sx
_TJ—MG e

S_o
dT,

x| _[A ] o
%[5

—_C

| dx
Put equations (2-4) and (2-5) in equation (2-3) gives

'c, 0 sx [-PU PU sx
“ Alse” - 1% e
_O C. || A PU —-PU A
_ChS +PU -PU A 3 0
-PU  CS+PU|A | |0
Which has a nonzero solution for (A; and Ay) only if the determinate of coefficient array is zero. This determinate condition is called the
characteristic equation.

Hence.
C,C.S?2+C,PU S+C.,PU S+PU?-P2U2=0 (2-6)
Or
C,C, S?+PU (C, +C,)S=0 @2-7)
Or
S((C,C, S)+PU (C, +C,))=0 (2-8)
Either
S=0
Or
s _~PU(C,+C))
(Cy C.)
Let m = M
€, C.)
So S=-PUm
Casel. S=0

PU -PUT[A] [0
RN
PU A —-PU A, =0

So A=A =A
Casell. S=—PUm

Kl K
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—c,m+1 -1 B, [0
-1 —Ccm+l}{8jz{0}
¢, GrC) -1
C, C, B,] [0
: e, [ml )
L C, C,
~C,-C_+C 3
C, B [0
_1 -C, -C.+C, {BJZ[O}
L C:h
c, c.IB,] [o
o ool

C,B,+C.,B,=0
C,
B,=——+ B
CC
Assumethat B,=C_ B & B,=-C, B
The solution becomes

Th (X) — A 1 + B Cc e—PUmX
T (x) 1 -G,
The boundary conditions for this type are:

ALX =0=T,(0) =T,
ALX =0=T,(0)=T,,

T,.=A+C_B (2-9)
T, =A-C, B (2-10)
From (2-9) & (2-10)
_ Thin _TCin
C,+C,
A= Ch Thin _CC TCin
C, +C,

2.2 The actual rate of heat transfer for parallel flow
The heat transfer between the two fluids over the small length (dx) is:

5Q=U P (T,(x)~T,(x)) dx

To obtain the total heat transfer between the two fluids inside the heat exchanger, the above expression is integrated from (0 to L) (the length

of the heat exchanger).
. L
Q= U P(T,()-T.(x)dx (2-11)
0

Applying T, (x) and T, (X) in equation (2-11)

L
Q=UPjB(Ch+cc)e’“P’“X dx

. L
Q=UPB(C,+C,)e "™ dx

0
~UPB(C, +C_) [ _—upn
e el

Q-
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Applying

— (Ch +Cc) & B = Thin ~ Ycin

(€, C.) Cyp +C,

. (Th' T )(Ch C ) _UA(C, +C,)

R “ll-@ ac 2-12
Q C,+C, € Gl
2.3 The heat-exchanger effectiveness
&= .Q

Qmax

from equation (2-12) and (1-5)
If (C,=C,,,andC.=C,,)
(Thin _Tcin)(cmin Cmax) 1_a CUA (Cmiéﬁcmax
(Thin —Tcin)(Cmin +me)(;min e mlnL max
L Llmeo [-NTU (1+C,)]
- 1+C,

E =

Where
Cr — Cmin
C

max

NTU =%
C

IfC.=C,,andC, =C_,
- _ UA ( Cpyin +Cinax
&= (Mot ~Te) Crac Cor) 1-@ Cm [TJ
(Thin _Tcin ) (Cmax + Cmin ) Cmin
L l-ex [-NTU (1+C,)]
- 1+C,

The last formula expression is the relationship between the effectiveness( & )and the number of transfer units( NTU ) .The plot below shows
the relationship between the effectiveness( & )and the number of transfer units( NTU ) for multiple values of C,

parallel flow
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Fig (2-2) the effectiveness for parallel flow heat exchanger for for multiple values of C.
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I11. Conclusions

The method used in this paper to derive the NTU-Effectiveness formula for the double pipe heat exchanger in parallel flow arrangement
is based on the basic energy balance equations of heat transfer with boundary conditions which is easy to understand and the physical
meanings are clear.. From the plot between the effectiveness (€ ) and the NTU, it was noticed for the effectiveness of parallel flow
arrangement, is parallel to each other as the area increase for different Cr. However; the method used in text books based on figures which is
difficult to understand.
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