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Abstract: In this paper, we used Adomian decomposition
method for solving linear non-homogeneous Fredholm
integral equations of second kind and some applications are
given in order to demonstrate the effectiveness of Adomian
decomposition method for solving linear non-homogeneous
Fredholm integral equations of second kind.
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|.Introduction:

Linear non-homogeneous Fredholm integral equation of
second kind was given by [1-5]

v(x) = f(x) + A [2 K(x, v(e)de ......... 1)

where a and b are constants and the unknown
function v(x), that will be determined, occurs inside and
outside the integral sign. The kernel K (x, t)and the function
f(x) are given real-valued functions, and 4 is a parameter.
The Fredholm integral equations appear in operator theory
and it can be derived from boundary value problems with
given boundary conditions. Fredholm integral equations
generally appear in many physical models such as
stereology, cosmic radiation, electromagnetic fields,
radiography spectroscopy and image processing etc.
Fredholm integral equations also arise in the theory of signal
processing. Many inverse problems in science and
engineering lead to the Fredholm integral equations.

In this paper, we used Adomian decomposition
method (decomposition method) for solving linear non-
homogeneous Fredholm integral equations of second kind
because this method provides the solution in a rapidly
convergent series with components that are elegantly
computed. Adomian [6-7] gave non-linear stochastic
systems theory and it’s applications in the physics. A review
of the decomposition method and some recent result for non
linear equation was given by Adomian [8]. Cherruault and
Saccomandi [9] gave the new results for convergence of
Adomian method applied to integral equations. Adomian
[10] solved the Frontier problems of Physics by using the
decomposition method. After it, he solved the physical
problems by decomposition method [11]. Abbaoui and
Cherruault [12] discussed the convergence of Adomian’s

a)

b)

method and applied it for solving differential equations. The
resolution of non linear integral equations of the first kind
using the Adomian decomposition method was discussed by
Cherruault and Seng [13]. Babolian et al. [14] used
Adomian decomposition method for solving a system of non
linear equations. Babolian and Biazar [15] also discussed
the solution of a system of linear Volterra equations by
Adomian decomposition method. Bakodah [16] gave the
some modifications in Adomian decomposition method
applied to non linear system of Fredholm integral equations
of the second kind. The aim of this work is to establish
exact solutions for linear non-homogeneous Fredholm
integral equations of second kind using Adomian
decomposition method without large computational work.

I1. Solution of linear non-homogeneous Fredholm
integral equations of second kind:

A solution of the linear non-homogeneous Fredholm
integral equations of second kind arises in any of the
following two types:

Exact solution: A solution of linear non-homogeneous

Fredholm integral equations of second kind is called exact if

it has a closed form such as a polynomial, trigonometric
function, exponential function or the combination of two or

more of these elementary functions, e.g.

v(x) = 2x + 3%,
v(x) = cosx — sinx,

v(x) = 7 + sin3x + cos5x — 2e™* and many others.
Series solution: Sometimes we can not obtain exact solution
for concrete problems. In this case, we have solution in the
series form that may converge to exact solution if such a
solution exists. Otherwise series may not give exact solution
and in this case we have approximate solution for numerical
purpose. The more terms in the series give the higher accuracy
in the solution.

I11. Adomian decomposition method for solving linear
non-homogeneous Fredholm integral equations of
second kind:

The Adomian decomposition method (decomposition
method) was first introduced by George Adomian [8]. This
method assumes the unknown function v(x) in the form of
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sum of an infinite number of components i.e. infinite series
as

00

v(x) = Z V(%) e e (2)

n=0
Or v(x) = vy(x) + vy (x) + v, (x) + ... (3)

where all the components v, (x),n = 0 are determined by
using recursive relation.

To establish the recursive relation, we substitute (2) into
(1), we get

o0

Z vy (0) = f(x) + 2 f: K(x, ) i v (©) dt ... (4)

n=0 n=0
In expending form (4) can be written as
V(%) + v (x) + v(x) + v4 (x)b....

=f(x)+ lj K(x, t)vy(t)dt
b a

+Af K(x,t)v, (t)dt
ab

+ lf K(x, v, (t)dt + -+ (5)

Where the zeroth component v,(x) is identified by f(x)
and the remaining components of R.H.S. of (2) are given by
the following recursive relation:

After simplification(6), we have
vo(x) = f(x)

vy (x) = 1 [, K(x, e ()dt

v,(x) = A [, K(x, vy (O)dt

v3(x) = A [, K(x, v, (D)dt

(7

and so on for other components.

Using (7) all the components of R.H.S. of (2) are obtained
and now we get the required solution of (1) using(2), in
series form which on simplification give the exact solution
of (1).

111. Applications:

In this section, some applications are given in order to
demonstrate the effectiveness of Adomian decomposition
method for solving linear non-homogeneous Fredholm
integral equations of second kind.

Application:1 Consider linear hon-homogeneous Fredholm
integral equations of second kind with f(x) =e*, 1=

f,K(x,t) =1,a=0b=1

1

— X 1 d 8
v(x) =e +;J; v(t)dt.....(8)

The Adomian decomposition method assumes the unknown
function v(x) in the form of an infinite series as

0

v(x) = Z U (%) e oot (9)

n=0

By substituting (9) in (8), we have

0

Z v, (x) = e* + %f:z vy (£) dt . .. (10)

n=0

From(10), our required recursive relation is given by
vo(x) =e*.......(11)

1 1
VUpar (%) = gj v,(t)dt,n=0...... (12)

0

The first few components of R.H.S. of (9) by using (11)
and (12) are given by

1

1
vi(x) = Ef vo(t)dt
0

Bt 1t ~(e—1)
_Efoedt—ie . (13)

1

v,(x) = %j v (t)dt
0

(=D (" (-1
= Jodt_ (14)

ez
1
U3(x) = ;f vz(t)dt
0

=(e_1)f1dt=(6_31).....(15)
0

e3 e

and so on.
Now using (9), the series solution of (8) is given by
v(x) = vo(x) + v1(x) + v, (x) + v3(x) ... ..

ex+(e—1)+(e—1)+(e—1)+m

5 oz e
(e—1) 1 1
=e* + [1+—+—2+-~ ...... ]
e e e
e—-1D] 1
=e* + — =e*+1.....(16)
e 11
e

Which is the exact solution of (8).
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Application:2 Consider linear non-homogeneous Fredholm
integral equations of second kind with f(x) =e* —x, 1 =
1,K(x,t) =xt,a=0,b=1

1

v(x) =e*—x+ f xtv(t)dt .....(17)
0

The Adomian decomposition method assumes the unknown
function v(x) in the form of an infinite series as

o0

v(x) = Z V(%) ... ... (18)

n=0

By substituting (18) in(17), we have

o0

Zvn(x)zex—x+xﬁltgvn(t)dt ...... (19)

n=0
From(19), our required recursive relation is given by
vo(x) = e* —x.......(20)
1
Upr1 (X) = xf tr,()dt,n=0..... 21)

0

The first few components of R.H.S. of (18) by using (20)
and (21) are given by

1

v (x) = xf tvy(t)dt

0

1
= x]o t(et — t)dt = 23—x.....(22)

1

vz(x) = xf tvl(t)dt
0

3 letzdt—zx 23
—xo 3 —9.....( )

1

v3(x) = xf tvz(t)dt
0
3 jlztz df = 2x "
—xo 9 —27.....( )
and so on.
Now using (18), the series solution of (17) is given by

v(x) = vo(x) + v1(x) + vy(x) + v3(x) ... ...

o +2x+2x+2x+
=ef—xtot gt
] PR
=e’—x+ zTgt
s 2x| 1 [ 25
=e —x+?—1 =e (25)
=3

Which is the exact solution of (17).
IV. Conclusion:

In this paper, we have successfully developed the Adomian
decomposition method for solving linear non-homogeneous
Fredholm integral equations of second kind.The given
applications showed that the exact solution have been
obtained using very less computational work and spending a
very little time. The proposed scheme can be applied for
other non-homogeneous Fredholm integral equations of
second kind and their system.
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