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ABSTRACT 

In this paper, we study on relations among consecutive elements of an equivalence class of congruence 

modulo m for any positive integer m. If x, y, z are any three consecutive elements of an equivalence class 

of congruence modulo m, then 22 mxzy  . This is a very simple relation but unknown. For 1m , we 

get the relation 12  xzy between any three consecutive integers x, y, z. We can extend the relation to 

any finite number of consecutive integers. Using these relations, we prove some new results and solve 

quadratic congruence of odd prime modulus. Uses of this relations are the merit of this paper. 
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INTRODUCTION: 

Let m be a fixed positive integer. For integers a and b, we define a relation  on as 

)(mod mbaba  . Then  is an equivalence relation on . This relation is called congruence modulo 

m. This relation has m distinct equivalence classes namely, [0], [1], [2], …….., [m-1].  If x, y, z are any 

three consecutive elements of an equivalence class of congruence modulo m, then 22 mxzy  . In 

particular, if x, y, z are any three consecutive elements of [0], then there exists three consecutive integers a, 

b, c such that x=am, y=bm, z=cm and 12  acb . If 
11321 ,,......,,,,  nnn aaaaaa )2( n are consecutive 

elements of an equivalence class of congruence modulo m, then 
2

114231

22

3

2

2 )1(............... mnaaaaaaaaa nnn  
 

 

In particular, If 
11321 ,,......,,,,  nnn aaaaaa )2( n are consecutive elements of [0], then there exists n+1 

consecutive integers 
11321 ,,......,,,,  nnn bbbbbb )2( n such that ,, 2211 mbamba   

mba nn 11.........,   and )1(............... 114231

22

3

2

2   nbbbbbbbbb nnn . 

 

PRELIMINARIES: 

Definition 2.1: Any three consecutive integers x, y, z satisfy 12  xzy . The order tripled (x, y, z) is 

called consecutive triple. For a fixed positive integers m, ),,( rmzrmyrmx  where 

}1......,,2,1,0{  mr  is called consecutive triple of congruence modulo m. 

Definition 2.2:[1] A Pythagorean triple consists of three positive integers a, b, c such that 222 cba  . 

Such a triple is commonly written as (a, b, c). If (a, b, c) is a Pythagorean triple, then so is (ka, kb, kc) for 

any positive integer k. 

 

Definition 2.3:[2] We define a sequence of numbers as 1,1 21  ff  and 
21   nnn fff  for all 3n . 

The number nf  is called the nth Fibonacci’s number. 

We have the following properties of Fibonacci’s numbers for each Nn : 
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a. 1....... 221  nn ffff  

b. 
nn ffff 21231 .......  
 

c. 1....... 12242  nn ffff  

d. 
1

22

2

2

1 .......  nnn fffff  

 

MAIN RESULTS: 

Theorem 3.1: (3, 4, 5) is the only consecutive triple which is also Pythagorean triple. 

 

Theorem 3.2: If ........,,......,,, 321 nffff are the Fibonacci’s numbers, then 



 







evenisnifff

oddisnifff
ffffffff

nn

nn

nn
,

,1
.......

1

1

11534231  

Proof: If 11 ,,  rrr fff (r>1) are three consecutive Fibonacci’s numbers, then 














evenisrifff

oddisrifff
f

rr

rr

r
,1

,1

11

112
 

Putting r=2, 3, 4, ………, n and adding, we get 














evennifffffffff

oddisnifffffffff
ffff

nn

nn

n
,........

,.......
........

11534231

1153423122

4

2

3

2

2  

Thus, if n is odd, then 
22

4

2

3

2

211534231 .............. nnn ffffffffffff  
 

1....... 22

4

2

3

2

2

2

1  nfffff  since 11 f  

,11  nn ff since
1

22

4

2

3

2

2

2

1 .......  nnn fffffff  

And if n is even, then 
22

4

2

3

2

211534231 .......1....... nnn ffffffffffff  
 

11534231 .......  nn ffffffff ,....... 22

4

2

3

2

2

2

1 nfffff   since 11 f  

,1 nn ff since
1

22

4

2

3

2

2

2

1 .......  nnn fffffff
 

Hence we can conclude that 

 

 

Theorem 3.3: If )2(,,.......,,,, 11321  nxxxxxx nnn
 are any consecutive elements of any equivalence 

class ofcongruence modulo m for any positive integers m, then 

1).......(....... 11534231

22

3

2

2

2

1   nnn xxxxxxxxxxxx  

Proof: Let )2(,,.......,,,, 11321  nxxxxxx nnn
 be any consecutive elements of any equivalence class 

ofcongruence modulo m for any positive integers m. Then 
2

114231

22

3

2

2 )1(............... mnxxxxxxxxx nnn  
 

22

1114231

22

3

2

2

2

1 )1()......(......... mnxxxxxxxxxxx nnn    
21.10  as 1,11,02

1  mnx  

1).......(....... 11534231

22

3

2

2

2

1   nnn xxxxxxxxxxxx  

Remark: For 2,1  nm and 01 x  the equality holds. 

 

Theorem 3.4: If x, y, z are three consecutive elements of any equivalence class ofcongruence modulo m 

for any positive integers m, then 










xmifxr

xmifxm
y

2

22

2

),(mod

),(mod
 

where xr 0 . Similar result holds for modulo z. 

Proof: Let  x, y, z be three consecutive elements of any equivalence class ofcongruence modulo m for any 

positive integers m. Then 



 







evenisnifff

oddisnifff
ffffffff

nn

nn

nn
,

,1
.......

1

1

11534231
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22 mxzy   
)(mod22 xmy  and )(mod22 zmy   

If xm 2 , then )(mod22 xmy   
If xm 2 , then by division algorithm, there exists unique integers q and r such that rxqm 2 where 

xr 0 . Therefore 

 

 

)(mod2 xry   

Hence 









xmifxr

xmifxm
y

2

22

2

),(mod

),(mod

 
where xr 0 . Similar, we can prove the same result for modulo z. 

 

Lemma (Lagrange’s theorem) 3.5:[1] If p is a prime and
01

1

1 .........)( axaxaxaxf n

n

n

n  


where p 

does not divide na , is a polynomial of degree 1n with integral coefficients, then the congruence 

)(mod0)( pxf   has at most n incongruent solutions modulo p. 

 

Lemma 3.6:[1] If p is a prime number and ,1pd then the congruence )(mod1 pxd  has exactly d 

incongruent solutions modulo p. 

 

Theorem 3.7: If p is an odd prime and the quadratic congruence )(mod02 pcbxax  can be write of 

the form )(mod)2( 22 pnbax  where acbn 422  , then bax 12 , p , bax 22 are three consecutive 

elements of some equivalence class ofcongruence modulo n and 21, xx are incongruent solutions of the 

quadratic congruence. 

Proof: Consider the quadratic congruence  

)(mod02 pcbxax  ---------------- (i) 

Since p is an odd prime, 1),4gcd( pa . Thus given congruence equivalent to 

)(mod0)(4 2 pcbxaxa   

))(mod4()2( 22 pacbbax   

Putting acbn 422  to get 

)(mod)2( 22 pnbax  ------------------ (ii) 

Let  rp  for some }1,.......,2,1,0{  nr . Then rnlp   for some positive integer l . 

We claim that rlnbaxrlnbax  )1(2,)1(2 21 are satisfy the congruence (ii). For that 
2222

1 })1({)2( nrlnnbax   

)(2)( 2 rnlarnl   

app 22   

)2( app   

)(mod)2( 22

1 pnbax   

Similarly, we can show 

)(mod)2( 22

2 pnbax   

Therefore )(mod, 21 pxxx  are solutions of the quadratic congruence (i). 

Lastly, we show 1x  and 2x are incongruent solutions modulo p. If possible, let 

)(mod21 pxx   

)(mod22 21 pbaxbax   

)(mod)1()1( prlnrln   

np 2  

np  as p is an odd prime. 

))(mod(2 xrxqy 
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Which contradicts the fact that p does not divide n . Therefore, our assumption is wrong. Thus 1x  and 2x

are incongruent solutions modulo p. 

 

Example 3.8: Consider the congruence 

)11(mod01072  xx  

Here a=1, b=7, c=10 and p=11 

We have 1)11,1.4(),4( pa , so the given congruence equivalent to 

)11(mod040284 2  xx  

)11(mod3)72( 22  x  

Here ]2[23.3 p , when ]2[ is an equivalence class ofcongruence modulo 3. Applying theorem (3.8), 

we have 

)11(mod22.372 1 x and )11(mod24.372 2 x  

)11(mod12 1  x and )11(mod72 2 x  

Therefore )11(mod9,6x are two incongruent solutions of the quadratic congruence. 

 

Corollary 3.9: If p is an odd prime, then a  and ap  are incongruent solutions of the congruence 

)(mod22 pax  . In this case appap  ,, are consecutive elements of some equivalence of 

congruencemodulo a . 
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