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Theorem of Limits of Triple Sequences
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Abstract :  In this paper triple sequences and triple series method for finding a Cauchy, The Sandwich theorem triple sequences
for proof the theorem. This method finds a triple sequence and triple series in the feasible proof. In this method the number of
allocation n, m, | is satisfied for all theorems for example double sequence and double series method. This method does not
require the theorem. It is easy to understand and this theorem is very efficient for those who are dealing with triple sequence and
triple series. It can easily adapt an existing theorem.
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THEOREM OF LIMITS
In this section, we prove some results which enable us to evaluate the triple and iterated limits of a triple sequence.
Theorem
If s(n,m, 1) can be written as s(n, m, ) = a, a,,a; such that the limits

lima, = ll, llm Ay = lz,llm a =1 lim ap,, =11,
n,m-oo

n—-oo

lim ap, =113 lim A =31
l,n—oo

m,l—oc0
Then
it st WBJSim { tim (i)
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=Ll
Proof:

Use hypothesis, we have

lim { lim [lim s(n,m, 1) }

n—oo \m—oo L{—oo

lim {lim [lim(anamal)]}

n—-oo \m—-oo Li»oco

= lim an, L llm am,llm a;
n—oo

= Ll

lim {lim lim s(n,m,[) }— lim {llm lim (anamal)]}

m—-oo \[-o00 Ln—oo m-ooo oo lnsoo

= lim a,, lim am,llm a;

n—oo m-oo

=151,

lim {lim lim s(n,m,1) } = llm {llm lim (anamal)]}

>0 \n-s0 lm-oo n-o Lm-oo

= lim a,, lim a,,, llm a;

n—-oo m—-0o
=Ll
Hence

fim {tim [tim s m, D]} = lim {tim |tim a0

= Ll

Next to show that lign s(n,m, ) = 1,15
n,m,l—co
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Let € > 0 be given, since [a,]is bounded (being convergent), there exists

k € N such that [a,| < k,V n € N again let € > 0 be given, since [a,,] is
bounded (being convergent), there exists j € N such that |a,,| <j,Vm € N
And since a,, = l;,a, = 1,,a; = 13 There exists a natural number N = N (¢)
Such that la, — L] <&/3p,lam — LI <&/3p.la =131 <¥/3p,¥V nm 1l =N
Where b = max {k,j,|l1|, |l5|}. Hence it follows that n,m,l > N.

Is(n,m, D) — LI < |s(n,m, 1) — ay, ap, 3| + @y, @, I3 = 1y, @, 1+ |, G, s — 1 115

< |an' Ama; — Ay, Ay, l3| + |an' avaS - ll:am!13| + |l1!am’ 13 - l1l213|

lanamlla; = LI + lamlsllan = L]+ [Lsllan — L]

= lagllamlla; = L1 + lap|lsllan = L1+ 1L 1], = L
<KJ £/3b +J |l1|8/3b+|l1||13|8/3b

< bé/3p+bE/3, +bE/3y

< 3b /3p <e

There it follows that  lim  s(n,m,1) = 1,115

n,m,l-co0
Example

Consider the triple sequence s(n, m,1) = ﬁ n,m,l € N we claim that

n'IlI}‘rlllm s(n,m,1) = r111_1)'?o {nlll_r}go [llircr)los(n, m, l)]}

= lim {lim [lim s(n, m,1) }

m—oo U0 Lneo
= Jim {Jim [lim s(n,m. D]}
=0.
Indeed, write s(n,m,l) = ay, agha; = (%) (i) G),v n,m,] € N.
Then
S 0= L o
Jim ap= lim = Z=0

limal:liml =—=0

1—o00 oo L

It follows form 4.1 that
. 1\ _ . . . 1
i () = Jim i [t 7]}

L1 1., 1
= lim = lim =lim =
n—-ooNm-oo M- L

=0.
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Theorem
If s(n,m, 1) can be written as s(n, m, )= a, + a,,+a; such that the limits

lim a, =1, 11m am =1, 11m a; =13,

n—-oo

Then lim {lim [lim s(n,m, l)]} = lim {lim lim s(n,m, ) }

n—-oo \m-oo Ll>co m—-oo {500 Lln—>oo

= lim {lim lim s(n,m,1) }

>0 \n>oo Lm—oo

= lim s(n,m,l)
n,m,l-o

= ll + lz + l3.
Proof

Use hypothesis, we have lim {lim [lims(n, m, l)]} = lim {lim [li_)rglo(an +a, + al)]}

n—-o \m-oo L[> n—-oc \m-oo

= lim a, + 11m am + 11m a;

n—oo

lim {lim lims(n,m,1) } = lim {lim [lim (ap + ay, + a,)]}

m—oo \[—>00 Lln—oo m—oo {[—>0o0 Lln—oo

= lim a, + hm Ay + hm a;

n—-oo

=h+L+1

lim {lim lim s(n,m, 1) } = hm {hm lim (a, + a,, + a,)]}

l-»00 \nooo Lm-oo l->00 \nooo Lm-oo

= lim a, + hm apy + hm a;

n—o
=L+L+1
Next, to show that n,rlni,rlr—lmos(n' m,l) =1, + 1, + 5 let e > 0 be given,
Use hypothesis there exists a natural number N = N (&) such that
lan =Ll <8/3,lam — LI <¥/3,la, =31 <¥/3, V n,mI=N
Hence, we have
vnml=N |s(h,m D) —(L+L + L) =la, +a, +a, — (-1, — 15)]
< lan = Ll + lag — L] + la; — L]
<f/3+f3+%/3
< 35/3
<e.

Therefore, it follows that llm s(nm, ) =1+ 1, + 15

nm —00

Example

Consider the triple sequence s(n,m, ) = % + % + % n,m,l = N we showed in example 1.8 that

llm s(nm,l) = lim (%+i+%)

n,m,l-oo n,m,l-o

lim >+ lim =+ lim~

n—-oon m-ooom l—o00
1 1 1
=—+—+=
oo o oo
=0.
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Theorem (The Sandwich Theorem)
Statement
Suppose that x(n, m, 1), s(n, m,1) and y(n, m, 1) are triple sequence of real numbers such that
x(n,m, ) <s(n,m, 1) <yn,m,l)vn,m,l < N and that

lirln x(n,m,l) = lirln y(n,m, 1) then s(n,m, 1) is convergent and
m,l—o0 nm,l->oo

n,

lim x(n,m,l)= lim s(n,m, )= Ilim y(n,m,l)
n,m,l-c n,m,l-o n,m,l-o

Proof

Leta= lirln x(n,ml) = lirln y(n,m,l) , then given £ > 0, there exists a real number N such that
n,m,l-oo nm,l—-oo

nml>N =|x(nml)—al<e and |x(n,m,]) —al <&
Since the hypothesis implies that
x(n,ml)—a<s(nml)—a<ymnml) —avnm,l <N

It follows that —e < s(n,m, 1) — a < e¥n,m,l < N since € > 0 was arbitrary, this implies that n’rlni‘rlrlms(n, m,l) = 0.
CONCLUSION:
In this paper, a new triple sequence and triple series were introduced. Cauchy sequence and
monotone sequence proof the theorems. The double sequences and double series while comparing to triple
sequences and triple series. It is easy to proof and we get the required proof of theorems.
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