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Abstract: The aim of this paper is to study the symmetry properties of solutions of bi-harmonic differential equations of the type
Au+ au=0
and
Au+ fw)=0 in Q c R?
We employ the method of moving planes, which is based on the Maximum principles in bounded domains to obtain the result of
symmetry of solutions of the bi-harmonic problems.
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l. INTRODUCTION

In recent years, a lot of interest has been shown in the study of symmetry properties of solutions of nonlinear elliptic equations,
reflecting the symmetry of the domain. Linear elliptic equations arise in several models describing various phenomena in the
applied sciences, Maximum principles have been some of the most useful properties used to solve a wide range of problems in the
study of partial differential equations over the years. Starting from the basic fact from calculus that if a function f(x) satisfies
f"” >0 on an interval [a, b], then it can only achieve its maximum on the boundary of that interval. For partial differential
equations, the same idea allows to draw very useful conclusions from the properties of the solutions and the domain of a given
problem. We will look over some results such as the Hopf Maximum Principle and its generalization, approximations and
uniqueness of solution for elliptic operators.

It is well known that a classical tool to study this question is the moving plane method which goes back to Alexandrov
and Serrin [8] and was successfully used by Gidas-Ni-Nirenberg in the famous paper [2] to prove the radial symmetry of positive
solutions to (1.1) when B is a ball and f has some monotonicity in the radial variable. Since the last four decades or so, " the
method of moving planes” has been numerous applications in studying non linear partial differential equations See [1, 6, 7, 10
,11, 12, 13]. It can be used to prove symmetry of solutions. It is an important goal in mathematical analysis to establish
symmetry properties of solutions of differential equations both from a theoretical point of view and for the applications.

To prove the symmetry J. Serrin introduced the method of moving plane in the differential equations, which has been
previously used by A. D. Alexandrov in differential geometry. After some years the same method was employed by Gidas, Ni and
Nirenberg to obtain the symmetry results and monotonicity for positive solutions of nonlinear elliptic equations. Moving plane
method has been improved and simplified by Berestycki and Nirenberg in [14] with the aid of maximum principle in small omain.
After that many other results followed with different operators, different boundary conditions, different geometries. In his paper
[5] D. B. Dhaigude proved the Maximum principles for fourth order semilinear elliptic equations; He also stated result by
Dunninger which we are now going to use. [4] Author D P Patil studied elliptic boundary value problems.

In this paper, we will denote an open bounded domain in RN with C* boundary. We will say that is strictly convex if for
allx; y eQ andforall t € (0,1), (1—-1t)x+ty € Q Remark that some symmetry results for solutions of elliptic partial .

In section (2) we state the theorem and the preliminary results and statements of main theorems. In section (3) we state and
prove some useful lemmas required to prove the theorem 2.4. We prove the theorem for equation
ANu+ au=0.
In section (4) we state and prove some useful lemmas required to prove the theorem 2.5, we prove the theorem for equation
Au+ f(u)=0.
2. Preliminaries and Main Result:
Before proceeding to the statement of our main result we shall set forth some preliminaries and hypotheses.
Theorem 2.1 [9] Letu € C*(Q) n C%(Q) be a non constant solution of
ANPu+au=0 Qc R, a€R 2.1.
Au=0 0Q 2.2
then u satisfies the maximum principle.
Theorem 2.2 [Dunninger (3)] The non constant solution u of
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Nu+Cu=0 C>0 in Qc R"

Au=0 aQ
Satisfies the inequality 3
luC)| < |ulxo)l x €Q
for some point x, on the boundary dQ of Q.
Theorem 2.3:[ Serrin [7]] Letu =u(x;, x,,%3, ....., X, ) be a non-constant solution of
ANu+ au=0 2.3.

where a is positive constant and f(u) is positive non decreasing, differentiable function; and if Au =0 on dQ , thenu
attains its maximum on @ Q.

Theorem 2.4 Letu € C*(Q) n €?(Q) be a non constant solution of

Nu+ au=0 la| <1, a €R inQc R" 2.4.
Au=0 on 90Q 2.5
u(x) -0 as |x| - o 2.6

Define U(r) = sup{(u): |x| = R}
Dd(r)=1 B(r)={x € R": [x|] < 1y}
Assume that there exists a positive function won |x| = R, for some R, > 0 satisfying

Au+d(xPw <0 in |x| > Ry 2.7

Au=0 on |x| > R, 2.8
U(]x

lim (xD =0 29
[x]—00 W(x)

Then u must be radially symmetric about some point x, € R™ andu,, <0 for R, =0
We shall prove this theorem in section (3).

Theorem 2.5 Let

AMu+ f(u)=0 inQ c R" 2.10
Au=0 on 9Q 2.11
u(x) » 0 as x| > o 2.12

Assume that f(u) is positive non decreasing and differentiable function.

Letu € C*(Q) n C2(Q)

Define U(r) = sup{(w): |x| = R}

Then u must be radially symmetric about some pointx, € Q andu, <0 for r >0

We shall prove this theorem in section (4).

Before proceeding to the main theorems we shall set forth some preliminaries and hypothesis.

3. Lemmas and Proof of theorem 2.4

Let 2 > 0 be a real number.

Define Ty ={x: x=(x;,%;,x3,...,%,) : X, = A} which is the plane perpendicular to x:axis . We will move this plane
continuously normal to itself to new position till it begins to intersect the region Q . After that point the plane advances in
Q along X1 - axis and cut off cap Y, ; which is the portion of Q , and lies in the same side of the plane T as the original plane
T.Letx? = (21— x;,%,,%3, ..., X,,) be the reflection of the point x = (x; ,x,, 3, ..., x,,) about the plane  Tj.

Define V; (x) = u(x) — (u(x)?).

We have |x)‘| > x| and u(x) =u (x;,%5,%3, .0, %), UX?) =u(21 — x;,%5, X3, .0, Xp)

By simple calculations we can obtain

Au(x?)
Lemma 3.1 Let A > 0then V, satisfies A2V, + C,(x)V,
Proof: We have |x*| > |x| for x € ¥,

A%u(x)
0 in Y, where C;(x) =a

Also
Au(x)+ au(x) =0 3.1
u(x*) satisfies the same equation that u(x) does
Au@x+ au@x?) =0 3.2

Subtracting

0= [A%u(x)+ au(x)] - [A%u (P + au ()]
[A%u(x) — A%u (M) - [aukx) — au (xM)]
A2 (u(x) = u (xh) — @ (@) - u(x")
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0= A? Vl + Cl(x)Vl(x)
where C;(x) = a bounded. m|

DefineA={1 € (0,0): V;(x) > 0 in ¥}

Lemma3.2 LetA >0.If V;>00n ¥, NnB,then 1 € A.
Proof: Let4 >0
~A1€(0,0)and V,>00nY,;NB, .
By Lemma 3.1
A V() + C(0)V(x) =0 in Y;\By
Va(x) >0 on 9(X;\Bo)
Since U(r ) is non-increasing we have
0<u(x*)+ t(u@x)— u(x*)) <U(r) foro <t <1.
Wehave G; (x) = [jadt = a =1< & (|x|)
From A?w+ ®(|x)w =0 in |x| = R,
Aw=0 on|x|= R,
The positive function w satisfies the equation
A?w+ @ (|x])w <0 in ¥;\By
Aw=0 on Y;\B,
Hence by maximum principle we have
V,(x) >0 in¥;\B,.
~ A EA. O

Lemma 3.3 Let 1 € Athen;—z: <0 onT,.
1

Proof: By lemma [3.1] we have
AV + aV(x) =0 in Y,
Vi(x) >0 on a(¥y)
But V;(x)=0 on T,
We have% <0 on T;.
1
By Hopf boundary lemma,

ou 10V,
—==-=2<0onT,. [m]
0xq 2 0xq z

Proof of theorem 2.4
Let u(x) is positive non constant solution of boundary value problem [ 2.4 , 2.5] and |lf'm u(x) = 0 then there exist R, >
X|—00

R, such that
max{ u(x): |x| > R, } <min{u(x):|x| <R, }

where R, is the constant taken in the theorem. We prove the theorem in following steps.
Step 1: Toprove [R;,©) C A .

Let A€[Ry, ™).

~ A= R, andwehave B, c ;.

V)'(x) >0 in B_O

By lemma3.2 1 € A.

~ [Ry,©) c A.

Step 2: Let A, € A. To prove that thereexiste >0 suchthat (1o — €, 1] € A .
We shall prove this by method of contradiction. If possible suppose that there exist an increasing sequence, {4;},i=1,2,3, ....
SuchthatA; ¢ A and A; —» A, asi — oo. By converse of the lemma [3.2] we have a sequence {x;},i=1,2,3,....
Suchthatx; € 3, NnB, and V3,(x; ) < 0. A subsequence which we call again {X;} , converges to some point Xo €
Elo n BO .
Then V,, <0.
Since V3 > 0 in X;0, we must have x, € Ty, .
By mean value theorem, we observe that there exists a point y; satisfying :Tu (y;) = 0, on the straight segment joining x; to
Al !
Xi
fori=1,2,3,....
Sincey; » x, asi — oo, we have:TH (x0) =0.
1

On the other hand since x, € T, we have :7” (xo) <O.
1
By lemma [ 3.3] this is a contradiction and step 2 is established.
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Step 3: To prove either statement (A) or statement ( B ) holds.
(A)V3(x) > 0forA; >0 and ;Tu <0 on Tyford> 4.
1

(B)V;(x) > 0inY,and ;7” <0 on T, forA > 4,.
1
Define 1, =inffA > 0: (1,0 ) < A}theneitherA; >00ri; =0.
Casel 4, >0
We have V;, (x) = u(x) — (u(x)™)
From the continuity of the function u, we have

V, (x>0 n ¥ -
Hence by strong maximum principle we have that either V;, (x) >0 in Y3 or V3 (x) =0 in ¥,
Suppose that V; (x) >0 in Y, ,theni; € A.
From step 2 there exist e > 0 suchthat (4, - €, 4;] € A.
This contradicts to the definition of A,.

V/ll (X)=0 in Z/ll
cul) = u(xM)  in ¥y,
Since [A;,®) c A we have :7” <0 on T, for> A, .Bylemma [3.3]
1
Thus we get statement (A).

Case2 1, =0
Since u is continuous and lim u(x) = 0 we have u(x) > u(x?) in ¥,

Jx|—co
By lemma [3.3] ;Tu <0 on T,ford>0.
1

Thus statement (B) occurs.
If statement (B) occurs in step 3 we can repeat the previous steps 1, 2, and 3 for the opposite X; direction about some plane
X, =4 <0 or uXx)<u(x®in X,
Therefore
ux) <u(x®in X,
Therefore, u must be radially symmetric in X; direction about some plane and strictly decreasing away from the plane.
Since we can place X,axis along any direction, we can conclude that u is radially symmetric.

4. Proof of theorem 2.5

Before proving the theorem we shall prove some lemmas which are required in the proof of the theorem.

Lemma 4.1 Let 2 > 0 then Vj, satisfies A2 V; + C,(x)V; = 0 in ¥, where C,(x) =
1

Jo fu (u(x) +t (u(x) - u(x’l))> dt

Proof : Let

ANu+ f(u)=0

and (x) =u (x;,x,,%3,...,%,) . Let 2 > 0 be a real number.

Define Ty ={x: x=(x;,x;,x3,..,%,) X, = A} which is the plane perpendicular to x:axis . We will move this plane
continuously normal to itself to new position till it begins to intersect the region Q . After that point the plane advances in
Q along X1 - axis and cut off cap Y, ; which is the portion of Q , and lies in the same side of the plane T, as the original plane
T.Letx* = (21— x;,%,,%3, ..., X,,) be the reflection of the point x = (x; ,x,, 3, ..., x,,) about the plane  Tj.

Define V; (x) = u(x) — (u(x)’l).

We have |x*| = |x| and u(x) =u (x;, %, %3, 0, %), U(ED) = u(24 = xq,%5, X3, wer, Xp)

By simple calculations we can obtain

Au(x?) = A%u(x)
u(x*) satisfies the same equation that u(x) does
Au@MH+ f(lu@x?) =0
On subtracting we obtain
0= [A%u(x)+ f(u@)]— [A%u (M) + f(u (@xM)]
[A%u(x) = A%u (eM] = [f(ul) = f* (u@)]
yl
= AP(u() - u(xh) - )= 7 (u & ))
u(x) — u(x?)
0= A%V, + C,(x)V,(x)
f(u))- f(u (x)“))

where €;(x) = — == = [ fu(u(x?) + efuGo - u(x)])de
FromA?w+w =0 in x| = R,

[u() = u(x?M)]
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Aw=0on|x| = R,
The positive non decreasing function u satisfies the equation

Aw+ Ci(x)w =0 in ¥;\B,
Aw=0 on Y;\B,
Hence by maximum principle we have
Vi(x) >0 inX;\B,.
~ A EA. O

Lemma4.2: Let >0.If V;>00n ¥; NnB,then 1 € A.
Proof: LetA >0 and V, <0on ¥, nB,, then by lemma [4.1] and assumptions we have
AV (x) + C(0)V(x) =0 in ¥;\By
Vi(x) >0 on 3(X;\Bo)
Since U(r ) is non-increasing we have
OSu(xA)+ t(u(x)— u(xa)) <U(|x]) for0 <t <1.

We have C; (x) = fol fu [u(x?) + ¢ (ux) = u(x*))]de < fol £ U(xDdt = @ (|x]) in ¥;.
Where @ (|x| = sup{f, (r,s):0 <s <U()}
From A?w+ ®(|x)w =0 in |x| = R,
Aw=0 on|x|= R,
The positive non decreasing function w satisfies the equation
A2w+ @ (|xDw <0 in 3;\B,
Aw=0 on Y;\B,
Hence by maximum principle we have
VA(X) >0 in i
~ A EA. m]
Lemma4.3: Let 1 € Athen;—;‘1 <0 onTy.

Proof: Let A € A
~1 €(0,0)
“A >0

By lemma [4.1] we have
AV, x)+ C,)V(x) =0 in Y,
V() >0 in (X
But V;(x)=0 on T,
We have% <0 on T;.

By Hopf boulndary lemma,

ou 10V,
— = - —=< .
v~ 2w 0onTy ]

Proof of theorem 2.5:

Let u(x) is positive and and lim u(x) = 0 then there exist R, > R, such that

|x]|—>c0
max{ u(x): |x| > R; } < min{u(x):|x] <R, }

where R, is the constant taken in the theorem. We prove the theorem in following steps.
Step 1: To prove [R;,0) c A . We shall prove this step by method of contradiction.
Let 1€ [Ry,).
» A< R, andwe notethat B, c ;.
Since u(x) < u (x*) we have

V)'(x) <0 in B_O
Which is a contradiction.

~ 1 EA

~ [Ry,©) c A.

Step 2: Toproveif A, € A, then thereexiste >0 suchthat (14— €, 45] € A .

Assume to the contrary that there exist an increasing sequence, {1;},i=1,2,3,....Suchthat1; ¢ A and A; » A, asi — co.
By converse of the lemma [4.2] we have a sequence {x;},i=1,2,3, ... Suchthatx; € ¥;NB, and V3, (x;) = 0. A
subsequence which we call again {X;} , converges to some point Xg € Z—ao N B,.

Then V4, = 0.

Since V3o > 0 in X0, we must have x, € Ty, .
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By mean value theorem, we observe that there exists a point y; satisfying ;Tu (y;) = 0, on the straight segment joining x; to
1
x* fori=1,2,3,.... Sincey; = x, asi—>oo,wehave:7u (x0)=0.
1

On the other hand since x, € T, we have :T” (x) <O.
1

By lemma [ 4.3] this is a contradiction and step 2 is established.
Step 3: To prove either statement (A) or statement ( B ) holds.

(A) ulx) = u(x*) for 1, > 0 and ;Tu <0on Tyfori>4,.
1
(B)u(x) >u(x*)iny, and ;7” <0 on T, forA> 4,.
1

DefineA; =inf {A >0:(A,00) c A}theneitherd; >00ri; =0.
Casel A4, >0

We have V;, (x) = u(x) — (u(x)™)

From the continuity of the function u, we have

Vi, ) >0 n ¥ -
By lemma [4.1] we have A2V, (x) + C,(x)V,(x) = 0 in Y.

Hence by strong maximum principle we have that either V; (x) >0 in X, or V3 (x) =0 in 3},
Suppose that V; (x) >0 in ¥, ,theni; € A.

From step 2 there exist e > 0 suchthat (4, - €, 4;] € A.

This contradicts to the definition of A;.

V/ll (X) =0 in Z/ll
cul) = u(xM)  in ¥y,
Since [A;,») < A we have ;—” <0 on T, for> A, .Bylemma[4.3]
X1

Thus we get statement (A).

Case2 1, =0

Since u is continuous and |l|im u(x) =0 wehave u(x) =u(x® in 3,
X|—00

By lemma [4.3] ;Tu <0 on T,forA>0.
1

Thus statement (B) occurs.
If statement (B) occurs in step 3 we can repeat the previous steps 1, 2, and 3 for the opposite X; direction about some plane
X =A4<0 or uXx)<ux®in X,
Therefore
ux) <u(x®in X,
Therefore, u must be radially symmetric in X; direction about some plane and strictly decreasing away from the plane.
Since we can place X, axis along any direction, we can conclude that u is radially symmetric about origin.
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