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Abstract: The aim of this paper is to introduce a new class of sets called fuzzy delta generalized B-closed sets and a new class of functions
called fuzzy delta generalized B-continuous functions in fuzzy topological spaces. Some of their properties and characterizations are
studied.
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I INTRODUCTION

Among various fuzzy generalized open sets, the notion of fuzzy [S-open sets introduced by abd El-Monsef et al. [1] which is
equivalent to the notion of semi-preopen sets due to Andrijevic, plays a significant role in General Fuzzy Topology and Real Analysis. Many
results have been obtained by using the concept of fuzzy B-closed sets. Dontchev [6] introduced and established the concept of fuzzy
generalized semi-preclosed sets as a fuzzy generalization of semi-preclosed sets which is equivalent to the notion of fuzzy generalized -
closed sets due to Tahiliani. In this paper, the concepts of fdgfS-closed sets, fdgB-continuous, fégB-irresolute and fuzzy pre fégp-
continuous functions are introduced and studied their properties and characterizations.

Throughout this paper, (X, ), (Y,0) and (Z,n) (or simply X, Y and Z) represent fuzzy topological spaces (or simply spaces) on
which no separation axioms are assumed unless explicitly stated.
PRELIMINARIES

Let us recall the following definitions which are useful in the sequel:
1.1 Definition
A fuzzy subset A of fuzzy topological spacesX is called a

i Fuzzy B-closed sets [2] ( or fuzzy semi-preclosed[7]) if int (cl(mt(A)))
ii.  Fuzzy pre-closed [11] if cl(int(4)) < A.
ii.  Fuzzy b-closed [5] if cl(int(A))Aint(cl(A)) < A.
iv.  Fuzzy regular-closed [10] if A = cl(int(4)).
V. Fuzzy a-closed [10] if cl (int(cl(4))) < 4.
vi.  Fuzzy semi-closed [11] if int(cl(4)) < A.
vii. Fuzzy §-closed [10] if A = cls(A)
wherecls(4) = {xeX: int(cl(U)) NA # ¢, Uer and xeU}
1.2 Definition
A fuzzy subset A of fuzzy topological spaces X is called,
i Fuzzy generalized B-closed (briefly, gB-closed) [3] if Scl(A) < G whenever A < G and G is open in X.
ii. Fuzzy & generalized b-closed (briefly, gBb-closed) [7] if Bcl(A) < G whenever A < G and G is open in X.
iii. Fuzzy generalized pre regular closed (briefly, gpr-closed) [9] if pcl(A) < G whenever A < G and G is regular open in X.
iv. Fuzzy generalized §-semiclosed (briefly, gds-closed) [7] if scl(A) < Gwhenever A < G and Gis &-openin X.

v.  fgé-closed [3] if cl(A) < U whenever A < G and G is §-openin X.
vi.  fgdé*-closed [3] if cls(A) < G whenever A < G and G is §-open in X.

vii. Fuzzy regular generalized b-closed (briefly, rgb-closed) [8] if bcl(A) < G whenever A < G and G is regular open in X.
viii. Fuzzy generalized b-closed (briefly, gb-closed) [5] if bcl(A) < G whenever A < G and G is open in X.
The complements of the above mentioned closed sets are their respective open sets.
1.3 Definition

A function f: X — Y from a topological space Y is called a
i Fuzzy B-continuous [1] (resp, S-irresolute, 5-continuous ands-open ) if for every B- gB-continuous ) if £~1(G) is 5-closed (resp,
B-closed, B-closed, gB-closed and gB-closed) set G of Y.
ii. Fuzzy pre B-closed (resp, pre S-open, 5-closed andd-open ) if for every §-closed (resp, S-open, §-closed and §-open) subset A of
X, f(A) is B-closed (resp, 8-open, 6-closed and §-open) in'Y.
1.4 Definition
A fuzzy topological space X is said to be a
i Extremely disconnected if the closure of every open set of X is open in X.
ii. Submaximal if every dence set of X is open in X.
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Il DELTA FUZZY GENERALIZED B-CLOSED SETS
2.1 Definition

A fuzzy subset A of a space X is called a fuzzy delta fuzzy generalized B-closed (briefly, f6gB-closed) set Bcl(A) < G ehenever
A < G and Gis §-openin X.
The complement of a f§gB-closed set is called f&8gB-open.

From the above definition and known results, we have the following diagram of implications and none of its implications is
reversible.

fb-closed —gb-closed —Féwb-closed

fB-closed _.fg[f—closed —f8g8-closed l frgb=clossd
2.2 Example
LetX = {a,b,c,d}and = = {X, ¢, {a}, {b},{a, b}, {a, b, c}}. The fuzzy subset {a, b, c} is f6gpB-closed but neither
2.3 Theorem
Let X be a fuzzy semi regular space. Then A < X is fgB-closed if and only if A is f6gB-closed fB-closed nor fgB-closed.
Proof
In a fuzzy semi-regular space X, 60(X) = 0(X) and hence proof follows.
2.4 Lemma
Let X be a space. Then fbcl(A) = fscl(A) = fBcl(A) for every fuzzy semi open set Ain X.
2.5 Theorem
The following are equivalent for any fuzzy semi-open set A < X:
i. Aisfdgs-closed
ii. Ais fégb-closed
iii.  Ais fédgp-closed

2.6 Lemma
If X is extremely disconnected and submaximal space then fcl(A) = fcl(A) for every fuzzy subset Ain X.
2.7 Theorem
The followings are equivalent for any fuzzy subset A of extremely disconnected and submaximal space:
i. Aisfdg-closed
ii. Ais fégb-closed
iii.  Ais fgds-closed
iv. A is fdgpB-closed
2.8 Theorem
A fuzzy subset A of a space X is f6gS-open if and only if V < Bint(A) whenever V is B-closed and V < A.
Proof
Let VV be a 6-closed of Xand V < A. Then (X — A) < (X — V). Since (X — A) is f6gB-closed, then Bcl(X — A) < (X — M) which
implies M < Bint(A).
Conversely, let U be an §-open set of Xand (X — A) < U. Since (X — U) is a §-closed set contained in A, by hypothesis (X — U) <
Bint(A). Thatis, X — fBint(A) = fBcl(X —A) < U.Hence X — A is f6gB-closed and so A is f6gS-open.
2.9 Theorem
Let B < X be f6gpB-closed then fBcl(B) — B contains no non empty f&-closed set.
Proof
Suppose there exists a non emptyd-closed set G of X such that G < fBcl(B) — B, then G < fBcl(B) and G < X — B implies
B<X-—GasBis fégp-closed.
Hence G < fBcl(B) A (X — fBcl(B)) = ¢. This shows G = ¢.
2.10 Theorem
Let A < X bea f&gpB-closed set. Then A is B-closed if and only if fBcl(A) — A is §-closed.
Proof
Let A be B-closed, then fBcl(A) = A and so fBcl(A) = ¢ which is §-closed.
Conversely, let A be f6gB-closed subset of X and fBcl(A) — A is a §-closed. Then by theorem 3.12, fBcl(A) — A = ¢ and hence
A is f-closed.
2.11 Theorem
If A < X is both §-open and fégB-closed then A is S-closed in X.
Proof
Let A be §-open fogB-closed set of Xthen fBcl(A) < A. but always A < fBcl(A). Therefore fBcl(A) = A and hence A is -
closed.
2.12 Theorem
If Ais fégB-closedand A < B < fBcl(A). Then
i Bisfdgf-closed.
ii.  fBcl(B) — Bcontains no non empty §-closed set.
Proof
i Let G be a &-open set in X such that B<Gand A<G. Since A is fdgpB-closed, then fBcl(A) <G. Now,

fBcl(B) < fBcl(fBcl(A)) = fBcl(A) < G. Therefore fBcl(B) < G.
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ii. Follows from theorem 2.10.
2.13 Theorem
If Ais f6gB-open and B is any set in X such that Bint(A) < B < Athen B is f6gf3-open in X.
2.14 Remark
The intersection of two f5gB-closed sets need not be f5gB-closed in general as seed from the following example.

2.15 Example

In example 3.2, the fuzzy subsets {a, b,c} and {a, b, d} are f&gpB-closed but their intersection {a, b,c} A{a,b,d} = {a, b} is not
fégB-closed.
2.16 Remark

The union of two f§gB-closed sets need not be f6gpB-closed set in general as seen from the following example.
2.17 Example

In example 3.2, the fuzzy subsets {a} and {b} are f6gB-closed but their union {a} v {b} = {a, b} is not f§gB-closed.
2.18 Theorem

If A and B are f5gB-closed sets in extremely disconnected and submaximal space X then A v B is f§gB-closed in X.
Proof

Let AVB < Uis§-openin X,then A< Uand B < U. Then fBcl(A) < U and fBcl(B) < U since A and B are f5g[-closed sets.
By lemma 3.9, Bcl(A4) = cl(A)and Bcl(B) = cl(B). Now, fBcl(AV B) < fcl(AV B) = fcl(A) vV cl(B) = fBcl(A) V fBcl(B) UV U =
U. Thus Bcl(Av B) < U whenever AV B < U and U is §-open in X and hence A v B is f§gf-closed.
2.19 Theorem

Let A and B be two subsets of X with A is semi-closed then fBcl(AV B) = fBcl(A) V fBcl(B).
2.20 Theorem

If A and B are f6gB-closed sets with A is semi-closed, then AV B is fdgf-closed in X.
Proof

Follows from definition 2.1 and theorem 2.19.
2.21 Theorem

The intersection of a f§gB-closed sets and a f&-closed set of X is always f§gB-closed.
Proof

Let A be fogp-closed and let F be f§-closed. If G is a f6 —open set with AAF < G. Then A< GV F€and GV F€ is f&-open.
Since A is fdgB-closed, then fBcl(A) < G v F¢ which implies fBcl(A) < F < G. Now fBcl(AAF) < fBcl(A) A fBcl(F) < fBcl(A) A
fécl(F) < fBcl(A) ANF < G.Hence AAF is fgB-closed.
2.22 Theorem

Let A < X be f5-open f6gB-closed and M < X is f&-closed then A A M is f6gB-closed.
Proof

Let A < X be f6-open f6gB-closed. Then by theorem 3.14, A is f&-closed. Hence A A M is f6-closed which implies that A A M is
fégB-closed.

2.23 Theorem
LetA<Y < XandY be fa-open in X, then fBcly(A) = fBcly(A) AY.
2.24 Theorem
Let Y be a fa-open subspace of a space Xand A < Y. If A is f6gB-closed in X then is f6gB-closed in Y.
Proof
Let U be a f5-open set of Y such that A < U. Then U = Y A H for some f&-open set Hof X. Since A is fégpB-closed in X, we have
fBcl(A) < Hand fBcly(A) =Y A fBcl(A) <YAH =U.Hence Ais f6gB-closed in Y.
2.25 Theorem
LetA <Y < X andY be fa-open and fS-closed. If A is f6gf-closed in Y then A is fdgpB-closed in X.
Proof
Let U be a fé-open set of X suchthat A< U. ThenA=YAA <Y AU where Y AU is §-openinY. Since A is fégf-closed in Y,
we have ffScl, (A) <Y AU and by Theorem 3.27, ffcl, (A) <Y AU < U.
2.26 Theorem
For a space X, the following statements are equivalent:
i Every f8gf-closed set in f6gb-closed and
ii. Every f3-closed set is fdgb-closed.
Proof
Clearly (i) — (ii).
(if) — (i): Let A be a f6gB-closed set in X such that A < G where G is f&-open in X, then fBcl(A) < G. As fBcl(A) is fB-closed,
by (ii), fBcl(A) is f8gb-closed, fbcl(A) < fbcl(fBcl(A)) < G.
2.27 Theorem
If FB0(X) = fBC(X), then f6GBC(X) = P(X).
Proof
Let A <V where V is f§-open in X, then V is f3-open.By hypothesis V is fS-closed. Hence fBcl(A) <V andso A is fégp-
closed.
2.28 Theorem
For any xeX, the set X — {x} is f6gB-closed or f§-open.
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Proof
Suppose X — {x} is not f&-open, then X is the only f&-open set containing X — {x}. This implies fBcl(X — {x}) < X. Hence
X —{x}is f6gB-closed.
2.29 Theorem
If Ais f6gB-closed, then fcls{x} A A # ¢, for every x ef Bcl(A).
Proof
Let x € fBcl(A). Suppose fcls{x} AA = ¢, then A <X — fcls{x} and X — fcls{x} is f§-open. Since A is fégB-closed, then
fBcl(A) <X — fcls{x}sox & fBcl(A)which is a contradiction. Therefore fcls{x} A A # ¢.
2.30 Definition
The intersection of all f&§-open subsets of X containing A is called the f& kernel of A and it is denoted by fkers(A).

2.31 Theorem
A subset A of X is f6gB-closed if and only if fBcl(A) < fkers(A).
Proof
Suppose A is f6gB-closed in X such that x € fBcl(A). if possible, let x € fkers(A), then there exists a f&-open set G in X such
that A < G and x € G. Since A is §gB-closed in X, fBcl(A) < G implies x ¢ fBcl(A) which is a contradiction.
Conversely, let fBcl(A) < fkers(A) be true and G is a §-open set containing 4, then kers(4) < G which implies fBcl(4) < G.
Hence A is fdgf-closed.
2.22 Lemma
For any set A < X, fpint(fBcl(A) — (A)) = ¢.
2.23 Theorem
Let A < X be f6gB-closed, then fBcl(A) — A is f6gB-open.
Proof
Suppose that A is f6gB-closed and M is f§-closed swet in X such that M < fBcl(A) — A. Then by Theorem 3.12, M = ¢ and
hence M < fRint(fBcl(A) — A). Therefore by theorem 3.11, fBcl(A) — A is f5gB-open.
2.24 Definition
For a subset A of a space X, f6gBcl(A) =A{F:A < F, Fis f6gB — closed in X}.
2.25 Theorem
Let A and B be subsets of a topological space X. Then
i.  fégBcl(X) = Xand f6gBcl(P) = .
ii. If A < B, then f6gpBcl(A) < fégBcl(B).
iii.  fogPcl(A) v fégBcl(B) < fégPBcl(AV B).
iv.  fégfcl(AAB) < fégBcl(A) A fSgBcl(B).
V. If Ais f6gp closed, then f8gBcl(A) = A.
vi. A< fEgBcl(A) < fgBcl(A) < fBcl(A).
2.26 Theorem
If f6GBC(X) is closed under finite unions, then f6gBcl(AV B) = fégBcl(A) V fégBcl(B) forall A,B € fSGBC(X).
Proof
Let A and B be f5gp closed sets in X. Then by hypothesis, A v Bf§g[-closed.
Thus f6gBcl(AV B) = AV B = fégBcl(A) V fégBcl(B).
2.27 Theorem
Let A be a subset of a space X. Then x € fdgBcl(A) if and only if G A A # ¢ for every f6gB-open set Gcontaining X.

Proof
Let x € f6gBcl(A). suppose that there exists a §gB-open set Geontaining X such that GAA=¢ then A< X -G and X — G is
fégB-closed. Therefore f6gBcl(A) < X — G which implies x & §gBcl(A), a contradiction.
Conversely, suppose that x & f&gBcl(A). Then there exists a f8gS-closed set F containing A such that X ¢ F. Hence F€ is a
f8g-open set containing X. Therefore F¢ A ¢ which contradicts the hypothesis.
2.28 Definition
For a subset A of a space X, fogBint(A) =v{G:G < A,G is f6gB — open in X}.
2.29 Theorem
Let A and B be fuzzy subsets of a space X. Then
i. fdgBint(X) = Xand fégBint(d) = &.
ii. If A < B, then fégpint(A) < fégBcl(B).
iii.  fégpBint(A) v fégBint(B) < fégBint(AV B).
iv.  fégPBint(AAB) < fégBint(A) A fégBint(B).
V. If Ais f6gB-open, then fégPLint(4) = A.

11l. DELTA FUZZY GENERALIZED FUZZY B-CONTINUOUS FUNCTIONS
In this section, the concepts of f§gB-continuous, pre fégS-continuous and f&gS-irresolute functions in fuzzy topological spaces
are introduced. Some of their properties and characterizations are established.
3.1 Definition
A function f: X - Y iscalled a
i.  fd&gpB-continuous if the inverse image of every closed setin Y is f6gB-closed in X.
ii. Fuzzy f&gpB-continuous if the inverse image of every f3-closed setin Y is f6gB-closed in X.
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iili.  f&gpB-irresolute if the inverse image of every f6gpB-closed inY is f6gB-closed in X.
Clearly, (i) f is f6gS-continuous if and only if f~1(V) is f6gB-open in X for each open set Vof Y.
iv. Fuzzy pre f5gpB-continuous if and only if f~1(V) is f6gS-open in X for each f5 -open set Vof Y.
v.  fisfégp-irresoluteif and only if f~1(V) is f6gS-open in X for each f6gp -openset V of Y.
From the above definitions, we have the following:
3.2 Theorem
i Every fB-continuous function is f&gf- continuous.
ii. Every fB-irresolute function is pre f8gB- continuous.
iii. Every pre f&8g[3- continuous function is f§gf- continuous.
iv. Every fég[- irresolute function is pre f6gf- continuous.
V. Every fgpB-continuous function is f§gf- continuous.

Vi. Every f-gB- continuous function is pre f§gf- continuous.
Reverse implications of above theorem need not be true in general:
3.3 Theorem

If f:X = Y is f6gB- continuous, then for each x € X and for each open set V in Ywith f(x) € V, there exists a f6gB-open set U in
X such that f(U) < V.
Proof

Let x € X and V is an fuzzy open set in Ywith f(x) € V, then x € f~1(V). Since f is f8gf- continuous, f~1(V) is f6gB-open in
X.PutU = f~2(V),thenx € Uand f(U) = f(f~*(V)) < V.
3.4 Theorem

If the bijective function f: X — Y is pre f6g- continuous and f§-open, then itis f8gB- irresolute.
Proof

Let V be a f6gB-closed set in Y and F be a f§-open in X such that f~2(V) < F, then V < f(F) and f(F) is f6-openin Y as f is
f&-open. Since V is f8gf-closed in Y, fcl(V) < f(F). This implies f~1(Bcl(V)) < F.

Since f is pre f&gpB- continuous and Bcl(V) is fB-closed in Y it follows that f~(Bcl(V)) is f6gB-closed in X. Therefore
Bel (f_l(ﬁcl(V))) < F.Thatis, Bcl(f~*(V)) < F and hence f~*(V) is f6gB-closed set in X. Thus f is f5g - irresolute.
3.5 Theorem

Let f:X - Yand g:Y — Z be any two functions. Then;

i If f is f6gS-continuous and g is continuous then gof is f8g[-continuous.
ii. If f and g are f8g[- irresolute, then gof is fégpB- irresolute.
Proof
(i) Let h = gof and U be a closed set in Z.Since g is continuous, g~ (U) is
closed in Y. Therefore f~1[g~X(U)] = h™1(U) is fégp-closed in X because f is fé6gB-continuous. Hence gof is f8gf-
continuous.
(if) Similar to (i).

3.6 Theorem

If f:(X,7) » (Y,0) isa fégB-continuous and A is a f&-open fégB-closed subset of a space X and assume the class f6GBC (X, T)
is closed under finite intersections, then the restriction f/A: (4,t/A) - (Y,0) is f§gB-continuous.
Proof

Let U be a fuzzy closed subset of Y. By hypothesis, f=1(U) AA =V (say) is f6gB-closed in X. Since (f/A)~1(U) =V, then it is
sufficient to show that V is fégB-closed in A. Let V< M where M is a f&-oen set in A. then there exists a f&-open set N in X such that
M =NAA. ThenV < N implies pcly (V) < N and Bcly (V) AA < N A A which implies Bcly (V) < M. Hence V is f6gpB-closed in A.
3.7 Definition

A space X is said to be Tys45-space if every f5gp-closed subset of X is closed.

3.8 Theorem
Every Trsqp-space is f6gBT1-space but not conversely.
2

Proof
Let X be Trs45-space and A be f§gp-closed, then A is closed. Therefore A is f-closed and hence X is fc?gﬁT%—space.

3.9 Theorem

If f:X - Yandg:Y — Z are fégf-continuous with Y is Trs4z-space, then gof is f§gB-continuous.
Proof

Let h = gof and V be a fuzzy closed set in Z. Since g is f8gB-continuous, g~1(V) is f6gB-closed in Y. Therefore g=1(V) is
fuzzy closed in Y is Tys,5-space. Since f is f&gB-continuous, f~*[g~* (V)] = h™*(V) is f&gB-closed in X and hence gof is f6gp-
continuous.

IV CONCLUSION

In this paper, we discussed properties of new class of generalized closed sets in fuzzy topological spaces and also discussed between
delta fuzzy generalized S-closed sets, delta generalized S-continuous functionsetc. In this paper through in future we introduced some
applications.
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