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Abstract

This paper deals with the study of Perfect Binary codes with Frequency

distance. The study of Perfect codes is a classic problem in Algebraic Cod-

ing Theory.Perfect codes over finite fields with Hamming metric were stud-

ied extensively and a complete characterization was obtained for the class of

these codes.The non-existence of Perfect codes in Rank metric also has been

proved. In this work, the existence of Perfect Binary codes with Frequency

distance is proved and a characterization of this class of codes is obtained.
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1 Introduction

The search for the class of Perfect codes and its study is a classic research prob-
lem in Algebraic coding theory. An (n,M, d) - error correcting code over a Finite
field F is perfect if spheres of radius t = ⌊(d− 1)/2⌋ around the code words fill
the entire space F n. As a result of detailed investigations on Perfect codes with
Hamming metric, it was proved that any non trivial perfect code over a finite field
must have the same parameters as one of the Hamming or Golay codes [3,5,6,7],
making it very rare and special.
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Perfect Codes over the Binary field with Rank metric were studied in [8]. It
was proved that there exists no non-trivial Perfect code of Block length ′n′ over
GF (2N) where n ≤ N [8].

The objective of this paper is to investigate whether Perfect codes exist on
Binary spaces with a new metric named Frequency metric introduced in [9]

The main result of this paper is the characterization of Perfect codes in Fre-
quency metric. In section 2, the basic definitions and results related to Perfect
codes in Hamming metric are given. Section 3 gives a brief description of Fre-
quency metric. In section 4, we get a relation between Frequency weight and
Hamming weight through which the characterization of the class of Perfect codes
in Frequency metric is obtained.

2 Perfect Codes with Hamming metric

Let F n
2 be the set of all binary sequences of length n. ie. F n

2 = {x = x1x2 . . . xn :
xi = 0 or 1}. Clearly F n

2 can be considered as an n- dimensional linear space over
the binary field F2 = {0, 1} with respect to modulo 2 addition (⊕2) and modulo 2
multiplication (.2). We refer to [4] and [10] for the basic results in this section.

Definition 2.1. For each x = x1x2 . . . xn ∈ F n
2 , the Hamming weight of x is

defined as the number of non zero coordinates xi of x and is denoted by wtH(x).

Note that Hamming weight defines a ’norm’ on the space F n
2 .

Definition 2.2. Let x, y ∈ F n
2 . The Hamming distance dH(x, y) between x and y

is the Hamming weight of x− y. ie. dH(x, y) = wtH(x− y) = wtH(x⊕2 y).

Hamming distance dH is a proper ’metric’ on F n
2 [4].

Here after, by F n
2 (H) we denote the n-dimensional linear space F n

2 over F2 with
the Hamming metric dH . Clearly F n

2 (H) is a Normed space with the ’norm’ wtH
as well as a Metric space with the ’metric’ dH .

Definition 2.3. A subset C of F n
2 (H) is called a binary block code of length ’n’.

If C has M elements, then C is called an (n,M) block code.

Definition 2.4. If C is a block code in F n
2 (H), then the minimum distance of C

is given by dH(C) = min{dH(ci, cj) : ci, cj ∈ C, ci 6= cj}.

If dH(C) = d, then we say that C is an (n,M, d) code.
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Definition 2.5. If C is a subspace of F n
2 (H), then we call C as a binary linear

code. In addition if dim(C) = k and dH(C) = d, then C is called a (n, k, d) linear
code.

Let C be an (n,M, d) code and let ⌊t = (d− 1)/2⌋. Then the spheres of radius
t around the code words are called Hamming spheres. It is clear that the Hamming
spheres are disjoint and the code C is a t-error correcting code.

If C is a t -error correcting (n,M) binary code, then the number of words in a
Hamming sphere around each code word is given by Σt

i=0nCi.

Result 1. (Hamming Bound): If C is a t- error correcting (n,M) code,
then M.Σt

i=0nCi ≤ 2n.

Definition 2.6. Any code satisfying the Hamming bound with equality is called a
Perfect code.

If C is a t-error correcting, binary Perfect code, then the Hamming spheres of
radius t around the codewords completely fill the space F n

2 (H). The set of Perfect
codes is very limited.

Result 2. The following are the only Binary Perfect Codes in Hamming metric
[10].

(1). The set of all n-tuples with minimum distance “1” and t = 0.
(2). Odd length Binary repetition code.
(3). Binary Hamming codes or other non-linear codes with equivalent parame-

ters.
(4). The Binary (23, 12, 7) Golay code G23.

3 Frequency metric

We give a brief description of Frequency weight and Frequency metric on F n
2

introduced in [9] here.

Definition 3.1. For each x = x1x2 . . . xn ∈ F n
2 , the ’frequency weight’ or simply

the ’frequency’ of x is defined as wtf(x) = [Σn−1

i=1 (xi ⊕2 xi+1)] + xn.

Since (xi ⊕2 xi+1) = 0 or 1 respectively as xi = xi+1 or xi 6= xi+1, the sum
[Σn−1

i=1
(xi⊕2xi+1)] gives the number of of transitions between 0 and 1 (ie. transition

number) in x.
Hence the frequency of x can be defined as:

wtf(x) =

{

transition number of x if xn = 0

(transition number of x) + 1 if xn = 1.
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Result 3. Frequency weight wtf(x) defines a norm on F n
2 .

Definition 3.2. Let x, y ∈ F n
2 . The frequency distance df(x, y) between x and y

is the frequency weight of x− y. ie. df(x, y) = wtf(x− y) = wtf(x⊕2 y).

By Result 3, the frequency distance df is a proper metric on F n
2 .

Here after, by F n
2 (f) we denote the n-dimensional linear space F n

2 over F2 with
the Frequency metric df . Clearly F n

2 (f) is a Normed space with the norm wtf as
well as a Metric space with the metric df .
Example

Space : F2
15

1. Binary Sequence (x) : 001011010100101
Binary Curve :

b

b b

b b b b b b b b b b b b b b

b b b b b b b b b b b bb

Frequency Weight (wtf(x)) : 12
Hamming Weight (wtf(x)) : 7

2. Binary Sequence (y) : 100011110101000
Binary Curve :

b

b b

b b b b b b b b b b b b b

b b b b b b b b b b b bb

b

Frequency Weight (wtf(y)) : 7
Hamming Weight (wtf(x)) : 7

3. Binary Sequence (x-y) : 101000100001101
Binary Curve :

b

b b

b b b b b b b b b b b b b

b b b b b b b b b b b bb

b

Frequency distance between x and y = df(x, y) = (wtf(x−y)) = 9 Hamming
distance between x and y = dH(x, y) = (wtH(x− y)) = 6
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4 Relation between Frequency metric code and

Hamming metric code

In this section we get a relation between a frequency metric code and a Hamming
metric code through a bijective, linear, isometry between the spaces F n

2 (H) and
F n
2 (f).
Define g : F n

2 (H) −→ F n
2 (f) as g(x1, x2, . . . , xn) = (y1, y2, . . . , yn), where

yi = xi ⊕2 xi+1 ⊕. ..⊕2 xn for all i = 1, 2, ..., n.

It is obvious from the definition that g is a bijective, linear map. Also the inverse
of g, g−1 : F n

2 (f) −→ F n
2 (H) can be defind as g−1(y) = x where xi = yi ⊕2 yi+1

for i = 1 to n− 1 and xn = yn.

Result 4. For any x ∈ F n
2 (H), wtH(x) = wtf(g(x)) .

Proof: Let x = (x1, x2, ..., xn). Then g(x1, x2, . . . , xn) = (y1, y2, . . . , yn) = y
(say) where yi = xi ⊕2 xi+1 ⊕. ..⊕2 xn.

wtf(g(x)) = wtf(y) = Σn−1

i=1
(yi ⊕2 yi+1) + yn

= (y1 ⊕ y2) + (y2 ⊕ y3) + ... + (yn−1 ⊕ yn) + yn

= x1 + x2 + ...+ xn

= wtH(x)

Result 5. g is an isometry on F n
2 (H)

Proof: Let x, y ∈ F n
2 (H)

dH(x, y) = wtH(x− y)

= wtf(g(x− y))

= wtf(g(x)− g(y))

= df(g(x), g(y))

Hence g is a bijective, linear, isometry between F n
2 (H) and F n

2 (f). Thus the
’minimum distance’ of any code C in F n

2 (H) is equal to that of g(C) in F n
2 (f).

Hence we have the following result.

Result 6. If C is an [n.M, t] code in F n
2 (H), then g(C) is an [n,M, t] code in

F n
2 (f). Conversely, if C is an [n.M, t] code in F n

2 (f), then g−1(C) is an [n,M, t]
code in F n

2 (H).

This result implies the following result.
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Result 7. If C is a Perfect code in F n
2 (H), then g(C) is a Perfect code in F n

2 (f).
Conversely, if C is a Perfect code in F n

2 (f), then g−1(C) is a Perfect code in
F n
2 (H)

As the only non trivial Binary perfect codes in F n
2 (H) are the Hamming and

Golay codes, by the above result we have the following main result.

Theorem 4.1. Binary Perfect codes with frequency metric exist. The only binary
perfect codes with frequency metric are the g-images of those binary perfect codes
with Hamming metric.

Thus we have the following characterization.

Theorem 4.2. The only Binary Perfect codes with frequency metric are,
(1). The set of all n-tuples with minimum frequency distance ”1” and ” t = 0 ”.
(2). The code {000...0, 1010...01} which is the g-image of the ”Repetition Code” of
odd length.
(3). g-images of binary Hamming codes and other non-linear codes with equivalent
parameters.
(4). g-image of the binary (23, 12, 7) Golay code G23.

5 Conclusion

In this work we studied the Perfect binary codes with Frequency metric. We proved
that Perfect binary codes with frequency metric exist and a complete characteri-
zation of this class of codes is given as Theorem 4.2.
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