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Abstract 
In the present paper, we have defined the analogous concept of uniform convergence for bicomplex sequences and series. We 

have given the analogue of Weirstrass’s M-test for uniform and absolute convergence for infinite series of Bicomplex variable. 

We have defined the Bicomplex Dirichlet Series and have studied its various properties. 
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1. Introduction 
The set of Bicomplex Numbers defined as: 

}ii=ii,1-=i=iandi�i,C�x,x,x,x:xii+xi+xi+x{=C 1221

2

2

2

12104321421322112  

Throughout this paper, the sets of complex and real numbers are denoted by 1C  and 0C , respectively. For details of the theory of 

Bicomplex numbers, we refer to [1], [2], [3] and [4]. We shall use the notations )i(C 1  and )i(C 2  for the following sets: 

 }C�v,u:vi+u{=)i(C 011 ;
 

}C�,:i+{=)i(C 022 βαβα
 

 

1.1 Hyperbolic Numbers: 

The set of Hyperbolic Numbers H, defined as }C�y,x:iiy+x{=H 021  
The set of all hyperbolic numbers with non-negative idempotent components is denoted as +H . 

Thus, }0�b,a:eb+ea{=H 21

+
 

 

1.2 Idempotent Elements: 

Besides 0 and 1, there are exactly two non – trivial idempotent elements in 2C , denoted as 1e  and 2e  and defined as 

2

ii+1
=e

21

1  
and 

2

ii-1
=e

21

2
.

  

Note that 1=e+e 21  and .0=ee=ee 1221  

 

1.3 Cartesian idempotent set: 

)}i(C×)i(C�),(,e+e=:C�{=e)i(C+e)i(C=)i(C×)i(C=C 11

21

2

2

1

1

221111e12 ξξξξξξ

)}i(C×)i(C�),(,e+e=:C�{=e)i(C+e)i(C=)i(C×)i(C=C 22212211222122e22 ξξξξξξ
 

 

1.4 Idempotent Representation of Bicomplex Numbers 

(I) -)i(C 1  idempotent representation of Bicomplex Number
 
  

Throughout this paper )i(C 1 -idempotent representation of Bicomplex Number is given by 

2

2

1

1

232141132141

221112112214132211

e+e=e)]x+x(i+)x-x[(+e)]x-x(i+)x+x[(=

e)zi+z(+e)zi-z(=zi+z=)xi+x(i+)xi+x(=

ξξ

ξ

 

(II)
 

-)i(C 2  idempotent representation of Bicomplex Number 

Throughout this paper )i(C 2 -idempotent representation of Bicomplex Number is given by 

2211232241132241

222112212114221321

e+e=e])x+x(i+)x-x[(+e)]x-x(i-)x+x([=

e)wi+w(+e)wi-w(=wi+w=)xi+x(i+)xi+x(=

ξξ

ξ
 

 

1.5 Singular Elements 

Non zero singular elements exist in 2C . In fact, a Bicomplex number 221 iz+z=ξ  is singular if and only if 0=z+z
2

2

2

1 . Set 

of all singular elements in 2C  is denoted as 2O .  
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1.6 Norm  

The norm in 2C  is defined as 

{ } 212

2

2

1 zz +=ξ =

1 2
2 2

1 2

2

 ξ + ξ 
 
  

 = [ ] 2/12

4

2

3

2

2

2

1 xxxx +++  

2C  becomes a modified Banach algebra, in the sense that 2C, ∈ηξ , we have, in general,  

                                                               ηξ≤ηξ 2.                                   

 

1.7 Complex Dirichlet Series  
In general, a Dirichlet series is a series of the form  

                                                  
s-

�

1=n
n

nea=)s(f 	
λ

                                                                     …………… (1.1)      

where }{λn  is a monotonically increasing and unbounded sequence of real numbers, and ti+=s σ  is a complex variable. 

When the sequence }{λn  of exponent is to be emphasized, such a series is called a Complex Dirichlet series of type nλ . 

If n=λn , then )s(f  is a power series in 
s-

e=z . If nlog=λn , then  

                                                 
s-




1=n
nna=)s(f �                                                                        …………… (1.2)      

 is called an Ordinary complex Dirichlet series (cf. Hardy [5]). 

 

Theorem 1.1 [6]: If the series 
s-

�

1=n
nna  is convergent for 000 ti+σ=s , it is convergent for ti+σ=s , provided that 

0> σσ . 

Theorem 1.2[6]: If the series 
s-

�

1=n
nna  is convergent for 0s=s . Then it is uniformly convergent throughout the angular region 

in the plane of s defined by the inequality 
2

<�)s-sarg( 0

π
α . 

Theorem 1.3[6]: If 
s-

�

1=n
nna=)s(f � , where 0�a n  for every value of n, and where 

σ-
�

1=n
nna�  is divergent, the function )s(f  

is not bounded in the region σ>σ , 0>t�t 0 .  

Theorem 1.4[6]: If 
s-

�

1=n
nna=)s(f �  is bounded for ασ > , then �

2-2

n na
α

 is convergent; if M�)s(f , then 

22-2

n M�na�
α

. 

Lemma 1.1 [7]: Let 
0

s  be any given complex number and assume that the Dirichlet series �
x�n

s-

n

0nα  has bounded partial sums, 

say M�n�
x�n

s-

n
0α  for all 1 x . Then for each s  with )sRe(>)sRe( 0    

                                                 

)sRe(-)sRe(

b!n<a

s-

n
00 aM2"n# α �

)sRe(-)sRe(

s-s
+1

0

0 �  

1.8 The Function )σ,T(N : 

Let 0t  be a positive number such that 
s-

�

1=n
nna=)s(f �  is regular for 0t$t  and σ  sufficiently large. We denote by )σ,t(N  

the number of zeros 
''

ti+σ of )s(f  such that σσ >
'

, T<t<t
'

0 . 

 

Theorem 1.5 [6]: If )s(f  is bounded for ασ % , then  

                      )T(O=)σ,T(N                        )>( ασ . 
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Theorem 1.6 [6]:  If )s(f  is of finite order for ασ & , then  

                      )TlogT(O=)σ,T(N              )>( ασ . 

 
Theorem 1.7[7]:  Abel’s identity. 

For any complex arithmetical function )n(a , let '
x(n

)n(a=)x(A , where 0=)x(A  if 1<x . Assume 1C)]x,y[:f  has a 

continuous derivative on the interval ]x,y[ , x<y<0 . 

Then we have *+
x

yx,n<y
dt)t('f)t(A-)y(f)y(A-)x(f)x(A=)n(f)n(a . 

 

Lemma 1.2[8]: Let 222n2n1n O\C-iz+z=ξ  be a sequence of invertible bicomplex numbers. The bicomplex product 

.
/

1=n
nξ  converges if and only if the complex products 0

1

1=n
n

1ξ  and 2
3

1=n
n

2ξ  converge. Moreover, in case of convergence,  

                                                 .
/

1=n
nξ =�45

1=n
n

1ξ � e� � �67
1=n

n

2ξ � e�. 

Theorem 1.8[8]: The Bicomplex Riemann Zeta function ( ) 8
9

1=n

-
n=

ξξζ converges and     

               [ ] [ ]
2

:

1=n
1

:

1=n

:

1=n
e

n

1
+e

n

1
=

n

1
;;; 21 ξξξ  i.e., ( ) ( ) ( )

2

2

1

1
e+e= ξζξζξζ  

if and only if ( ) ( ) 1>Reand1>Re
21 ξξ  or equivalently, if and only if ( ) ( ) ( ) 1-zRe<zImand1>zRe 121 . 

 

2. Uniform Convergence of Sequence and Series of functions of a Bicomplex Variable: 

Uniform convergence of sequence of functions: 

A sequence { })(ξfn  of functions defined in 2C<S  is said to converge uniformly to a function )f(ξ  defined in S  if given any 

positive number ε , there corresponds a positive number m, independent of ξ , such that  

                 εξξ <)(f-)(f n               S=>ξ  and m?n@  

 

Theorem 2.1: A necessary and sufficient condition for the uniform convergence of a sequence { })(ξfn  of functions defined in a 

set 2CAS  is that to every 0>ε , there corresponds a positive integer m independent of ξ  such that ε<)(ξf-)(ξf np+n , 

m?n@ , 0BpC and SDEξ . 

 

2.1 Uniform Convergence of a Series  

Consider an infinite series F
G

1=n
n )(ξf  each term of which is a function of ξ  defined in a set 2C<S .  

Let H
n

1=i
in )(ξf=)(S ξ  

The series I
J

1=n
n )(ξf  is said to be uniformly convergent if the sequence { })(ξSn  of partial sums of the series is uniformly 

convergent. 

 

From the general condition of uniform convergence of a sequence of functions, we deduce the corresponding test for the uniform 

convergence of a series.  

 

Theorem 2.2: A necessary and sufficient condition for the uniform convergence of a series K
L

1=n
n )(ξf  of functions defined in a set 

2CAS  is that to every 0>ε , there corresponds a positive integer m (independent of ξ ) such that 

 ε<)(ξf+............+)(ξf+)(ξf p+n2+n1+n , m?n@ , 0BpC and SDEξ . 
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2.2 Weirstrass’s M-test for uniform and absolute convergence 

Theorem 2.3: Let M
N

1=n
n )(ξf  be an infinite series of functions defined in a set 2COS . If the series P

Q

1=n
nM of positive terms is 

convergent and if nn MR)(ξf , SSTξ , NUnV , then M
N

1=n
n )(ξf  is uniformly convergent in 2COS .  

 

Corollary 2.1: Let M
N

1=n
n )(ξf  be an infinite series of functions 22n O~CWS:f . 

Suppose SXYξ , )(f1 ξ  is bounded and 1>jZ
2

1
<M[

)(f

)(f

j

1+j

ξ

ξ
 

Then M
N

1=n
n )(ξf  is uniformly convergent in 2COS .  

Proof: 
)(f)........(f)(f

)(f).........(f)(f
)(f=)(f

1-n21

n32

1n ξξξ
ξξξ

ξξ  

)(f)........(f)(f

)(f).........(f)(f
)(f2\

1-n21

n32

1 ξξξ
ξξξ

ξ                                                    ... (2.1) 

Since )(f1 ξ  is bounded in 2COS , there exists 0>K , such that  S]^,K_)(f1 ξξ .  

Hence by (2.1), 
)(f)........(f)(f

)(f).........(f)(f
K2`)(f

1-n21

n32

n ξξξ
ξξξ

ξ  

( )
)(f

)(f
.......

)(f

)(f

)(f

)(f
2K2a

1-n

n

2

3

1

21-n

ξ
ξ

ξ
ξ

ξ
ξ

 

( ) 1-n1-n

M2K2_  

b cc
d

1=n

1-n
d

1=n
n )2M(K2e)(f ξ  

As 
2

1
<M , the series f

g

1=n

1-n
)2M(  is convergent. 

Hence by Weirstrass’s M-test, the series M
N

1=n
n )(ξf  is uniformly convergent in 2COS . 

 

Theorem 2.4: Let M
N

1=n
n )(ξf  be an infinite series of functions defined in a set 2COS . Let h

n

1=i
in )(ξf=)(S ξ . 

1. Let the sequence { })(Sn ξ  be uniformly bounded in S. 

      i.e. SijKk)(Sn ξξ  and nl  

2. The series m
n

1=n
1+nn )](u-)(u[ ξξ  is uniformly and absolutely convergent in S. 

3. { })(un ξ tends uniformly to zero in S. 

Then the series o
p

1=n
nn )(f)(u ξξ  is uniformly convergent in S. 

 

Theorem 2.5: If the series q
r

1=n
n )(ξf  is uniformly convergent in 2COS  and  [ ]s

t

1=n
1+nn )(u-)(u ξξ  is uniformly and 

absolutely convergent in 2COS , Then the series u
v

1=n
nn )(f)(u ξξ  is uniformly convergent in S.  
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Theorem 2.6: Let X  be a Cartesian set determined by 1X  and 2X . 

The sequence { })(ξfn  is uniformly convergent in X  if and only if the sequences { })ξ(f
1

n

1
 and { })ξ(f

2

n

2
 both are uniformly 

convergent in 1X  and 2X  respectively. 

Proof:  Let the sequence { })(ξfn  be uniformly convergent in X . 

Given 0>ε , Nw)(mxmy ε  s.t. mzn{ , 0|p} and X~{ξ  

εξξ <)(f-)(f np+n  

⇒ 
��
��

2

)(f-)(f+)(f-)(f
2

2

n

22

p+n

2
2

1

n

11

p+n

1 ξξξξ

��
��
��
� ε 

2
2

2

n

22

p+n

2
2

1

n

11

p+n

1
2<)(f-)(f+)(f-)(f� εξξξξ  

2
2

1

n

11

p+n

1
2<)(f-)(f� εξξ   and  

2
2

2

n

22

p+n

2
2<)(f-)(f εξξ  

εξξ 2<)(f-)(f�
1

n

11

p+n

1
  and  εξξ 2<)(f-)(f

2

n

22

p+n

2
 

mzn{ , 0|p} and X~{ξ  

εξξ 2<)(f-)(f
1

n

11

p+n

1
 and εξξ 2<)(f-)(f

2

n

22

p+n

2
 

As, 2

2

1

1
X�andX��X� ξξξ  , X being the Cartesian set, hence mzn{ , 0|p} and 1

1
X�� ξ , we have 

εξξ 2<)(f-)(f
1

n

11

p+n

1
 

�  { })ξ(f
1

n

1
 is uniformly convergent in 1X . 

Similarly mzn{ , 0|p} and 2

2
X�� ξ  

εξξ 2<)(f-)(f
2

n

22

p+n

2
 

� { })ξ(f
2

n

2
 is uniformly convergent in 2X . 

Conversely, we suppose that the sequences { })ξ(f
1

n

1
 and { })ξ(f

2

n

2
 both are uniformly convergent in 1X  and 2X  

respectively. 

Given 0>ε , N�)(m),(m� 21 εε  such that 

εξξ <)(f-)(f
1

n

11

p+n

1
                                1m�n� , 0|p} and 1

1
X�� ξ  

εξξ <)(f-)(f
2

n

22

p+n

2
                              2m�n� , 0|p} and 2

2
X�� ξ  

Let )m,mmax(=m 21 . Then mzn{ , 0�p� and X~{ξ  

)(f-)(f np+n ξξ � 
��
��

2

)(f-)(f+)(f-)(f
2

2

n

22

p+n

2
2

1

n

11

p+n

1 ξξξξ

��
��
��
� ε 

The sequence { })(ξfn  is, therefore, uniformly convergent in X .  

 

Theorem 2.7: Let X  be a Cartesian set determined by 
1

X  and 
2

X . The series �
�

1=n
n )(ξf  is uniformly convergent in X  if and 

only if the series �
�

1=n

1

n

1
)ξ(f  and �

�

1=n

2

n

2
)ξ(f  both are uniformly convergent in 

1
X  and 

2
X  respectively.  
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3. Bicomplex Dirichlet series: 
The Bicomplex Dirichlet series is defined as 

                                                        
�
�

1=n

-

n
ne=)(f
ξλαξ

                                                                              
... (3.1) 

where }α{
n

 is a sequence of bicomplex numbers, }{λ
n

 is a strictly monotonically increasing and unbounded sequence of 

positive real numbers and 
2

C�ξ  is a bicomplex variable. If n=λ
n

, then �
�

1=n

n-

n )e(=)(f
ξαξ  is a power series in 

ξ-
e .    

If nlog=λ
n

, then  

                                                      

ξ-
�

1=n
nnα=)ξf( �

                                                                                    
... (3.2) 

is a Ordinary Bicomplex Dirichlet Series. 

If 1=αn in equation (3.2) 
ξ-

�

1=n
n=)ξf( � represent Bicomplex Riemann Zeta Function (cf. [8], [9]) in that consequence we 

named  
ξ-

�

1=n
nnα=)ξf( �  a Generalized Bicomplex Riemann Zeta Function (cf. [10], [11]).  

Note that, if 
2

C ξ  and n be a natural number, then 

                                         
2

nlog-

1

nlog-nlog--
ee+ee=e=n

21 ξξξξ
 

2

-

1

-
en+en=

21 ξξ
                

Hence if { }
n

α  is a bicomplex sequence, we have  

                                        
2

-

n

2

1

-

n

1-

n e]n[+e]n[=n
21 ξξξ ααα                                                                                   

                                2

¡

1=n

-

n

2

1

¡

1=n

-

n

1
¡

1=n

-

n e]n[+e]n[=n¢ £££
21 ξξξ ααα  

Let ¤
¥

1=n

-

n n=)(f
ξαξ then 2

22

1

11
eξ)(f+eξ)(f=)ξ(f , where, ¦

§

1=n

-

n

111
1

n=)(f
ξαξ  and ¨

©

1=n

-

n

222
2

n=)(f
ξαξ . 

Throughout, we denote the abscissae of convergence of ¨
©

1=n

-

n

111
1

n=)(f
ξαξ  and ª

«

1=n

-

n

222
2

n=)(f
ξαξ  by 

1
σ  and 

2
σ , 

and the abscissae of their absolute convergence by 
1

σ  and 
2

σ , respectively. 

  

Definition 3.1: Region of Convergence 

The region }σ>)ξ(Reandσ>)ξ(Re:C¬ξ{ 2

2

1

1

2  is the region of convergence of 
®

1=n

-

n n=)(f
ξαξ .  

 

Definition 3.2: Region of Absolute Convergence 

The region }σ>ξ)(Reandσ>ξ)(Re:C¯{ξ 2

2

1

1

2  is the region of absolute convergence of ¤
¥

1=n

-

n n=)(f
ξαξ . 

 
Definition 3.3:  

A Bicomplex arithmetic function is a function )n(f defined for all N°n ; it is taken to be Bicomplex valued, so that it is a 

function 
2

C±N:f , or equivalently a sequence }a{
n

 of Bicomplex numbers )n(f=a
n

. 

 
Note 3.1: 

(a) If a>b  and )ξ(Re>)ξ(Re 0

11
and )ξ(Re>)ξ(Re 0

22
 

Then, 
ξ-ξξ-ξ 00 b>a . 

(b) For, 
2

C²ξ , 

ξ [ ]ξξ 21
+

2

1
³ ξξ 21

+< . 
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We first investigate the regions of various types of convergences for
ξα -

´

1=n
nnµ  . As is customary, we denote 

42132211221 xii+xi+xi+x=zi+z=ξ ; 
0

21

0

2

0

1

00

2

0

0 432121
xii+xi+xi+x=zi+z=ξ . 

Theorem 3.1: If 
ξα -

´

1=n
nnµ  converges for 

0ξ=ξ  iff 
ξα

1
-

¶

1=n
n

1
n·  converges for 0

11
ξ=ξ  and 

ξα
2

-
¸

1=n
n

2
n¹   converges for 

0

22
ξ=ξ . 

Proof: Assume that 
ξα -

º

1=n
nn»  converges for 

0ξ=ξ . 

Then there exist a bicomplex number ζ  such that 
2

2

1

1-
m

1=n
n¼½m

e+e==nlim 0¾ ζζζα ξ
 

Given N¿nÀ,0> 0ε  s.t. 

0

-
m

1=n
n nÁmÂ,<-n 0Ã εζα ξ

                                                                                                             ... (3.3) 

Now by the properties of idempotent representation, 

2

2-
m

1=n
n

2

1

1-
m

1=n
n

1-
m

1=n
n e)-n(+e)-n(=-n 0

2

0

1

0 ÄÄÄ ζαζαζα ξξξ
 

so that  

ζα ξ
-n 0-

m

1=n
n

Å =
2

1 � -n+-n

2
2-

m

1=n
n

2
2

1-
m

1=n
n

1 0
2

0
1

ÆÆ ζαζα ξξ �
��
 

From equation (3.3) 

2

1 � -n+-n

2
2-

m

1=n
n

2
2

1-
m

1=n
n

1 0
2

0
1

ÆÆ ζαζα ξξ �
��

ε<  

Ç εζα ξ
2<-n

1-
m

1=n
n

1 0
1

È  and  εζα ξ
2<-n

2-
m

1=n
n

2 0
2

É          
0nÊmË

 

Now, εζα ξ
2<-n

1-
m

1=n
n

1 0
1

Ì  
0nÊmË

ξα
1

-
Í

1=n
n

1
nÎÏ converges to ζ1

 for 
0

11
= ξξ . 

Similarly from εζα ξ
2<-n

2-
m

1=n
n

2 0

2

É , 
0nÊmË

ξα
2

-
Ð

1=n
n

2
nÑÒ converges to ζ2

 for 
0

22
= ξξ . 

Conversely let 
ξα

1
-

Ó

1=n
n

1
nÔ  converges for 0

11
ξ=ξ  and 

ξα
2

-
Õ

1=n
n

2
nÖ   converges for 0

22
ξ=ξ  respectively. 

Then, )i(C×s,sØ 121
 such that  

1

-
m

1=n
n

1

ÙÚm
s=nlim 0

1

Û
ξα  and 

2

-
m

1=n
n

2

ÜÝm
s=nlim 0

2

Þ
ξα  

Given Nßn,nà,0>
21

ε  s.t. 

11

-
m

1=n
n

1
námâ,<s-n 0

1

ã εα ξ
 and 22

-
m

1=n
n

2
nämå,<s-n 0

2

æ εα ξ
 

Let )n,nmax(=n 210
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εα ξ
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-
m
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1
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-
m
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2
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-
m
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n
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n
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-
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2
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2
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-
m

1=n
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1 0

2

0

1

íí
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��
[ ] 2

1
22

+
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1
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î εα ξ
<)es+es(-n 2211

-
m

1=n
n

0ï            
0nðmñ  

ξα -
ò

1=n
n nóô converges to 

2211
es+es  for 

0= ξξ . 

 

Theorem 3.2: For any bicomplex arithmetical function )n(a (cf. Def. 3.3), let õ
xön

)n(a=)x(A , where 0=)x(A  if 1<x . 

Assume 
2

C÷]x,y[:f  has a continuous derivative on the interval ]x,y[ , where x<y<0 .  

Then we have øù
x

yxún<y
dt)t('f)t(A-)y(f)y(A-)x(f)x(A=)n(f)n(a  

Proof: We know that 

û
xün<y

)n(f)n(a 2
xýn<y

22

1
xýn<y

11
e])n(f)n(a[+e])n(f)n(a[= þþ                                                       ... (3.4) 

Since )n(a,f
11

 and )n(a,f
22

 satisfies all the requirements of Abel’s identity, therefore by Theorem 1.7,  

dt)t(f)t(A-)y(f)y(A-)x(f)x(A=)n(f)n(a ÿ�
x

y

'111111

x�n<y

11
 

and dt)t(f)t(A-)y(f)y(A-)x(f)x(A=)n(f)n(a ��
x

y

'222222

x�n<y

22
           

Now, by (3.4), 

�
x�n<y

)n(f)n(a   
1

x

y

'111111
e]dt)t(f)t(A-)y(f)y(A-)x(f)x(A[= �

 

                                

2

x

y

'222222
e]dt)t(f)t(A-)y(f)y(A-)x(f)x(A[+ �  
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1

1111
   

                                     ]e}dt)t(f)t(A{+e}dt)t(f)t(A{[- 2

x

y

'22

1

x

y
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x

y

)t(d)t('f)t(A-)y(f)y(A-)x(f)x(A=  

 

Lemma 3.1: If M�)n(A  n� , then for each ξ  with  )ξ(Re>)ξ(Re
0

11
, )ξ(Re>)ξ(Re

0

22
and 0>a>b  

dtt)t(A
1-+-

b

a

0

�
ξξ
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)-Re(

a
+

)-Re(

a
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)-(Re

0
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)-(Re
2
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0
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Proof:  

2

b

a

1-+-2

1

b

a

1-+-11-+-
b

a

e]dtt)t(A[+e]dtt)t(A[=dtt)t(A ���
0
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0
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0 ξξξξξξ
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a

1-+-2
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a

1-+-1
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0
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                                � �√� � 2b

a

1-+-2
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a
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[ M2�)n(AandM2�)n(A�M�)n(A
21
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a
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2b

a
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+
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+

)-Re(

a

0

22

)Re(+)Re(-

0

11

)Re(+)Re(- 0

22

0

11

ξξξξ

ξξξξ � 

Apostol [7] has given an interesting result (cf. Lemma 1.1). Here we establish the bicomplex version of this result independently.  

Lemma 3.2: Let the series �
�

1=n

-

n

0n
ξα  has bounded partial sums, say M�n�

x�n

-

n

0ξα  for all 1�x .  

Then for each ξ  with )ξ(Re>)ξ(Reand)ξ(Re>)ξ(Re 0

22

0

11
 we have       

M22�n�
b�n<a

-

n

ξα � ( )
0

)-(-
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)-Re(

a
+

)-Re(

a
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)-(Re

0
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)-(Re
2
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1
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Proof: Note that
)-(-

b n<a

-

n
b n<a

 -

n
00 n)n(=n !!

ξξξξ αα  

Let 
0-

n n=)n(a
ξα , "

x#n

)n(a=)x(A  and let 
)-(- 0n=)n(f

ξξ
. 

 Now by Theorem 3.2,  

$%%
b
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 -

n dt)t('f)t(A-)a(f)a(A-)b(f)b(A=)n(f)n(a=n
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t
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)-(-)-(- 000

'
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+
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  [by Lemma 3.1] 
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a
+
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0
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0
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            M22= 
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)-(- 0a
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a
+

)-Re(

a

0
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)-Re(
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)-Re(
2
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0

1

ξξξξ

ξξξξ
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�
 

Theorem 3.3: If 
ξα  -

4

1=n
nn5  converges for 

0ξ=ξ  then 
ξα -

6

1=n
nn7  converges in the region 

})Re(>)Re(and)Re(>)Re(:C8{ 0

22

0

11

2 ξξξξξ }x-x>x-xandx+x>x+x:C9{=
0

4

0

141

0

4

0

1412ξ  

or equivalently in the region
 

}.)zRe(-)zRe(<)zIm(-)zIm(and)zRe(>)zRe(:C:{
0

11

0

2

0

112 2
ξ  

 
Remark 3.1: We shall prove this result using two different approaches. In the first proof, we employ the idempotent techniques 

of bicomplex analysis whereas in the alternative proof we follow the complex analytic approach of Apostol [7]. 

Proof: Assume that 
ξα -

6

1=n
nn7  converges for 

0ξ=ξ . 

Then by Theorem 3.1,  

ξα
1

-
;

1=n
n

1
n<  converges for 0

11
ξ=ξ  and 

ξα
2

-
=

1=n
n

2
n>   converges for 0

22
ξ=ξ . 

Since 
ξα

1
-

;

1=n
n

1
n<  converges for 0

11
ξ=ξ . 

By Theorem 1.1, we infer that  

ξα
1

-
?

1=n
n

1
n@  converges for every ξ

1
 if ).Re(>)Re( 0

11 ξξ  
 

Similarly 
ξα

2
-

A

1=n
n

2
nB   converges for 0

22
ξ=ξ . 

We can infer that 
ξα

2
-

C

1=n
n

2
nD  converges for every ξ

2
 if ).Re(>)Re( 0

22 ξξ  

Hence,  

ξα -
E

1=n
n nF  converges for every ξ  if )Re(>)Re( 0

11 ξξ  and ).Re(>)Re( 0

22 ξξ  

i.e. 
0

4

0

141

0

4

0

141 xx>x-xandx+x>x+x  

Further, note that   
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Alternative proof of the Theorem 3.3: 

Choose any ξ  with )Re(>)Re(and)Re(>)Re( 0

22

0

11 ξξξξ . 

By Lemma 3.2,  
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Where 
1

K  and 
2

K are independent of a. 

Since 0Na
)-Re(

1

0

1 ξξ
 and 0Oa

)-Re(
2

0

2 ξξ
 as PQa , the Cauchy condition shows that 

ξα -
R

1=n
n nS  converges. 

 

Corollary 3.1: If 
ξα -

T

1=n
nnU  diverges for 

0ξ=ξ  then 
ξα -

T

1=n
nnU  diverges in the region 
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0
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4
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or equivalently in the region
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Proof: Direct consequence of Theorem 3.3. 

 

Corollary 3.2: If the partial sums Y
xZn

nα  are bounded, the series [
\

1=n

-

n n
ξα  converges in the region   

                          { }0>)ξ(Reand0>)ξ(Re:C]
21

2ξ . 

Proof: Let ξ  be an arbitrary bicomplex number with 0>)ξ(Re
1

 and 0>)ξ(Re
2

.  

By Lemma 3.2, 
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where 1K and 2K  are independent of a.  

As bca , we find that d
e

1=n

 -

n n
ξα  converges if 0>)ξ(Reand0>)ξ(Re

21
. 
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Theorem 3.4 (The Uniqueness theorem):  If  f
g

1=n

n

n
=)(F ξ

α
ξ    and  h

i

1=n

n

n
=)(G ξ

β
ξ  are both absolutely convergent in the 

region  }bj)Re(andaj)Re(:Ck{
21

2 ξξξ  such that )(G=)(F ξξ  for each ξ  with bl)Re(andal)Re(
21 ξξ , 

then nn = βα  for all n. 

Proof: Let nnn -= βαγ and let 0=)(G-)(F=)(H ξξξ . 

To prove that 0=nγ  Nmnn  we assume that 0onγ  for some n  and obtain a contradiction. 

Let N  be the smallest number for which 0n ≠γ . 

Now for ξ  with bp)Re(andap)Re(
21 ξξ , qq

r

1+N=n

nN
r

N=n

n

n
+

N
=

n
=)(H=0 ξξξ

γγγ
ξ  

Hence s
t

1+N=n

n

N
n

N-= ξ
ξ γ

γ  












∑

γ
∑ +

γ
≤∑

γ
=∑

γ
−=γ

∞

+=

ξ

ξ

∞

+=

ξ

ξ

∞

+=

ξ
ξ

∞

+=
ξ

ξ

1Nn

n
2

1Nn

n
1

1Nn

n

1Nn

n
N

2

2

1

1
N

n
N

n2

1
N

nn
N  














∑

γ
∑ +

γ
≤γ

∞

+=

ξ

ξ

∞

+=

ξ

ξ
1Nn

)Re(

)Re(

n
2

1Nn

)Re(

)Re(

n
1

N

2

2

1

1
N

n
N

n2

1
 

Now, 
a

aa)Re(

a

a

a)Re(

a)Re(

)Re(

)Re(

n

N

1N

N

n

N

n

N

n

N
1

1

1

1

1 −ξ

−ξ

−ξ

ξ

ξ









+

≤=                             [ ]1Nn +≥Q  

and 
b

bb)Re(

b

b

b)Re(

b)Re(

)Re(

)Re(

n

N

1N

N

n

N

n

N

n

N
2

2

2

2

2 −ξ

−ξ

−ξ

ξ

ξ









+

≤=  














∑ 








+

γ∑ +







+

γ≤γ
∞

+=

−ξ
∞

+=

−ξ

1Nn
b

bb)Re(

n
2

1Nn
a

aa)Re(

n
1

N
n

N

1N

N

n

N

1N

N

2

1
21

 














∑

γ








+

∑ +
γ









+

≤γ
∞

+=

−ξ
∞

+=

−ξ

1Nn
b

n
2

b

b)Re(

1Nn
a

n
1

a

a)Re(

N
n

N
1N

N

n
N

1N

N

2

1
21

 

As ∞→ξ)Re(
1

 and ∞→ξ)Re(
2

 we get 0N =γ , which is a contradiction. 

 

 Absolute and Uniform Convergence: 

Lemma 3.3: If 1uN  and 11
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Theorem 3.5: If �
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{ }
2

2

1

1

2 σ>)ξ(Reandσ>)ξ(Re:C�ξ  , then
1

��)Re(��)Re(

α=)f(ξlimlim
21 ξξ

 

for �+<)Im(<�-
1ξ  and �+<)Im(<�-

2ξ . 

Proof:  Since �
�

1=n

-

n
n=)(f

ξαξ  

         �
�

2=n

-

n1
n+=)(f�

ξααξ  

We need only to prove that �
�

2=n

-

n
0�n

ξα  as ��)Re(
1ξ  and  ¡)Re(

2ξ . 

Choose 
2211

σ>candσ>c . For 
1

1

c¢)ξ(Re  and 
2

2

c£)ξ(Re , Lemma 3.3, implies that  

2

1
¤n¥

¦

2=n

-

n

ξα


��
�� 22

2

11

1
c-

§

N=n
n

2)c-)Re((-
§

N=n

c-

n

1)c-)Re((-
n2+n2 ¨¨ αα ξξ

��
�� 

                           �
2

1  )Re(-
1

2
ξ ! ©

ª

N=n

c-

n

1c 11 n2 α " � )Re(-
2

2
ξ ! 22 c-

«

N=n
n

2c

n2 ¬ α "# 
                        

[ ]B2+A2
2

1
=

)Re(-)Re(-
21 ξξ

, say 

                          
2

1
= �

)Re()Re(
21

2

B
+

2

A
ξξ

�, where A and B are independent of ξ . 

Note that 0
2

A
)Re(

1
ξ

as ®¯)Re(
1ξ  and °±

2

B
)Re(

2 ξ
 as ²³)Re(

2ξ . 

This proves the theorem. 

 

Corollary 3.3: ( ) 1´n= µ
¶

1=n

-ξξζ  as ·¸)Re(
1ξ  and ·¸)Re(

2ξ . 

Proof: Straightforward. 

Theorem 3.6: A series ¹
º

1=n

-

n n
ξα  converges uniformly on every compact subset lying interior in the region of convergence 

{ }
2

2

1

1

2 >)ξ(Reand>)ξ(Re:C»=C σσξ . 

Proof: It suffices to prove that ¼
½

1=n

-

n n
ξα  converges uniformly on every compact Cartesian set determined by two-closed 

rectangle. 

Let 
2e1 R×R=R  be a Cartesian compact set determined by two closed rectangles ]d,c[×],[=R

11111
βα  with 

11
>σα  

and ]d,c[×],[=R
22222

βα  with
22

>σα . 

By Lemma 3.2, 

M22¾n¿
bÀn<a

-

n

ξα


��
�� ( )

0

)-(-
-+a 0 ξξξξ �

)-Re(

a
+

)-Re(

a

0

22

)-(Re

0

11

)-(Re
2

0

21

0

1

ξξξξ

ξξξξ �
��
��
      ... (3.5) 

where 
20

2

10

1

0
e+e= ξξξ   is any point in the region of convergence C and ξ  is any point with )Re(>)Re(

0

11 ξξ  and 

)Re(>)Re(
0

22 ξξ . 

We choose 
0ξ  with  0=)Im(

0

1ξ  and 0=)Im(
0

2ξ ; 
10

1

1
<)Re(< αξσ  and 

20

2

2
<)Re(< αξσ  

Then if ÁRÂξ  1

1
RÃξ  and 2

2
RÄξ  Å 1

1
Æ)Re( αξ  and 2

2
Ç)Re( αξ  

È )Re(-É)Re(-)Re(
0

1

10

11 ξαξξ  and )Re(-Ê)Re(-)Re(
0

2

20

22 ξαξξ  
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Now 1

1

0

1
K< - ξξ  and 2

2

0

2
K<- ξξ

 

ξξ -Ë 0 � �
2

K+K
2

2

2

1 �
�� � K 

Where K is a constant depending on 
0ξ  and R but not on ξ . 

Then from (3.5) 

		 M22ÌnÍ
bÎn<a

-

n

ξα 
��
�

+a
)-(- 0ξξ K �

)Re(-

a
+

)Re(-

a

0

2

2

)Re(+-

0

1

1

)Re(+- 0

2

20

1

1

ξαξα

ξαξα ���
�
 

			 M22ÏnÐ
bÑn<a

-

n

ξα 
��
�

K+a+a
)Re(+-)Re(+- 0

2

20

1

1 ξαξα �
)Re(-

a
+

)Re(-

a

0

2

2

)Re(+-

0

1

1

)Re(+- 0

2

20

1

1

ξαξα

ξαξα ���
�
 

    

[ ]
2

)Re(+-

1

)Re(+-

bÒn<a

-

n Ba+BaM22Ón 0

2

20

1

1Ô
ξαξαξα  

    

[ ])Re(+-

2

)Re(+-

1
bÕn<a

-

n

0

2

20

1

1 aL+aLÖn×
ξαξαξα  

where 
1

L  and 
2

L  are independent of ξ . 

Since 0Øa
)Re(+- 0

1

1 ξα
, 0Ùa

)Re(+- 0

2

2 ξα
 as ÚÛa , the Cauchy condition for uniform convergence is satisfied. 

 
In the following we take, 

42132211 xii+xi+xi+x=ξ , 
0

421

0

32

0

21

0

10
xii+xi+xi+x=ξ   

0

111 x-x=X , 
0

222 x-x=X , 
0

333
x-x=X , 

0

444 x-x=X  

1
θ  and 

2
θ  are defined as, )X+X(tan=X-X

41132
θ , )X-X(tan=X+X

41232
θ  

given that 
421322110 Xii+Xi+Xi+X=ξ-ξ                                                                                  …(3.6) 

Under these notation we prove the following theorem             

Theorem 3.7:  If 
ξα -

Ü

1=n
n nÝ  converges for 

0ξ=ξ  then 
ξα -

Ü

1=n
n nÝ  converges uniformly in the region 

}
2

<Þ)-arg(and
2

<Þ)-arg(:Cß{ 0

22

0

11

2

π
δξξ

π
δξξξ . 

or equivalently, in the region }
2

<àand
2

<à:Cá{ 212

π
δθ

π
δθξ

 

Proof:  Suppose that 
ξα -

Ü

1=n
n nÝ  converges for 

0ξ=ξ . 

Then 
ξα

1
-

â

1=n
n

1
nã  and 

ξα
2

-
ä

1=n
n

2
nå  converges for 

0

11
= ξξ  and 

0

22
= ξξ  respectively. 

By Theorem 1.2, the series 
ξα

1
-

â

1=n
n

1
nã  converges uniformly in 

2
<æ)çarg( 0

11 π
δξξ and 

                                            
ξα

2
-

ä

1=n
n

2
nå  converges uniformly in .

2
<è)-arg( 0

22 π
δξξ  

Hence 
ξα -

é

1=n
n nê  converges uniformly in 

2
<ë)-arg( 0

11 π
δξξ and .

2
<ì)-arg( 0

22 π
δξξ  

Hence if 
ξα -

í

1=n
n nî  converges for 

0= ξξ  then 
ξα -

Ü

1=n
n nÝ  converges uniformly in 

}
2

<ï)-arg(and
2

<ï)arg(:Cð{ 0

22

0

11

2

π
δξξ

π
δξξξ . 

Now, by (3.6), 

1321410

11
=}]X-X{i+}X+Xarg[{=)-arg( θξξ  
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41

32

1 X+X

X-X
=tanñ θ )X+X(tan=X-Xò 41132 θ

 

Similarly, 

2321410

22
=}]X+X{i+}X-Xarg[{=)-arg( θξξ

 

41

32

2 X-X

X+X
=tanó θ )X-X(θtan=X+Xô 41232

 

Hence, }
2

<õ)-arg(and
2

<õ)arg(:Cö{ 0

22

0

11

2

π
δξξ

π
δξξξ }.

2
<÷and

2
<÷:Cø{= 212

π
δθ

π
δθξ        

Corollary 3.4:  If the series 
ξα -

ù

1=n
n n=)f(ξ ú  converges for 

0ξ=ξ , and has the sum ( )
0ξf , then )ξ(fû)ξ(f 0

when 

0ξüξ along any path which lies entirely within the region }
2

π
<δý)ξ-ξ(argand

2

π
<δý)ξ-ξ(arg:Cþξ{ 0

22

0

11

2
. 

Proof: Straightforward. 

Theorem 3.8: If 
n

α  is bounded then the series 
ξα -

ÿ

1=n
n n�  converges absolutely in the region       

                         }1>)ξ(Reand1>)ξ(Re:C�ξ{
21

2  

Or equivalently, in the region }1-)zRe(<)zIm(and1>)zRe(:C�{
1212

ξ . 

Proof: Since 
n

α  is bounded, N�n�,K�.t.s0>K� n
α  

K�n
α  

22

n

22

n

1
K2�+	 αα  

K2
� n

1α  and K2�n

2α                                                                                                        ...(3.7) 

Now, 2

ξ-

n

2

1

ξ-

n

1ξ-

n enα+enα=nα
21

 

                      

]nα+nα[
2

1


ξ-

n

2ξ-

n

1
21

                                                                                                [By Note 3.1(b)] 

                      

]nα+nα[
2

1
=

ξ-

n

2ξ-

n

1
21

 

                     

]nα+nα[
2

1
=

)x-x( -

n

2)x+x(-

n

1 4141

 

                    

]n+n[
2

K2
�

)x-x(-)x+x(- 4141
                                                                                                 [By (3.7)] 

                  
]n+n[K=

)x-x(-)x+x(- 4141
 

]n+n[K�nα�
)x-x(-)x+x(-ξ-

n

4141

 

� �� ]n+n[K�nα�
)x-x(-)x+x(-ξ-

n

4141

 
 

Since the series �
)x+x(- 41n  and �

)x-x(- 41n  converge if 1>x+x
41

and 1>x-x
41

respectively. 

�
ξ-

nnα�  is convergent if 1>x+x=)Re( 41

1ξ and 1>x-x=)Re( 41

2ξ . 

Again,  

1>x+x=)Re( 41

1ξ and 1>x-x=)Re( 41

2ξ
 

1-x<xand1>x� 141
1-)zRe(<)zIm(and1>)zRe(� 121

 

This completes the proof.                                       
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Remark 3.2: In particular, if ,n�,1=α
n

 the series 
ξα -

�

1=n
n n�  becomes the Bicomplex Riemann Zeta function (cf. [8], [9]) 

and Theorem 1.8 comes out as a particular case of Theorem 3.8.  

 

Theorem 3.9: If )n(O=
k

nα then the series �
�

1=n

-

n n
ξα converges absolutely in the region      

                        }k+1>)Re(andk+1>)Re(:C�{
21

2 ξξξ  

Or equivalently, in the region }k-1-)zRe(<)zIm(andk+1>)zRe(:C {
1212

ξ . 

Proof: Since, )n(O=
k

nα  

k

n
nA!α"  

k

n

1
nA2#α$  and 

k

n

2
nA2%α  

Now ]n+n[nA&nα
)x-x(-)x+x(-kξ-

n

4141

  

]n+n[A'nα(
)k-x-x(-)k-x+x(-ξ-

n

4141

 

]n+n[A)n* +++
)k-x-x(-)k-x+x(--

n

4141ξα  

Since the series ,
)k-x+x(- 41n  and -

)k-x-x(- 41n  converge if  1>k-x+x
41

and 1>k-x-x
41

 respectively. 

.
ξ-

nnα/  is convergent if k+1>x+x=)Re( 41

1ξ and k+1>x-x=)Re( 41

2ξ . 

Again, 

k+1>x+x=)Re( 41

1ξ and k+1>x-x=)Re( 41

2ξ  

.k-1-x<xandk+1>x0 141
     

.k-1-)zRe(<)zIm(andk+1>)zRe(1 121
 

This completes the proof.  

 

Remark 3.3: If 0=k , we get Theorem 3.8.    

 

Theorem 3.10: If )n(O=
k

nα then the series 2
3

1=n

-

n n
ξα converges absolutely and uniformly in the region                                                    

                        
}+k+1>)Re(and+k+1>)Re(:C4{

21

2 εξεξξ  

Or equivalently, in the region }-k-1-)zRe(<)zIm(and+k+1>)zRe(:C5{
1212

εεξ . 

Proof: Under the same assumption as made in Theorem 3.9, we obtain ]n+n[A6nα
)k-x-x(-)k-x+x(-ξ-

n

4141

. 

When ε+1>k-x+x
41

 and ε+1>k-x-x
41  

 

 

 

Since 7
)+1(-

n
ε

 is convergent for every 0>ε , by Weirstrass M-test [Theorem 2.3] , 8
9

1=n

-

n n
ξα converges absolutely and 

uniformly. 

Again, ε+k+1>x+x
41

 and ε+k+1>x-x
41

 

εε -k-1-x<xand+k+1>x: 141
 

i.e.  εξεξ +k+1>)Re(and+k+1>)Re(
21

 

εε -k-1-)zRe(<)zIm(and+k+1>)zRe(; 121
. 

This completes the proof.     

 

)+1(-)+1(-)+1(-ξ-

n nK2=]n+n[A<nα
εεε
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Theorem 3.11: If 
ξ-

=

1=n
n nα=)f(ξ >  converges for 

0ξ=ξ  then 
ξ-

?

1=n
n nα=)f(ξ @  converges absolutely and uniformly in the 

region })Re(++1>)Re(and)Re(++1>)Re(:CA{
0

22

0

11

2
ξεξξεξξ . 

Proof: Since 
ξ-

=

1=n
n nα=)f(ξ >  converges for 

0ξ=ξ  

0=nαlimB 0ξ-

nCDn
, 0>KE s.t. KFnα 0ξ-

n  NGnH  

Now, 
)ξ-(ξ-ξ-

nξ-

ξ-

ξ-

nξ-

ξ-

ξ-

n

ξ-

n

00

0

0

0

0

n)n(α=
n

n
)n(α=

n

n
)n(α=nα  

                 

)ξ-ξ(-)ξ-ξ(-ξ-

n
000 nK2Innα2I  

               
]n+n[KJ

)ξ-ξ(-)ξ-ξ(- 0

22

0

11

]n+n[K=
))ξ(Re-)ξ(Re(-))ξ(Re-)ξ(Re(- 0

22

0

11

 

]n+n[KKnα
))ξ(Re-)ξ(Re(-))ξ(Re-)ξ(Re(-ξ-

n

0

22

0

11

 

When, ε+1>)ξ(Re-)ξ(Re
0

11
 and ε+1>)ξ(Re-)ξ(Re

0

22
 

)+1(-)+1(-)+1(-ξ-

n Kn2=]n+n[KLnα
εεε

 

Since, M
)+1(-

n
ε

 is convergent for every 0>ε , by Weirstrass M-test [Theorem 2.3], N
O

1=n

-

n n
ξα converges absolutely and 

uniformly.  

Theorem 3.12: If 
ξ-

=

1=n
n nα=)f(ξ >  converges for 

0ξ=ξ  then 
ξ-

P

1=n
n nα=)f(ξ Q  converges absolutely in the region    

                           
})Re(+1>)Re(and)Re(+1>)Re(:CR{

0

22

0

11

2
ξξξξξ . 

Proof: Under the same assumption made in Theorem 3.11, we obtain 

           
]n+n[KSnα

))ξ(Re-)ξ(Re(-))ξ(Re-)ξ(Re(-ξ-

n

0

22

0

11

 

]n+n[KTnαU VVV
))ξ(Re-)ξ(Re(-))ξ(Re-)ξ(Re(-ξ-

n

0

22

0

11

 

Since the series W
))ξ(Re-)ξ(Re(- 0

11

n  and X
))ξ(Re-)ξ(Re(- 0

22

n  converge if  

 1>)Re(-)Re(
0

11 ξξ  and  1>)Re(-)Re(
0

22 ξξ  respectively.  

YZ
ξ-

n nα  is convergent if )Re(+1>)Re(
0

11 ξξ and )Re(+1>)Re(
0

22 ξξ  

Hence 
ξ-

[

1=n
n nα\  is converges absolutely in the region })Re(+1>)Re(and)Re(+1>)Re(:C]{

0

22

0

11

2
ξξξξξ . 

 Boundedness of 
ξαξ -

^

1=n
nn=)(f _  in the Region of Absolute Convergence: 

The function 
ξαξ -

^

1=n
nn=)(f _  is bounded in any region properly included in the region of absolute convergence. 

For )(f ξ
ξα -

`

1=n
nn= a b

c

1=n

-

nnd
ξα � �√� � ee

f

1=n
n

2
f

1=n
n

1
2

-
1

-

n+n
ξξ

αα �                      
                 � �√� � gg

h

1=n

)x-x(-

n

2)x+x(-
h

1=n
n

1 4141 n+n αα � � �√� � ii
j

1=n

β-

n

2α-
j

1=n
n

1
nα+nα �                   

 for 2

2

1

1
>k)Re(and>k)Re( σβξσαξ . 

If the series 1-
l

1=n
n

1
nαm

σ
 and n

o

1=n

-

n

2 2nα
σ

 are convergent we can take 
1

σ=α  and 
2

σ=β , and the function is bounded in 

the region of absolute convergence. 

But in general the region of absolute convergence is not a region where )(f ξ  is bounded, even if we exclude the neighbourhood 

of singularities on the line 1

1
=)Re( σξ  and 2

2
=)Re( σξ . To be precise, we have 
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Theorem 3.13: 

(1) If 
ξαξ -

p

1=n
nn=)(f q  is such that 

+

n Hrα Nsnt  and 
1-

u

1=n
n

1
nv

σ
α  is divergent, then )(f ξ  is not bounded in the 

region }0>αwξ)(Im,σ>ξ)(Re:Cx{ξ=A
1

1

1

2 .  

(2) If 
ξαξ -

p

1=n
nn=)(f q  is such that 

+

n Hrα Nsnt  and 
2-

u

1=n
n

2
nv

σ
α  is divergent, then )(f ξ is not bounded in the 

region }0>y)Im(,>)Re(:Cz{=B
2

2

2

2 βξσξξ . 

 (3) If 
ξαξ -

p

1=n
nn=)(f q  is such that 

+

n Hrα N{n|  and 
1-

}

1=n
n

1
n~

σ
α  , 

2-
u

1=n
n

2
nv

σ
α  both are divergent, then, )(f ξ  is 

not bounded in the region B�A=C . 

Proof: (1) Since 
+

n Hrα Nsnt  � 0�n

1α  and 0�n

2α Nsnt   

For 
1-

}

1=n
n

1
n~

σ
α  is divergent 

By Theorem 1.3, )(f
11 ξ is not bounded in the region   

0>�)Im(,>)Re(
1

1

1 αξσξ  

Hence 
ξαξ -

�

1=n
n n=)(f � is not bounded in the region }0>y)Im(,>)Re(:Cz{=A

1

1

1

2 αξσξξ . 

(2) Since 
+

n Hrα Nsnt � 0�n

1α  and 0�n

2α Nsnt   

For 
2-

u

1=n
n

2
nv

σ
α  is divergent 

By Theorem 1.3, )(f
22 ξ is not bounded in the region 0>β�ξ)(Im,σ>ξ)(Re

2

2

2
 

Hence 
ξαξ -

�

1=n
nn=)(f � is not bounded in the region }0>�)Im(,>)Re(:C�{=B

2

2

2

2 βξσξξ . 

 

(3) Since 
+

n H�α N�n� � 0�n

1α  and 0�n

2α N�n�  

For  
1-

�

1=n
n

1
n�

σ
α  and 

2-
�

1=n
n

2
n�

σ
α  are divergent 

By Theorem 1.3,  )(f
11 ξ  and )(f

22 ξ  are not bounded in the region   

0>�)Im(,>)Re(
1

1

1 αξσξ  and 0>�)Im(,>)Re(
2

2

2 βξσξ  respectively. 

Hence the Bicomplex Dirichlet series 
ξαξ -

�

1=n
nn=)(f � is not bounded in the region  B�A=C . 

 

Theorem 3.14: If 
ξαξ -

�

1=n
n n=)(f �  is bounded for }>)Re(and>)Re(:C�{

21

2 βξαξξ , then �
2)e+e(-

n
21n

βα
α  is 

convergent; if M�)(f ξ ,then
22)e+e(-

n M2�n� 21 βα
α .  

Proof: Given 
ξαξ -

�

1=n
nn=)(f �  is bounded for }>)Re(and>)Re(:C�{

21

2 βξαξξ , 

�  
¡

1=n

-

n

111
1

n=)(f
ξαξ  and ¢

£

1=n

-

n

222
2

n=)(f
ξαξ  are bounded for  

αξ >)Re(
1

and βξ >)Re(
2

 respectively. 

Now by Theorem 1.4, 

¤
¥

1=n

2-
2

n

1
n

αα and ¦
§

1=n

2-
2

n

2
n

βα  are convergent. 
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{ }¨¨¨
2-

n

22-

n

12)e+e(-

n n+n
2

1
=n 21 βαβα ααα  

Since ©
ª

1=n

2-
2

n

1
n

αα  and ©
ª

1=n

2-
2

n

2
n

βα  are convergent 

Hence «
2)e+e(-

n
21n

βα
α is convergent. 

M¬)(f ξ M2)(f®
11 ξ  and M2¯)(f

22 ξ  

M2°)(f
11 ξ 2

±

1=n

2-
2

n

1
M2²n³´

αα  

M2¯)(f
22 ξ 2

µ

1=n

2-
2

n

2
M2¶n·¸

βα  

Now, 
2

¹

1=n

2-
2

n

2
¹

1=n

2-
2

n

1
M4ºn+n »»

βα αα ¼
22)e+e(-

n M2½n¾ 21 βα
α . 

 

The Zeros and Zero Free Region of ¿
À

1=n

-

n n=)(f
ξαξ :  

In this section, we study a particular ¿
À

1=n

-

n n=)(f
ξαξ , which can be viewed as a power series.  Let 0=

n
α  except when n is a 

power of 2 and n2
=n βα . To be precise, 

 0=α
1

, 
12

β=α , 0=α 3
,

24
β=α , 0=α 5

, 0=α 6
, 0=α 7

,
38 β=α ,….. 

Then, ( ) ( )Á ÁÁ
Â

1=n

Â

1=n

n-

n

-Â

1=n

n

n

-

n 2=2=n=)(f
ξ

ξ
ξ ββαξ =Ã

Ä

1=n

n

n ζβ . 

Evidently, the series can be viewed as a power series as well as Bicomplex Dirichlet Series.     

To each zero 
νζ  of the power series corresponds an infinite number of sequences of zeros  

2log

i)en+em(2+log
-=

121ν πζ
η                 ,....)2±,1±,0=n,m(  

¼   
2log

im2+log
-=

1ν

1

1 πζ
η  and 

2log

in2+log
-=

1ν

2

2 πζ
η  

If  
0

1ξ  and 
0

2 ξ  are the zeros of smallest modulus (other than zero) then )(f
11 ξ  and )(f

22 ξ  have no zero to the right of the 

line  

2log

log
-=

0

1ξ
α  and  

2log

log
-=

0

2ξ
β , respectively. 

Hence }>)Re(and>)Re(:CÅ{
21

2 βξαξξ  is the zero free region of Æ
Ç

1=n

-

n n=)(f
ξαξ . 

 

 

Definition 3.4: The function )T,T,σÈσ,N(
21

 

Denote by )σ,T(N
1

, the number of zeros bi+a
1

 of Ã
Ä

1=n

-

n

111
1

n=)(f
ξαξ  such that )Re(=>a

1ξσ , 
1

T<b<α , where 

α  be a positive number such that )(f
11 ξ  is regular for αξ É)Im(

1
 and σ  sufficiently large. 

Denote by ),TσÊ(N
2

, the number of zeros di+c
1

 of Ë
Ì

1=n

-

n

222
2

n=)(f
ξαξ  such that )Re(=Í>c

2ξσ , % � & � '� , 

where β  be a positive number such that )(f
22 ξ  is regular for βξ Î)Im(

2
 and σÏ sufficiently large.  

The number of zeros of  Æ
Ç

1=n

-

n n=)(f
ξαξ is obviously given by ),TσÐ(N).σ,T(N=)T,T,Ð,(N

2121
σσ . 
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Theorem 3.15: Let Ñ
Ò

1=n

-

n

111
1

n=)(f
ξαξ  and Ó

Ô

1=n

-

n

222
2

n=)(f
ξαξ  be bounded for ασξ Õ=)Re(

1
and 

βσξ ÕÖ=)Re(
2

, respectively. Then )TT(O=)T,T,×,(N
2121

σσ )>Øand>( βσασ . 

Proof: Since Ñ
Ò

1=n

-

n

111
1

n=)(f
ξαξ  and Ó

Ô

1=n

-

n

222
2

n=)(f
ξαξ  are bounded for ασÙ and βσ ÚÛ  respectively. 

Then, by Theorem 1.5 

)T(O=)σ,T(N
11

                                                                                   )>( ασ  

)T(O=),TσÜ(N
22

                                                                                 )>Ý( βσ  

)TT(O=),TσÞ(N)σ,T(N=)T,,TσÞσ,(N
212121

                              )>ß,>( βσασ  

 

 

Theorem 3.16: If Ñ
Ò

1=n

-

n

111
1

n=)(f
ξαξ  and à

á

1=n

-

n

222
2

n=)(f
ξαξ  are of finite order for ασξ Õ=)Re(

1
and 

βσξ ÕÖ=)Re(
2

 respectively.  

Then, )TlogTlogTT(O=)T,,Tσâσ,(N
212121

)>Üand>( βσασ . 

Proof: Since Ñ
Ò

1=n

-

n

111
1

n=)(f
ξαξ  and à

á

1=n

-

n

222
2

n=)(f
ξαξ  are of finite order for ασÙ and βσ ÚÛ , respectively, we 

have, by Theorem 1.6 

)TlogT(O=)σ,T(N
111

                                                                         )>( ασ  

)TlogT(O=),Tσã(N
222

                                                                       )>Ý( βσ  

So that, )TlogTlogTT(O=),Tσä(N)σ,T(N=)T,,Tσäσ,(N
21212121

. 

 

 

Euler Product:  

 

Definition 3.5:  

An arithmetic function 
2

CåN:f  is a multiplicative function if 1=)1(f , and )n(f)m(f=)nm(f  whenever 

Næn,m  are co-prime.  

An arithmetic function 
2

CçN:f  is completely multiplicative if 1=)1(f , and )n(f)m(f=)mn(f  for any Næn,m . 

 

Theorem 3.17: 

(1) 
2

CèN:f  is multiplicative iff both 2

11
CéN:f and 2

22
CéN:f  are multiplicative. 

(2) 
2

CåN:f  is completely multiplicative iff both 2

11
CêN:f  and 2

22
CéN:f  are completely multiplicative. 

Proof: 

 (1) Suppose that
2

CåN:f  is multiplicative. Thus, 

1=)1(f  and )n(f)m(f=)nm(f  whenever Næn,m  are co-prime. 

212

2

1

1
e1+e1=e)1(f+e)1(fë   and 

2

22

1

11

2

2

1

1
e)n(f)m(f+e)n(f)m(f=e)nm(f+e)nm(f  whenever Næn,m  are co-prime 

1=)1(fì
1

 and 1=)1(f
2

; 

 )n(f)m(f=)nm(f
111

 and )n(f)m(f=)nm(f
222

whenever Næn,m  are co–prime 

í
2

11
CéN:f and 2

22
CéN:f  are multiplicative. 

 

 (2) Next, suppose 
2

CåN:f  is completely multiplicative. 

 This is equivalent to the statements 

1=)1(f  and )n(f)m(f=)nm(f  Nîn,mï  

212

2

1

1
e1+e1=e)1(f+e)1(fð   and 

2

22

1

11

2

2

1

1
e)n(f)m(f+e)n(f)m(f=e)nm(f+e)nm(f  Nîn,mï  
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1=)1(fñ
1

 and 1=)1(f
2

;  

 )n(f)m(f=)nm(f
111

 and )n(f)m(f=)nm(f
222

Nòn,mó  

2

11
CôN:fõ  and 2

22
CöN:f  are completely multiplicative. 

 

Theorem 3.18: If 
2

C÷N:f  is multiplicative and ø
ù

1=n

-
n)n(f

ξ
 is absolutely convergent, then 

[ ]ú ûû
p

j-
ü

0=j

j
ü

1=n

-
p)p(f=n)n(f

ξξ
. 

Proof: 2

ý

1=n

-2
ý

1=n
1

-1
ý

1=n

-
e]n)n(f[+e]n)n(f[=n)n(f þþþ

21 ξξξ
 

In the complex plane we have 
sj-

ÿ

0=j

j

p

ÿ

1=n

s-
p)p(f=n)n(f ���    

Since 
2

C÷N:f  is multiplicative 

 � 2

11
C�N:f  and 2

22
C�N:f  are multiplicative. 

 Also, ø
ù

1=n

-
n)n(f

ξ
 is absolutely convergent 

� �
�

1=n

-1
1

n)n(f
ξ

 and  �
�

1=n

-2
2

n)n(f
ξ

 are absolutely convergent. 

Therefore 
2

j-
	

0=j

j2

p
1

j-
	

0=j

j1

p

	

1=n

-
e]p)p(f[+e]p)p(f[=n)n(f

21


�
�

ξξξ

 

Hence, by Lemma 1.2, 

e]p)p(f[+e]p)p(f[=n)n(f 2

j-
�

0=j

j2

1

j-
�

0=j

j1

p

�

1=n

-
21

�
ξξξ

 

                     

=� �
p

j-
�

0=j

j
]p)p(f[

ξ
. 

 

Theorem 3.19: If 
2

C÷N:f  is completely multiplicative and ø
ù

1=n

-
n)n(f

ξ
 is absolutely convergent, then  

��
p

1--
�

1=n

-
)p)p(f-1(=n)n(f

ξξ
. 

Proof:  By Theorem 3.18,  

� ��
p

j-
�

0=j

j
�

1=n

-
]p)p(f[=n)n(f

ξξ
 

Since 
2

C÷N:f  is completely multiplicative  

�  
jj

)]p(f[=)p(f  

Now,  

� ��
p

j-j
�

0=j

�

1=n

-
]p])p(f[[=n)n(f

ξξ

 

              � �
p

j-
�

0=j
]]p)p(f[[=

ξ

 

                  

�
p

1--
)p)p(f-1(=

ξ
. 
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4. Bicomplex Dirichlet Series of type
n

λ : 

The Bicomplex Dirichlet series type
n

λ is defined as 

                                                        
�
 

1=n

-

n
ne=)(f
ξλαξ

                                                                             
 

where }α{
n

 is a sequence of bicomplex numbers, }{λ
n

 is a strictly monotonically increasing and unbounded sequence of 

positive real numbers and 
2

C!ξ  is a bicomplex variable. 

As, 
2

-

n

2

1

-

n

1-

n e)e(+e)e(=e
2

n

1

nn ξλξλξλ ααα  

"  #
$

1=n

-

n
ne
ξλα 2

%

1=n

-

n

2

1

%

1=n

-

n

1
ee+ee= &&

2

n

1

n ξλξλ αα                                                                              

Now we denote the sum function of the series '
(

1=n

-

n
ne
ξλα , )

*

1=n

-

n

1
1

ne
ξλ

α  and +
,

1=n

-

n

2
2

ne
ξλ

α  by )ξf( , )ξf(
11

and

)ξf(
22

respectively. 

Thus 2

22

1

11
e)ξf(+e)ξf(=)ξf(   

We denote the abscissae of convergence of -
.

1=n

-

n

111
1

ne=)(f
ξλ

αξ  and /
0

1=n

-

n

222
2

ne=)(f
ξλ

αξ  by 
1

σ  and 
2

σ , and the 

abscissae of absolute convergence by 
1

σ  and 
2

σ , respectively. 

Theorem 4.1: A Bicomplex Dirichlet series 
ξλ

α n-
1

1=n
ne2  converges for 

0ξ=ξ   iff 
ξλ

α
1

n-
*

1=n
n

1
e)  converges for 0

11
ξ=ξ  and 

ξλ
α

2
n-

*

1=n
n

2
e)  converges for 0

22
ξ=ξ . 

Theorem 4.2:  If 
ξλ

αξ n-
3

1=n
ne=)(f 4  converges for 

0ξ=ξ  then 
ξλα n-

5

1=n
n e6  converges in the region 

})Re(>)Re(and)Re(>)Re(:C7{ 0

22

0

11

2 ξξξξξ }x-x>x-xandx+x>x+x:C8{=
0

4

0

141

0

4

0

1412ξ  

or equivalently in the region }.)zRe(-)zRe(<)zIm(-)zIm(and)zRe(>)zRe(:C9{
0

11

0

2

0

112 2
ξ  

Corollary 4.1: If 
ξλα n-

:

1=n
ne;  diverges for 

0ξ=ξ  then 
ξλα n-

:

1=n
ne;  diverges in the region 

})Re(<)Re(and)Re(<)Re(:C<{ 0

22

0

11

2 ξξξξξ }x-x<x-xandx+x<x+x:C={=
0

4

0

141

0

4

0

1412ξ  

or equivalently in the region
 

}.)zRe(-)zRe(>)zIm(-)zIm(and)zRe(<)zRe(:C>{
0

11

0

2

0

112 2
ξ

 

Theorem 4.3: The Bicomplex Dirichlet series ?
@

1=n

-

n
ne=)(f
ξλαξ  converges in the region 

}σ>)ξ(Reandσ>)ξ(Re:CAξ{=R 2

2

1

1

2 . 

 

Definition 4.1: Region of Convergence of Bicomplex Dirichlet Series 

The region of convergence of Bicomplex Dirichlet series B
C

1=n

-

n
ne=)ξf(
ξλ

α  is the region 

}σ>)ξ(Reandσ>)ξ(Re:CDξ{ 2

2

1

1

2  denoted as R . 

 
Definition 4.2: Absolute Convergence of Bicomplex Dirichlet Series 

The Bicomplex Dirichlet series E
F

1=n

-

n

ne
ξλα  is said to be absolutely convergent if the series G

H

1=n

-

n
ne
ξλα  is convergent.  

Now, 

ξλα n-

n e ( ) ( )
2

-

n

2

1

-

n

1
ee+ee=

2
n

1
n ξλξλ αα  

2
1

2
-

n

2
2

-

n

1
e+e

2

1
=

2
n

1
n ξλξλ αα  
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]e+e[
2

1
I

2
n

1
n -

n

2-

n

1 ξλξλ αα ]e+e[
2

1
=

2
n

1
n -

n

2-

n

1 ξλξλ αα .  

]e+e[
2

1
Je

)x-x(-

n

2)x+x(-

n

1-

n

41n41nn λλξλ ααα . 

Therefore, 

]e+e[
2

1
Ke LLL

M

1=n

)x-x(-

n

2
M

1=n

)x+x(-

n

1
M

1=n

-

n

41n41nn λλξλ ααα                                                             

Theorem 4.4: The Bicomplex Dirichlet series N
O

1=n

-

n
ne=)(f
ξλαξ converges absolutely in the region 

}σ>ξ)(Reandσ>ξ)(Re:CPξ{=A 2

2

1

1

2 . 

 
Definition 4.3: Region of Absolute Convergence of Bicomplex Dirichlet Series 

The region of absolute convergence of Bicomplex Dirichlet series Q
R

1=n

-

n
ne=)ξf(
ξλ

α  is the region 

}σ>)ξ(Reandσ>)ξ(Re:CSξ{ 2

2

1

1

2  is denoted as R . 

 

Definition 4.4: Region of Conditional Convergence 
A region in which the Dirichlet series is convergent but not absolutely convergent will be called the Region of conditional 

convergence of the Dirichlet series. 

 
In the following we take, 

42132211 xii+xi+xi+x=ξ , 
0

421

0

32

0

21

0

10
xii+xi+xi+x=ξ   

0

111 x-x=X , 
0

222 x-x=X , 
0

333
x-x=X , 

0

444 x-x=X  

1
θ  and 

2
θ  are defined as )X+X(tan=X-X 41132 θ , )X-X(tan=X+X 41232 θ  

Under these notation we prove the following theorem             

Theorem 4.5:  If 
ξλα n-

T

1=n
n eU  converges for 

0= ξξ  then 
ξλα n-

T

1=n
n eU  converges uniformly in the region 

}
2

π
<δV)ξ-ξ(argand

2

π
<δV)ξ-ξ(arg:CWξ{=U 0

22

0

11

2 }
2

<Xand
2

<X:CY{= 212

π
δθ

π
δθξ  

Corollary 4.2: If the series  
ξλ-

Z

1=n
n

neα=)f(ξ [  is convergent for 
0ξ=ξ , and has the sum ( )

0ξf , then )ξ(f\)ξ(f 0
when 

0ξ]ξ along any path which lies entirely within the region }
2

π
<δ^)ξ-ξ(argand

2

π
<δ^)ξ-ξ(arg:C_ξ{ 0

22

0

11

2
. 
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