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Abstract
In the present paper, we have defined the analogous concept of uniform convergence for bicomplex sequences and series. We
have given the analogue of Weirstrass’s M-test for uniform and absolute convergence for infinite series of Bicomplex variable.
We have defined the Bicomplex Dirichlet Series and have studied its various properties.
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1. Introduction
The set of Bicomplex Numbers defined as:

. . .. . . 2.2 .. ..
C, ={x, T1,x, T1,X; T1,1,X, : X,X,,X;,X, EC, 1, #1, and 1, =1, =-1, 1,1, =1,1,}
Throughout this paper, the sets of complex and real numbers are denoted by Cl and Co , respectively. For details of the theory of

Bicomplex numbers, we refer to [1], [2], [3] and [4]. We shall use the notations C(ll) and C(lz) for the following sets:
C(i)=fu+iviu,vEC}; C(i,)={a+i,p:a,PEC,}

1.1 Hyperbolic Numbers:
The set of Hyperbolic Numbers H, defined as H={X + y1;1, : X,y EC}

The set of all hyperbolic numbers with non-negative idempotent components is denoted as H " .
Thus, H ={ae, +be,:a,b>0}

1.2 Idempotent Elements:
Besides 0 and 1, there are exactly two non — trivial idempotent elements in C, , denoted as €, and €, and defined as

1+, 1-

1,1
112
and e, =

€, . Note that €, +62 =1 and €,€, =€,¢ =0.

1.3 Cartesian idempotent set:
C, =C(i,) %, Ci,)=CG,)e, +C(i))e, ={LEC, :£= "ge, + Ee,,('&, *E) EC(,)* Ci,)}
C, =C(i,) %, C(1,)=C(i,)e, +C(i,)e, ={EC, :E= &, ¢, T, ¢,,(§;,8,) EC,) x C(1,)}

1.4 Idempotent Representation of Bicomplex Numbers

@ C(ll ) - idempotent representation of Bicomplex Number

Throughout this paper C(ll ) -idempotent representation of Bicomplex Number is given by

E=(x, t1;x,) +1,(x; T1,x,) =2, T1,2, =(z, -1,2,)¢, (2, +1,2,)¢,
=[x, )+ (x5 - x )]y +Ix - X))+ (G +x,)le, = e, + g,

an$ C(lz) - idempotent representation of Bicomplex Number

Throughout this paper C(lz) -idempotent representation of Bicomplex Number is given by

E=(x, T1,X3) T1,(x, +1,X,) =W, +1,w, =(W, -1,W,)e, (W, T1,W,)e,

=[x Tx4)-1,(x, -x5)]e, (X, -x,) Ti,(x, +X35)]e, =& ¢, +&, ¢,

1.5 Singular Elements

. o . <L . ol2 2
Non zero singular elements exist in C2 . In fact, a Bicomplex number § = z, t 2,1, is singular if and only if ‘Zl + Zz‘ =0. Set

of all singular elements in C, is denoted as O, .
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1.6 Norm
The norm in C, is defined as

1 2 ‘2 ‘2 V2
TR N1 A ORI

C2 becomes a modified Banach algebra, in the sense that £, 1 € C2 , we have, in general,

[enl<v2 el n]

1.7 Complex Dirichlet Series
In general, a Dirichlet series is a series of the form

f(s) = Eane'k“s ............... (1.1)

where {A_} isa monotonically increasing and unbounded sequence of real numbers, and S = G + 1t is a complex variable.

When the sequence {A, } of exponent is to be emphasized, such a series is called a Complex Dirichlet series of type A .
If A, =1, then f(s) isapower seriesin z=¢" . If A, =logn, then
f(s)= Zan™ (1.2)
n=1
is called an Ordinary complex Dirichlet series (cf. Hardy [5]).

Theorem 1.1 [6]: If the series Eann'S is convergent for s, = G, +1t,, it is convergent for s =G +1it, provided that

n=1

G>0,.

Theorem 1.2[6]: If the series Z'c’l.nn-S is convergent for S = S, . Then it is uniformly convergent throughout the angular region
n=1

T
in the plane of s defined by the inequality ‘arg(s - S, )‘ <a< E

Theorem 1.3[6]: If f(s) = pY ann's , where @, =0 for every value of n, and where hX ann'E is divergent, the function f(s)
n=1

n=1
is not bounded in the region 6 > G, |t| Zto >0.
_ % -s . 2 20 . Lo <
Theorem 1.4[6]: If f(s)= Za n  is bounded for 6> o, then 24a | n is convergent; if [f(s)) =M, then
n=1

Za,

Lemma 1.1 [7]: Let S be any given complex number and assume that the Dirichlet series EOLn n"" has bounded partial sums,

n7 <M

n<x
say EOLH n™| <M for all X >1. Then for each S with Re(s) > Re(s,)
n=x
D o n.so <M aRe(s)-Re(so) ‘ §-8, ‘
a<n<b Re(s)-Re(s,)

1.8 The Function N(o,T):

Let t, be a positive number such that f(s) = :Elann_S is regular for t =t and O sufficiently large. We denote by N(o,t)

n

the number of zeros ¢ +it of £(s) such that >0, t, < t <T.

Theorem 1.5 [6]: If f(s) is bounded for ¢ =a., then
N(c,T)=0(T) (c>a).
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Theorem 1.6 [6]: If f(s) is of finite order for ¢ =a , then
N(o,T)=0(TlogT) (c>a).

Theorem 1.7[7]: Abel’s identity.
For any complex arithmetical function a(n), let A(x) = X a(n), where A(x) =0 if x <1. Assume f:[y,x] —C, hasa
n<x

continuous derivative on the interval [y,X], 0<y<X.

Thenwehave 2 a(n)f(n) = A(x)f(x)-A(y)f(y)- jA(t)f (t)dt.

y<n<x
Lemma 1.2[8]: Let &n =z, +Z2ni2 €C, \O2 be a sequence of invertible bicomplex numbers. The bicomplex product

[ee] [ee]
. . 1 2 .
11 €, converges if and only if the complex products 11 €, and 11 €, converge. Moreover, in case of convergence,
n=1 n=1 n=1

e, {11 %, |+ |11 %,

3

Theorem 1.8[8]: The Bicomplex Riemann Zeta function C(&) = O:i n* converges and
| E | |
Tl I lenl 2= T e ) =clle)e, +ilele.
n=l N n=1 n n=l

if and only if Re(la )> land Re( ) or equivalently, if and only if Re(Z1 ) >land ‘ Im(Z2 )‘ < Re(Zl)- 1.

2. Uniform Convergence of Sequence and Series of functions of a Bicomplex Variable:
Uniform convergence of sequence of functions:

A sequence fn(i) of functions defined in S & C2 is said to converge uniformly to a function f(§) defined in S if given any

positive number €, there corresponds a positive number m, independent of & , such that

v EES and Vn=m

Theorem 2.1: A necessary and sufficient condition for the uniform convergence of a sequence {fn(i)} of functions defined in a

frip(8) -1,(5)

set S& C2 is that to every € > 0 , there corresponds a positive integer m independent of & such that

Vn >m, VP >0 and Va’;ES.

<

2.1 Uniform Convergence of a Series

Consider an infinite series Efn(?;) each term of which is a function of & defined ina set S&C,.
n=l1

Lt 5,8 = L6

The series 2 f (&) is said to be uniformly convergent if the sequence { Sn(i) } of partial sums of the series is uniformly
n=1

convergent.

From the general condition of uniform convergence of a sequence of functions, we deduce the corresponding test for the uniform
convergence of a series.

oo

Theorem 2.2: A necessary and sufficient condition for the uniform convergence of a series 2f, (£) of functions defined in a set
n=1

S& C2 is that to every € > 0, there corresponds a positive integer m (independent of &) such that
£ &)+ (E)F e +£,,,(8) | <&, Vn=m, ¥p =0and VEES.

JETIR1810721 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org 145



© 2018 JETIR October 2018, Volume 5, Issue 10 www.jetir.org (ISSN-2349-5162)

2.2 Weirstrass’s M-test for uniform and absolute convergence

Theorem 2.3: Let Ef _(£) be an infinite series of functions defined in a set S < C, . If the series Z M, of positive terms is

n=l

=M, VEES, VNnEN, then H:Elfn(?;) is uniformly convergent in S& C, .

Corollary 2.1: Let 2f, (&) be an infinite series of functionsf, : S—C, ~O,.
n=l1

£ (S)
f,(©)

Then Efn (€) is uniformly convergentin S& C, .
n=l1

_ £,(8) £5(E)emnnnn. £
MO @ 1@t @)

| £,8) £,()......... £.9) |
N T ot
Since H £, (&) H is bounded in S & C,, there exists K > 0, such that H f,(€) “ <K, VEES.

| £,8) £,&)......... £
| £, £,8) £, (8)]

£,(8) H ‘ £,(8) H

5LE| f,1(8)

Suppose VE E S, H £, (&) H is bounded and

1
§M<E VJ>1

Proof:

e 21)

£,©)

<2k (2 f@

2K (ﬁ)
;‘E It =v2 K E(my2)”

1 = h,
As M< E , the series 2 (M V2 ) " is convergent.
n=1

Hence by Weirstrass’s M-test, the series 2, (&) is uniformly convergentin S&C, .
n=l1

[es] n
Theorem 2.4: Let 2f (&) be an infinite series of functions defined inaset SEC,. Let S_ (&)= 2£,(§).
n=1 =1

1. Let the sequence {Sn (ct,) } be uniformly bounded in S.
‘SK VEES and Vn

ie.
2. The series 2[u (§) - u,,,(€)] is uniformly and absolutely convergent in S.
n=1
3. {un (&) } tends uniformly to zero in S.

Then the series u, (&) £ (&) isuniformly convergent in S.
n=1

Theorem 2.5: If the series 2 f,(£) is uniformly convergentin SESC, and X [un &)-u,, (&)] is uniformly and
n=1 n=1

absolutely convergent in S & C,, Then the series 2 u, (£)f, (€) is uniformly convergent in S.
n=1
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Theorem 2.6: Let X be a Cartesian set determined by X, and X, .

Ip 1 20 2
The sequence {fn(i) } is uniformly convergent in X if and only if the sequences { fn( é) } and { fn( €) } both are uniformly
convergent in Xl and X2 respectively.

Proof: Let the sequence {fn(i) } be uniformly convergent in X .
Given € >0, 3m =m(g) EN st. Vn =m, Vp =0and VEE X

£, &), <

't C0)- " (o) +] 2, - 2 Co)

'[ 2

=

2]

|

Jl <eg
= ', (0,8 <26
’t,,,(C8)- ", Co) <26’
’f,.,(’8)- *f, (o) <y 2¢

', (0-'L,(f +
', (0", (0] <26 ana
=], (8)- ', (8] < V28 and
Vn=>m, Vp 20and VEE X
'f,.,(9)-"1,( 8| <V2e and| *f,,(Pe)- *f,CB) <y 2¢

As, EEX © 'EEX, and’ £ E X, , X being the Cartesian set, hence V1 =m, Vp =0and V' & E X,, we have
'f,.,(0)-1,(5)|<V2e

= {'f.("€) } is uniformly convergent in X, .

Similarly V'n =m, Vp =0and V£ EX,

’f,., (%) *f, (o) <y 2¢

= {zfn(zé) } is uniformly convergent in X, .

X N 2, %
Conversely, we suppose that the sequences { f( &)} and { f (¢ } both are uniformly convergent in X; and X,
respectively.

Given ¢ > 0, 3m,(€), m,(€) €N such that
't (8)-"1,(e)|< e Vi >m,, Vp =0md V'EE X,

=

’f,.,(’0)-f, (8| <e Vn 2m,, ¥p 20ad VEEX,

Let M= max(m,,m,). Then Vn =m, Vp =0and VEE X

The sequence {fn(i) is, therefore, uniformly convergent in X .

2fn+p( 2&)_ 2fn(2&)‘2

', (8- "o +
2

[
£, -,

|
| <e
|

Theorem 2.7: Let X be a Cartesian set determined by X, and X, . The series an(é) is uniformly convergent in X if and
n=l1

only if the series 2 1fn(l@ and szn(Zé) both are uniformly convergent in X, and X, respectively.
n=l1 n=1
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3. Bicomplex Dirichlet series:
The Bicomplex Dirichlet series is defined as

(&)= :Ela“ e™" ()

where {a_} isa sequence of bicomplex numbers, {A_ } is a strictly monotonically increasing and unbounded sequence of

positive real numbers and § € C, is a bicomplex variable. If A, =n, then (&) = Y o, (e-&“)n is a power series in e* :
n=l1
If A, =logn, then

fle)= :Elann'é . (3.2)

is a Ordinary Bicomplex Dirichlet Series.
If a, = lin equation 3.2) f(§) = Xn* represent Bicomplex Riemann Zeta Function (cf. [8], [9]) in that consequence we
n=l

named f(§)= pY ()Lnn-é a Generalized Bicomplex Riemann Zeta Function (cf. [10], [11]).
n=l

Note that, if § € C, and n be a natural number, then

& _ e-&logn _ e-l?;logn el +e-z?; logn _ -'é’; zé’;

n €, =n "¢ +tn “¢,

Hence if {an} is a bicomplex sequence, we have
B 1 R 2 2
oyt =[la,n e+ Ca, 0 e,

= Za,n " =[ Z'a,n" " le, +[ Z’a,n “Je,
n=1 n=1

n=1

Let f(£)= Eann"ﬁ then £ (&) ="t (‘e e, + *f CE)e,, where, £('E)= oillann"‘“ﬂ and “f(CE) = oifan n’e,
n=1 n= n=

. s, ) S r 7 o ) T2 2
Throughout, we denote the abscissae of convergence of f( &)= 2 o, n * and f("¢)= Z a,n : by 0, and G,,
n=| n=l

and the abscissae of their absolute convergence by G, and G, , respectively.

Definition 3.1: Region of Convergence

The region {{EC,: Re( 1§)>c51 and Re( 2§)> G,} is the region of convergence of f(&) = o, n®.
n=1

Definition 3.2: Region of Absolute Convergence
— 2 — - ;
The region {{ EC,: Re(1§)> 6, andRe("E) > G,} is the region of absolute convergence of f(£) = Zo, n <
n=1

Definition 3.3:
A Bicomplex arithmetic function is a function f(n)defined for all n € N ; it is taken to be Bicomplex valued, so that it is a

function f : N — C,, or equivalently a sequence {a_} of Bicomplex numbers a = f(n).

Note 3.1:
@) If b >a and Re('E)>Re('E,) and Re(’E)>Re(’E,)

hen, %> 6.

(b) For, EEC,,

el <5 L1+ [ J< e[+ .
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oo
. . . . -§ .
We first investigate the regions of various types of convergences for 2 O, N . Asis customary, we denote
n=1

. . . .. 0, . 0 0, . 0, « 0, .. 0
=z, +i,2, =X, T 1, X, T, X, +iji, x5 § =2 +i,z =X +1,x +1,x +1i,Xx .
Son® P e 1 ST
Theorem 3.1: If ZOtnl'l converges for & =&, iff 2 o,n ° converges for &= &, and 2 a,n ° converges for
n=1 n=l1 n=1
2, _2
§="S-

-
Proof: Assume that o, ° converges for E=¢.

n=1
m
. . . E -&0 _ _ 1 2
Then there exist a bicomplex number & such that lim o,n” == Ce + Ce,
m—00

Given €>0, 3 n, EN st

m

£
%:ann *-C|<e, Vm =n, .. (3.3)
o

Now by the properties of idempotent representation,

m m 1 m 2
-&() — 1 - &() 1 2 = &[) 2
Ean n - C.! - (n:EI an n r C.!) e1 + (n:EI an n 1 C.!) e2

n=l

so that
1
m 1 m X 2 m ) 2 |?
> o _ o 1 -8 1 2 - 2
] o B G T LI
From equation (3.3)
1
1 X 2 m 5 2 |?
S Elann'&o- C_; + Ezann' &O'ZC_; <g
\/5 n=l n=1
1 gy 1 2 )
=|2Za,n 0—C<\/§8 and | 2o, n - C<\/58 Vm =n,
n=1 n=l
K ey 1 o e 1 1 1
Now,| X o, n *-C <2¢ ¥m >n,= X a,n - convergesto  for &= E,.
n=l n=1

Similarly from

m )
2 e 2
n§ a,n " - C.)

-2 2 2 2 2
<+v2&,Vm=>n,= Z’0_n “convergesto - for &="E,.
n=1

s 1 . 2

1 - 1, 1 2 - 2, 2 .

Conversely let 2 o,n : converges for &= &, and X o,n : converges for ~ & = "& respectively.
n=l n=1

Then,3 s,,8, € C(i,) such that

m 1 m 2
. 1 - . 2 .
lim X a,n = =s,and lim Z "o n = =S,
m—0 m—0 -
Given €>0, I n,,n, EN st
m | lci m 5 7(2
Zo,n "-s|<e, Vm>n, and| X o, n " -s,[<g, Vm >n,
n=l n=l
Let n, =max(n,,n,)
Then Vm =n,
m | lci m 5 2&
Xla,n -s|<eand| X a,n "-s,[<g
n=l n=l1
Now

m m 1 m 2
- — 1 -5 2 =
n§ann -(s8,F8,8,)( = (E;‘ a,n " -s))e +(n§ a,n 7 -s,)e,

JETIR1810721 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org 149



© 2018 JETIR October 2018, Volume 5, Issue 10 www.jetir.org (ISSN-2349-5162)

1

1 1 -'& R = S 2, 2
= Eann -S| + an 7 -s, <—7=le te& =€
\/5 n=1 n=l1 \/E
5 €
- ngann (s ts,8)) <€ Vm =n,

o)
= Za, n™° converges to s, € Ts,¢e, for £ =&,.

n=1

Theorem 3.2: For any bicomplex arithmetical function a(n) (cf. Def. 3.3), let A(x) = 2 a(n), where A(x) =0 if x <1.
n=<x

Assume f :[y, x]— C, has a continuous derivative on the interval [y, X], where0 <y <X.

Then we have Z< a(n)f(n) = A(x)f(x)-A(y)f(y) N fA®F'(t)dt
Proof: We know that ’
2 am)f(n)=[ X a(n) 'f(n)] e, +[ D) *a(n) ’f(n)]e, .. (34)

Since 'f, la(n) and °f, za(n) satisfies all the requirements of Abel’s identity, therefore by Theorem 1.7,

= a(n) 'f(n) = 'AG) 'T00-'AG) T3)- FAD ' (0 di

y<n<x b/

and 2 “a(n) f(n)="AC) f()-"AY) Zf(y)-if A (1) dt

Now, by (3.4),

Z am)f(n) =['A®X) f(x)- Ady) f(y)- :X A ' (b) dt]e,

y<n=x

+[PAX) f(x)- TAY) f(y)- :sz(t) f (1) dt]e,
=[{'AX) T(x)- 'Ady) f(y)ie, + L AX) T(x)-A(y) *f(y)}e,]

-[{:X A1) ' (t) dt e, +{if A (t) dtle,]

= AX)Fx)-A(Y)f(y)- :fA(t) f'(t) d(t)

Lemma 3.1: If | A(n)| <M Vn, then for each & with Re('€)>Re('€,),Re(’€)>Re(’g,)and b>a >0

aRe(‘&o-‘@ aReU&O-Za

Re('6-'¢,) Re( -6,

b
A" at]| <2M

Proof:

b I o1 b 2, 2
[ S'A@C T 5 dt] e, +[ §PAME S = dt]e,

b
A" dt| = ‘

NP

2
+

2

b I 1 b 2., 2
TAM TS *d +| [PA@E > dt

r é||’_‘ 1

N

2
+

2

dt dt

IA
sl

[ b o b s o
[ aqfes N0
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[ A <M =|'Am) <V2M and |’ A(n) <2 M

N =

b 1 1 2 2 2 2
<1l W2 M‘t"t’+ = dt S dt
\/7 a
1
° JE+g,- ° Sle+g,1 di
=M j‘ 0 dt + j‘ o dt
a a
1
b 1 1 2 b 2 2 2 ’
_m| | prreCorreCat gl | ppReCOmReCaT g
a a
1
H Re(‘rRe () o -Re(DrRe () [ [ Re(CERe () _a-Re(2&>+Re(zao>|2]|2
M 1 + 2 2
Re( ‘g, - '€) Re("&,-7¢)
1
1 1 ]2 i ) ) ]2]2
‘b -Re('g) +Re(' &) +‘a'R°( £)+Re(' &) | ‘b Re(E)+Re(* &) +‘a'Re( £)+Re(’E,) ||
<M 1 1 | + | |
[Re('g, - '¢) | [ [Re( g, - "¢ JJ
_ 2 l
'2‘ o RO ReC'e) 1| Ifz‘a-ReU&wRe(z&o) 1| ]IZ
<M — 7 | +| 1 ||
[Re('e, -"¢) J [ [Re(’g, - 8) H
i p
a-Re(‘a>+Re(‘&0 [ -Re<2&>+Re<2&0> ] ]IZ
=2M 1 1 +| 2 2 l
Re('g-'9) | | Re(’&0-0) | |
[ a-Re(‘éHRe(‘éo) a-RE(ZéHRE(Zén)
S ZM 1 1 + 2 2
Re('€-¢,) Re(&-"&)

Apostol [7] has given an interesting result (cf. Lemma 1.1). Here we establish the bicomplex version of this result independently.

-&

Za n <M forallx =1.

n<x

Then for each & with Re( l&) > Re( l§0 ) and Re( 2&) > Re( 250 ) we have

Lemma 3.2: Let the series a, n";’" has bounded partial sums, say

n=1

aRe(‘&o-‘@ aRe(Z&O-b

+ 2 2
Re('6-'¢,) Re(“&-7¢))

L oa,n®

a<n=b

<22M|[a "

+ -2,

Proof: Note that % o, 1 t= X (o,n F’”)n (e

a<n<b a<n=<b
Let a(n)=o, n"®, A(x)= Ea(n) and let f(n)=n"""""
Now by Theorem 3.2,

Y an"= Sba(n)f(n)=A(b)f(b)-A(a)f(a)-bfA(t)f’(t)dt

a<n=b

b
=A(b) b'(&'&o) _A(a)a'(&'&o) _ \YA(t)Dl(t-(&-&O) )dt
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b
S o n =A®b) b EY CA®)a Y +(§_§0) TAMD TS dt

a<n=<b

b
— HA(b) b_(é_é()) _A(a) a_(é_é()) _’_(a _ao) j‘A(t) t_é+€0_l dt

2 a, n*

a <n<b

é”A(b) b &5

+HA(a)a'(H“)

le-g,) TA@ T at
+ \/E ”A(a)” H g (&%)

<J2|A) | |6 +2|e-¢, ) H zyA(t)t'%'l dt

M | [ B M | s e e
o Re(%-'0) o ReCar D)
ol e i
<2V2M|a &% | +242M H(&&O)H{ aRj(I&O_:&) + aRjZ&O_:&) ]' [by Note 3.1(a)]
| Re('e-'8,) Re(’e-"g)) |
Y [T | [ ks |
| | Re('e-'2)) Re(’e-%,) ||

-€ - : 4
Theorem 3.3: If > o,n -~ converges for &= &, then 2 O N ° converges in the region
n=l1

n=1

{£€C, :Re('8)>Re('E,) and Re(*8)>Re(*Ey) } = {£ EC, :x, +x, > X +x andx, -X, > x| -X }

or equivalently in the region {& € C, :Re(z,) > Re(z)) and [Im(z,) - Im(z")| < Re(z,) - Re(z}) }.

Remark 3.1: We shall prove this result using two different approaches. In the first proof, we employ the idempotent techniques
of bicomplex analysis whereas in the alternative proof we follow the complex analytic approach of Apostol [7].

S
Proof: Assume that o,n ° converges for =&, .

n=1

Then by Theorem 3.1,

oo o0
1 ! 1y 1 2 2 2 2
2 a,n : converges for £= &, and 2 ", n : converges for & ="E;.
n=l

n=1

. 1 - 1 1
Since % 0, N * converges for E=E&,.
n=1
By Theorem 1.1, we infer that
[ee] 1 ) 1&
San

n=l

converges for every l§ if Re(l §)>Re(1 o)

. 32 -2 2, _2
Similarly 2 “o.,n" ° converges for & ="&,.

n=1

We can infer that 2~ o, n © converges for every 2§ if Re(zﬁ) >Re(* &)

n=1
Hence,

- -z , 1 1 2 2
:Ela“ n"" converges for every & if Re('€)>Re( ;) and Re("€)>Re("&,).
ie. X, +x,>x, +x,andx, -x, > x| x|
Further, note that
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Re('E) > Re('E,)and Re(*E) > Re(’E,) ©x,+x, > X, +x;,andx, -x, > X, - X,

& x, > x and|x, -x}| < x, -x! © Re(z,) > Re(z")and|Im(z,) - Im(z")| < Re(z,) - Re(z")
Alternative proof of the Theorem 3.3:
Choose any & with Re('&) > Re('&,) and Re(*&) > Re(*E,).

By Lemma 3.2,
) Re('g,-'8) aRe(zéo-zé) ]I
o] =20 | -2 R(& T Re(e-'t,) J'

a ke ('e-"8) Re (¢,-7¢)

oM | R e +Ha o H Re( '&- '€, Ra( £-7E,)

[ [ 1
_aRela Jaulis H E-&, H aRe(Z&O-Z&)I Sl H (i-io) I
M Re( e - a>J+ il +Re(%f&o)J

1 1_ 2 2
=K, a8 K, e

Where K, and K, are independent of a.

R 2 _2 . B
— 0 and a L 0 as @ —> 9, the Cauchy condition shows that ) a,n : converges.
n=1

. Re('&,-'
Since a " =¥

Corollary 3.1: If ZOL 1’1 diverges for & =& then ZOC 1’1 diverges in the region

n=l1
{EEC, :Re(‘E)<Re('E,) and Re(CE) < Re(’ go)} ={EEC,:x,+x, <X, +x; and X, -X, <X, -X, }
or equivalently in the region {& € C, :Re(z,) < Re(z, ) and ‘Im(zz) -Im(z")[>Re(z,) - Re(z,) }.

Proof: Direct consequence of Theorem 3.3.

Corollary 3.2: If the partial sums z oL, are bounded, the series by o, n* converges in the region

n<x n=1
{eec, Re('e)>0 and Re(’€)>0}.
Proof: Let & be an arbitrary bicomplex number with Re ( 1&) >0 and Re( 2&) >0.

By Lemma 3.2,
-Re('8) a'R e('¢) ]|
angbann'& <2J2M ” H “i” R(&) R(&) Jl

Re(‘&) a-Re(Z&) ]|

SZ\/EM Re(&)_i_aRe(&) Ha” R(a) R(a) Jl
] 1
_ a9 52y 1+—H§1H a o 2\/_M 1+ —3 Hi” |
[ Re( ) J [ Re(’€) J

Rel’ Rel®
:Kla e( &) +K2a e("¢)

where K, and K, are independent of a.

As a— o wefindthat £ o n " convergesif Re('§)>0 and Re(’£)>0.

n=1
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Theorem 3.4 (The Uniqueness theorem): If F(§) = = ZE and G(§) = n§ % are both absolutely convergent in the
region {€EC,:Re('€)>a andRe(*£)>b} such that F(&) = G(E) for each & with Re('£)=>a and Re(*&)>b,
then o, =3, for all n.

Proof: Let v, = o, - B, andlet H(E) =F(&) - G(§) =0.

To prove that y, =0 V 1 E N we assume that ¥, 70 for some NN and obtain a contradiction.

Let N be the smallest number for which y  #0.

Now for & with Re('&)>a and Re(&) =b, 0= H(&) = Ey—‘é Y—Iij + X y—‘g
n=N 1N N n=N+l N

Hence v =-N° X To

e &Y Yo nile L] & [Yantel, & Yoy
=|-N = S N°|<— —N 5|+ =N
||YN|| H n=%+l n ‘ n=%+l né \/5 n=%+l n g n=%+l n
||y || <L Z ‘ ¥n NRe(®) Z ‘2% NReCO)
e \/E n=N+ Re( ) n=N+1 nRe(Z&)
NRe(D  NRe(B-a N N R 't)-a N®
NOW’ 1 = 1 a < a [ n> N+ 1]
aRe() Rl g N+1 0
NRe(zg) NRe(zg)—b N® N Re(’€)-b NP
and = S —< =
QRGO ReCerb b [NHJ P
1 © 1, N Re('€)-a N® “ 1, N Re(“€)-b Nb
sl <—=| = |'va —+ 3 |, =
\/E n=N+1 N+1 n®  n=N+# N+1 n
I Re('8)-a Re(%6)-b 2
1 N ‘ Yn N b 20 ‘ Yn
<—| | — N® + | — N
”YN” \/E [N+1J n= N+1 n? [N-i—l} n:%ﬂ nb

As Re('&) =0 and Re(*E) — o0 we get 7y = 0, which is a contradiction.

) Absolute and Uniform Convergence:
— 2 i
Lemma 3.3: If N =1 and Re( 1%) >¢, >6,, Re( ") =c, >, we have

Ea 0 [N(Re( &)-¢) Z‘ 2+ N ReCDe) E‘za ™ ]
n=N \/5 n=N
1
o0 1 oQ 2 oQ 2 z
- 1 ! 2 2
Proof: | Zo, n°[=[=|| Z'a,n " +|Z’a,n "
n=N 2 n=N n=N
1 pd 1 e oiz 3
< z o, n + o, n
2 n=N n=N
) 1 0 nef! @ (2
E‘ o H ‘_1_ E‘ H _ b E‘lan‘nl{e(&)_i_ E‘Zan‘n Re(“¢)
n=N \/E n=N n=N
1 e (Re('B)-c) | 2 o - (Re(E)-cy)
= [E‘ann n +E‘ ocn‘n“n :
n=N n=N

IA

5= al

-c,
n |

1 (e}
[ N (ReCere) ‘1%
n=N

0o 4 NReCD-) E‘za
n=N
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Theorem 3.5: If (&) = > o, n* converges absolutely in the region
n=1

e ¢, Re('8)>5, and Re(’E) >3, | then lim  lim f(&) =

Re('g)—o0 Re(*g)—00

for -00<Im('E)<+and - %0< Im( ’E) < + o0,
Proof: Since f(&) = ;an n*
= fE)=a,+ Zo,n”

We need only to prove that Eocn n° — 0 as Re('&) — o and Re("&)— <o

Choose ¢,>G and ¢, > G,. For Re('€) >c, and Re(°€) >c,, Lemma 3.3, implies that

[ -(Re(‘E)-c < -c -(Re(*&)- < -c ]
¢ 1 |2(R(F°) D E‘lan R E‘za o
Za n T 2 - Jl
_ 24«(‘&;) ( c 1an| e >+ 2—Rc(1&_) ( 2an| - )]
\/5 n=N =N
1 , :
- 2'RC( &) A + 2'RC( &) B ,sa
\/5[ ] Yy
1 A
:T —o~ T Tmeo |- where A and B are independent of & .
2 2RL €) 2RE( €)
Note that — 0 as Re('&) = o and — coas Re('€) — o,

2Rc(z &)
This proves the theorem.

Corollary 3.3: C(§)= Zn®—1 as Re(li) — 00 and Re(zﬁ)—> o0,
n=l

Proof: Straightforward.

Theorem 3.6: A series a, n";’ converges uniformly on every compact subset lying interior in the region of convergence
n=1

—{e€C,:Re('e) >0, and Re(%¢) >0, |.

-€ . . .
Proof: It suffices to prove that 2 O, N1 ° converges uniformly on every compact Cartesian set determined by two-closed
n=1

rectangle.
Let R =R, x_ R, be a Cartesian compact set determined by two closed rectangles R, =[a,,,]*[c,,d,] with a, >0,

and R, =[a,,B,]%[c,,d,] witha, >G,.
By Lemma 3.2,

% ('&-'8) aFe (’gy-78)

[
gzﬁMIHa'(‘i““’“)H+H(a—io)H (e ReCE- T JI - (3.5)

2 a, n*

a<n=b

where &, = '&,¢, + “E,e, isany point in the region of convergence C and & is any point with Re('&) > Re('&,) and
Re(*€) > Re(’E,).

We choose &, with Im('&,)=0 and Im(’,) =0; o, <Re('&,)<a, and o, <Re(’&,) <a,

Thenif EER = '€ ER, and ‘EER, = Re('E) =0, and Re(*E) >a,

= Re('&)-Re('§,) >a, -Re('§,) and Re(CE)-Re(*E,) =a, -Re(’E,)
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Now ‘1§0'1§‘<K1 and ‘2§0'2§‘<K2

1

2 2 12
K, +K
=le,-gf <| 72| =x
Where K is a constant depending on &, and R but not on €.

Then from (3.5)

X o, n* <2x/§M|H

a <n=b

-0, +Re( %) g % TR %)

1
|
o, Re(&) Z—Reﬁ&o)J

—a1+Rc(1§0) a-% +Re( zéo)

1
1 + 2 |
“Re('g,)  a,-Re(’Ey) J

a<n=b

3 o, 0t gzx/EMlla“Re(éo a-aﬁRe(Z&o)JrK

pY o, n° £2\/§M [a'ch( %) B, Jra'%ﬂ{c(“é”)B2 ]
a<n<b

D o 0t S[Lla-al+kc<‘éo>+ L, a-az+RC(2éo)]
a<n<b

where L, and L, are independent of .

-0, +Re(',) a-cxﬁRe(z&o)

Since a —0,

— 0 as @& — ©9, the Cauchy condition for uniform convergence is satisfied.

In the following we take,

E=X, 1, X, +1,x; +1j1, Xy, &0:X?+ilxg+izxg+i1izxg

30 Xy =Xy - Xg

6, and 0, aredefined as, X, - X, =tan0,(X, +X,), X, +X, =tan0,(X, -X,)

giventhat £-&§, = X, +1, X, +1, X, +1,1, X, ...(3.6)
Under these notation we prove the following theorem

0 0 0
X, =%x,-X,, X, =X, -X,, X; TX;-X

Theorem 3.7: If E o, n - converges for & =&, then E a, n 5 converges uniformly in the region

n=l

(€€ C, tlare( &', =5 < 7 and [are( 2&-%)\ <5<},
s T
or equivalently, in the region {& € C, :‘91‘ <6< 5 and ‘92‘ <5< E}
Proof: Suppose that o, n® converges for E=¢&,,.
n=1

o0 1 _l o0 2 -2 )
Then 2 o, 1 “and 2 o, n : converges for li = lﬁo and 2& = zio respectively.

n=1 n=1
1

T
By Theorem 1.2, the series Z o,n - converges uniformly in ‘arg(lﬁ - léo)‘ =8< By and
=1

22 s
o, n * converges uniformly in ‘arg(zi-zéo )‘ <5< 5

n=]

Hence E o, n " converges uniformly in ‘arg( - io)‘ <8< E and ‘arg( - io)‘ <d <E

n=1
[ee] [ee]

Hence if 2oL, n’ converges for E=¢&, then Z o, n™° converges uniformly in
n=l n=1

€= C,ilare('e 'g)) =8 <7 and fareC’e-e,) <5 < 7.
Now, by (3.6),
arg('&-'8,) = arg[{X, + X, } +i,{X, - X,}] =
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X, -X
=tanh, ==X, -X, =tan 0,(X, + X,)

X, +X,
Similarly,
arg("&- "g,) = arg[{X, - X} +1,{X, + X;}]=6,
X, +X
=tanh, = ——— =X, + X, = tan0, (X, -X,)
X, -X,

Hence, {& € C, :[arg(' 'g,)| <5 <§ and |arg(*g-"¢, )| <8 < g} —{£EC, 1[0 <5 <§ and [0,] <5 <§}.
Corollary 3.4: If the series f(§) = Z o, n"° converges for & = &, and has the sum f(&o), thenf (&) — f(&,) when
n=1

T T
& — &, along any path which lies entirely within the region {§ € sz‘arg(lé - léo)‘ <6< Eand ‘arg( 2& - 2&0)‘ <6< E} .
Proof: Straightforward.

Theorem 3.8: If o is bounded then the series X o, n* converges absolutely in the region

n=l

{E€C,:Re('E)>1 and Re(’E)>1}
Or equivalently, in the region {& € C, : Re(z,) > 1 and ‘Im(zz)‘ <Re(z,)-1}.
Proof: Since o is bounded, IK >0 s.t. HanH <K, VnEN

R
1 2 2 2 2
= a, +‘ an‘ =2K
:>‘1an <J2K and ‘20Ln <2K (37
Now, H a,n* H :H locnn']é e + 2onnn'zée2
1 R 2
<E[‘l%n §‘+‘2%n 1] [By Note 3.1(b)]
1 1 2
:E[‘l% 0| P
1 -(x,+x - (%, -x
B
\/EK -(x,+x -(x,-x
ST[ n( 1 4) +n( 1 4)] [By(3'7)]

— K [ n'(X1+X4) +n'(xl'x4) ]
:>” o n‘é H SK[n‘(XlJrXA) +n‘(x1‘x4)]
n

>

e

-(x+xy)

Since the series 2n and Zn ) converge if X, +x, >1 and X, - X, > lrespectively.

= 2“ ann'éu is convergent if Re(li) =X, +x,>1 and Re(zé) =X,-%x, >1.
Again,

Re('&)=x,+x,>1 and Re(’&)=x,-x, >1
&x,>1and|x,|<x,-1©9Re(z,)>1 and | Im(z,) | <Re(z,)-1

This completes the proof.
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Remark 3.2: In particular, if o, =1, V' n, the series ) a, n"° becomes the Bicomplex Riemann Zeta function (cf. [8], [9])

n=1
and Theorem 1.8 comes out as a particular case of Theorem 3.8.

Theorem 3.9: If o, = O(nk) then the series Zann"t’ converges absolutely in the region

n=1

{E€C, :Re(‘e)>1+k andRe(*E) > 1+k}
Or equivalently, in the region {€ € C, : Re(z,) > 1+ kand|Im(z,)| < Re(z,)-1-k} .
Proof: Since, o, = O(nk)
= H a,|<An"
:>” lan“ <J2An" and‘

2 k
ocn” <J2An
- k - (X, -
NowH(xnn é” <An*[n M7 4]
:>“ an n‘é” éA[n-(X]+X4-k) +n-(xl-x4-k)]

=3

Since the series ) n

an n‘&” SA[ Zn-(X]+X4-k) + Zn‘(xl‘x4‘k)]

(x4, k -(x %,k . :
() and X converge if X, +X,-k>1and X, - x, -k >1 respectively.

= 2“ ann'éu is convergent if Re(li)le +x,>1+k and Re(zé)le -x, >1+k.
Again,

Re('g)=x,+x,>1+k and Re(’E)=x,-x,>1+k

& x,>1+k and ‘)(4‘<x1 -1-k.

& Re(z,) > 1+k and [Im(z,)| < Re(z,) -1-k.

This completes the proof.

Remark 3.3: If k =0, we get Theorem 3.8.

o0

Theorem 3.10: If 0., = O(nk) then the series Zocnn-‘t’ converges absolutely and uniformly in the region

n=1
{EEC,:Re(‘E)>1+k+eandRe(*E) >1+k+g}
Or equivalently, in the region {& € C, : Re(z,) >1+k + ¢ and ‘Im(zz)‘ <Re(z,)-1-k-¢}.

(%1 x,7k)

. -(x, x4k
Proof: Under the same assumption as made in Theorem 3.9, we obtain H a,n é” <A[n +n (s )] .

When X, +X,-k>1+¢ and x, -x,-k>1+¢
- -a -a -a
Jot, 0¥ <AL 0 2K

) () . . st .
Since 2n"" s convergent for every € > 0, by Weirstrass M-test [Theorem 2.3] , 2 a,n : converges absolutely and
n=l

uniformly.
Again, X, +x, >1+k+e and x, -x, >1+k+e

& x,>1+k+e and ‘)(4‘<x1 -1-k-¢
ie. Re('6)>1+k+eandRe(CE)>1+k+e

& Re(z,) > 1+k +¢ and [Im(z,)| < Re(z,)-1-k -¢.
This completes the proof.
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Theorem 3.11: If f(&) = 2o n™° converges for £=¢, then (&)= 2o, n° converges absolutely and uniformly in the
n=l n=1
region { £ € C, :Re('&)>1+e+Re('E,) and Re( °E)>1+e+Re(°E,) }.
Proof: Since (&) = Za, n™° converges for E=¢,
n=l

a,n " <K VnEN

= lima, n™ =0,3K > 0st |

n—oo

n-io
n-io

o, 0 =] (e, n)

<2 |lo, 0™

<K [ n-( §- %)

-§
- n } S
Now, ‘ = (an n (:O)F — H (an n ‘20) n € -&)

] -K [n-(Re( €)-Re('&)) + n-(Re(“i)-Re(”io))]

‘ Y

‘3\/5 KH n

n¢ % 2gy)

+

H o n.é” <K [ n-(Re( £)-Re('&y)) + n-(Re(“é) -Re(“éo))]
When, Re('€)-Re('€,)>1+¢ and Re(’E)-Re(’E,)>1+¢

. (1+¢ (I+¢ e
Jo, ] <K [0+ 00 =2k

Since, Zn " s convergent for every € > 0, by Weirstrass M-test [Theorem 2.3], Zan 1’1_& converges absolutely and
n=l

uniformly.
Theorem 3.12: If f(&) = 2o n™° converges for E=¢, then (&)= 2o, n° converges absolutely in the region
n=l n=1

{E€C, Re('€)>1+Re( '€,) and Re( °€) > 1+Re( €, ) } .

Proof: Under the same assumption made in Theorem 3.11, we obtain

1 1 2 2
= ZH% n-é” <K [ N ReCO-Re(E)) | 3 -(Re(C)-Re( éo))]

-(Re('¢)-Re('&y)) -(Re(*8)-Re(’%,))
> n and z n

1 1 2 2
o n-é” <K [n-(Re( 8)-Re('8)) 4 (Re(E)-Re( é0>>]

Since the series
Re('€)-Re('&,)>1 and Re( °E)-Re(’E,) > 1 respectively.
= Hlo, 07 is convergent if Re('g) > 1+Re( g, )and Re( &) >1+Re( &, )

converge if

Hence X, n"° is converges absolutely in the region { EE€C, :Re( 1&) >1+Re( lio ) and Re( 2&) >1+Re( zio )}

n=1

2 Boundedness of (&) = Zann'& in the Region of Absolute Convergence:
n=1

The function f(&) = Zann'g is bounded in any region properly included in the region of absolute convergence.
n=1

+ X

n=1

2
-7

o n

n

ST
2a,n

n=l

For ||£(8)] =

n=l

<Xz Zlan
H:ZI a,n|<=| Zla,n

_1 Z‘la ‘n-(x]+x4)+ Z‘za ‘n-(X]-XA) Si E‘la ‘n'a-l- Z‘za ‘n-B
n=1 " n=1 n vz n=1 n n=1 n

for Re('€) =a.> G, and Re( ’€) 2B >G,.

o0
2
" and E‘ o,
n=1

o)
. 1 - -G, — — Lo .
If the series 2 o, ‘n n ™ are convergent we can take o = 6, and B =0, , and the function is bounded in

n=l
the region of absolute convergence.

But in general the region of absolute convergence is not a region where (&) is bounded, even if we exclude the neighbourhood

of singularities on the line Re( 1&) =0, and Re( 2&) =0, . To be precise, we have

JETIR1810721 ‘ Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org 159



© 2018 JETIR October 2018, Volume 5, Issue 10 www.jetir.org (ISSN-2349-5162)

Theorem 3.13:

MIff(E)= Zann-‘t’ is such that o, & H VnEN and 2 1Otnl’l N is divergent, then f(§) is not bounded in the
n=1

n=l

region A ={£E C,Re('&)>5,.[Im('&)] =a>01}.

QIff(g)= Zann-‘t’ is such that o, € H VnEN and Zzann " is divergent, then T(&) is not bounded in the
n=1 n=1
Im( &) =p>0}.

QI f(g)= Zann-‘t’ is such that o, & H VYnEN and Zlann - , Zzann o both are divergent, then, (&) is
n=1

n=l n=l

region B={{E€C,: Re(2 £)>0,,

not bounded in the region C = A U B.
Proof: (1) Since O €EH VnEN = IOLH 20 and ZOLH >0 VnEN

o0
| G
For = o,n ' is divergent

n=1
By Theorem 1.3, 1f(1 E‘,) is not bounded in the region
Re('8)>,,Im( &) =a >0

Hence f(§) = ZOLHH- *is not bounded in the region A={{EC,: Re(1§)>61 , Im(l &)‘ =a>0}.
n=1

@) Since o, EH' VNEN = "o, >0 and “a, =0 VnEN

o0
2 Sy .
For 2 o,n ” s divergent

n=l

By Theorem 1.3, ? f(2 &) is not bounded in the region Re(2 £)>0,, Im(zé)‘ 23>0

Im(*g)| =B > 0}

Hence f(&) = 2 Otnl’l-‘ta is not bounded in the region B={£ & C,: Re(2 §)>C_$2 -
n=l

@) Since o, EH VNEN = "o, =0 and "0, =0 VnEN

o0 o0
1 5 2 -5 ,
For 2 o,n " and 2 a,n > aredivergent

n=1 n=1

By Theorem 1.3, 1f(1 E;) and ? f(2 E‘,) are not bounded in the region
Re('€)>5,, [Im(' &) 2o > 0 and Re(*€)> G,.[Im(&) =B >0 respectively.

Hence the Bicomplex Dirichlet series (&) = 2 Otnl’lhtta is not bounded in the region C=A UB.
n=1

-(ae,+Be,)

z 2
Theorem 3.14: If £(£) = Zot,n™ is bounded for {&E C, : Re('&)> o and Re(*&)>B}, then Z[or,n s
n=1

. 2
convergent; if ”f(&)” <M ,then a‘ann (erthea) ‘ <OM”.

Proof: Given (€)= Zou,n"" is bounded for {&EC, : Re('€)> o andRe(’€)>p},
n=1

= 'f( 1§)= Zlan n ° and £ 2§)= Zzan n" ° are bounded for
nel et

Re(l €)>a and Re( 2 €)>P respectively.
Now by Theorem 1.4,

E PR Sl P

2a ;
by o, n and Y O, n  are convergent.
n=1 n=1
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Z“ann'(ael+ﬁez)

e S
2

[ee]

2

2 2 2

n”" and 2 Otn‘ n" are convergent
n=l

[o¢]
. 1
Since X a,

n=1
~(ae,+Bey) ||? .
Hence 4jou, n is convergent.

@) <M =] 'te) <V2M and|fCe) <V2 M

'f(e) <2M = %‘lanrn'm <oM>

*tCe) <v2M = El

2
2 -2 2
ocn‘ n’f <oM

2

2 2
<2M".

- pd 2 - - +Pe,
n’t+ X zocn‘ n 2P <am’ = ﬂ‘ann (xey+Pes)
n=1

S
Now, X a,

n=1

2 The Zeros and Zero Free Region of (&) = Zocnn'é '
n=1

o0
In this section, we study a particular f(§) = Zann—& , which can be viewed as a power series. Let o, =0 except whenn is a
n=1

power of 2 and O o Bn . To be precise,

a,=0,0,=B,,0,=0,0,=p,,0,=0,a,=0,0,=0,0, =B;,.....

o) o) -& o) o0
Then, ()= Za,n* = X,0") = 2p,(2°) - Ip, ¢’
n=l n=l n=l1 n=1
Evidently, the series can be viewed as a power series as well as Bicomplex Dirichlet Series.

To each zero {, of the power series corresponds an infinite number of sequences of zeros

_ logC, +2(me, +ne,)ni,

(mn=0,+£1,%2,....)

log2
N logl§V+2m T, 2 log2§V+2n T,
= - a = -
1 log?2 log?2
If 1§0 and €, are the zeros of smallest modulus (other than zero) then lf( l&) and f( 2&) have no zero to the right of the
line
1 2
log| &, log|"&, Ny
=-———— and B=-—""", respectively.
log2 log2 P Y

Hence { £ E C, :Re('€)> o and Re( *€)> P } is the zero free region of (€)= Zou,n °.
n=1

Definition 3.4: The function N( G, G’, T,,T,)
Denote by N(o,T,), the number of zeros a +1, b of lf( l&) =2 locn n" ° suchthat a > o= Re( lﬁ), o <b <T,, where
n=1
Ol be a positive number such that lf( li) is regular for Im(lg) > and G sufficiently large.
/ . 20, 26N oiz N3 / 2
Denote by N(o',T, ), the number of zeros ¢ +1,d of "f( "§)= o, n " suchthat c>6 =Re("§),f<d<T,,
n=1

where [3 be a positive number such that 2 f( 2&) is regular for Im(2 €) =B and © ’ sufficiently large.

The number of zeros of f(&)= 2o, n’ “is obviously given by N(o,d, T,,T,)=N(o,T,).N( CS,,T2 ).
n=1
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Theorem 3.15: Let lf( li) -y 10(n 0 13 and 2f( 2£): Zzan n_“& be bounded for Re(lé) o>
n=1 n=1
Re(2 £)= o’ >3, respectively. Then N( o, cs’,T1 ,T,)=O(T,T,) (c>a and o > B).

Proof: Since ' ( li) =X locn n ° and £ 2&)2 Zzan n" ° arebounded for 6 =0t and &’ = respectively.
n=1 n=l
Then, by Theorem 1.5

N(o,T,)=0(T) (c>a)
N(c'T,)=O(T,) (> P)
N(G,G,,Tl ,T,)=N(o,T, )N(G,aTz )=0(T,T,) (c>a, ¢ > B)

Theorem 3.16: If lf( lé) =X locn n ° and 2f( 2(2): Zzan n" ° are of finite order for Re(lé) =0 2o and
n=1 n=1

Re(2 €)= o’ >3 respectively.
Then, N(0,6",T,,T, )= O(T,T, log T, logT,) (c>aandc’>p).

Proof: Since lf( li) =2 locn n_lg and 2f( 2(2): Zzan n_z& are of finite order for & =0 and &’ =>f3, respectively, we
have, by Theorem 1.6 " il

N(o,T,)=O(T, logT)) (c>a)

N(c'.T,) = O(T, logT,) (c'>P)

So that, N(6,6",T,, T, )= N(a,T, )N(&",T,) = O(T, T, log T, logT, ).

) Euler Product:

Definition 3.5:
An arithmetic function f : N — C, is a multiplicative function if f(1) =1, and f(mn) = f(m)f(n) whenever
m,n € N are co-prime.

An arithmetic function f : N — C, is completely multiplicative if f(1) =1, and f(mn) = f(m)f(n) foranym,n € N.

Theorem 3.17:
(1) f: N — C, is multiplicative iff both 'fN— lC2 and “f:N— 2C2 are multiplicative.

(2) f: N — C, is completely multiplicative iff both ' N— lC2 and “f:N— 2C2 are completely multiplicative.
Proof:
(1) Suppose thatf : N — C, is multiplicative. Thus,

f(1) =1 and f(mn)=f(m)f(n) whenever m,n € N are co-prime.
& 'f(1)e, +f(l)e, =1le, +1e, and
'f(mn)e, + *f(mn)e, = 'f(m) 'f(n)e, + *f(m) *f(n)e, whenever m,n E N are co-prime
& 'f(1)=1and *f(1)=1;
'f(mn) = 'f(m) 'f(n) and *f(mn) = >f(m) *f(n) whenever m,n € N are co—prime
& 'f N> lC2 and “f:N— 2C2 are multiplicative.
(2) Next, suppose f : N — C, is completely multiplicative.

This is equivalent to the statements

f(1) =1 and f(mn)=f(m)f(n) Vm,n €N
& 'f(1)e, +f(l)e, =le, +1e, and
'f(mn)e, + *f(mn)e, = 'f(m) 'f(n)e,+ f(m) *f(n)e, VmnEN
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S 'f(1)=1and *f(1)=1;
'f(mn) = 'f(m) 'f(n) and *f(mn) = "f(m) *f(n) YVmnEN
&' N— lCz and “f:N— 2C2 are completely multiplicative.

Theorem 3.18: If £ : N — C, is multiplicative and Zf(l’l)n_‘ta is absolutely convergent, then
n=1

Ern* =11 Zepyp™

p =0

Proof: Ef(n)n_g =l Elf(n)n_lg le,#l oizf(n)n'z‘g]ez
n=1 n=] n=1

In the complex plane wehave % f(n)n™" =[] X f(pj) p_jS
p Jj=0

n=l
Since f : N — C, is multiplicative

=N - lCz and “f: N — 2C2 are multiplicative.

Also, Zf(n)n_g is absolutely convergent
n=1
= X lf(n)n_g and 2 zf(n)n_h‘t’ are absolutely convergent.
n=1 n=1

Therefore Zf(n)n™ =[T1 2 '¢(’) p”“Je, +[11 Z°¢(p') p” “Je,
n=l p j=0 p j=0

Hence, by Lemma 1.2,

Stmync =11 [ 2 ') p " e, +[

n=1 =0

p

f(p') p” “Je,

J

48

T S0 )p .

p j0

Theorem 3.19: If £ : N — C, is completely multiplicative and Zf(l’l)n_‘ta is absolutely convergent, then
n=1

Er()n® =11 (-fpp )"
Ir;:oof: By Theorem 3.18,
Sr(n* =111 Zr(p)p™]
Since f: N —>pCJ2 is completely multiplicative

= f(p’) = [f(p)]’

Now,

St =11 )] p ™

~ 111 2 )p 1]

p )=

= 1} (1-f(p)p )" .
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4. Bicomplex Dirichlet Series of type A :
The Bicomplex Dirichlet series type A is defined as

£E)= Sa, e
n=1

where {0} isa sequence of bicomplex numbers, {A_} is a strictly monotonically increasing and unbounded sequence of
positive real numbers and § € C, is a bicomplex variable.

Mo A

As, o, € =(10cne'k“ ‘;’)el +Ca,e™ %)e,

o0 0 1 0 2
Y 1 Ay 2 Ay
= Yo et = Zlae™® e+ Zlae™ " e,
n=l1 n=1 n=l
[ee]

. . A -1 A, = 2 Ay’ 1 1
Now we denote the sum function of the series Ean e “F’, 2 o,e *and 2 o€ : by f(§), f{ &) and
-1 n=1

n=l n

? f( 23;) respectively.
Thus f(&)="f{ 'E)e, + "R *E)e,

o N o "
We denote the abscissae of convergence of £( 1&)2 2 locne " and 2f( 2&) =2 2Ocne - by ©, and G, , and the
n=1

n=1

abscissae of absolute convergence by G, and G, , respectively.

- - 2 -
Theorem 4.1: A Bicomplex Dirichlet series Zocne s converges for & = & iff 2 locne " converges for IEJ = 12;0 and

n=1 n=

—_

2

o0

2 2, 2
Xiq et converges for §="&.
-1

Theorem 4.2: If f(&) = o_ilocne-k"é converges for &= §, then E;ocne_k“& converges in the region

{£€C, :Re('8)>Re('E,) and Re(E)>Re(*E,) } ={EEC, :x, +x, > x| +xjandx, -x, > x| -x{ }
or equivalently in the region {& € C, :Re(z,) > Re(z}) and [Im(z,) - Im(2")| <Re(z,) - Re(z}) }.

Corollary 4.1: If Elane_k“& diverges for & =& then Elane_k“g diverges in the region

{EEC, :Re('e) <Re('E,) and Re("&) <Re(‘E,) } ={EEC,:x, +x, <x| +x| and x, -x, <x|-x}}
or equivalently in the region {& € C, :Re(z,) < Re(z)) and [Im(z,) - Im(z")| > Re(z,) - Re(z} ) }.

Theorem 4.3: The Bicomplex Dirichlet series f(§) = E;an e converges in the region

R={E€C,:Re( §)>0,and Re( "§)> 0} .

Definition 4.1: Region of Convergence of Bicomplex Dirichlet Series

The region of convergence of Bicomplex Dirichlet series (&) = o_flan e-k"é is the region

1EECRe( 1§)>Gl andRe( 2§)> O, } denotedas R .

Definition 4.2: Absolute Convergence of Bicomplex Dirichlet Series

[ee]
. .. . X . . . 8]

The Bicomplex Dirichlet series Zocn e ™ is said to be absolutely convergent if the series E‘Otn € F’H is convergent.
n=l

n=1

Now,

s 1 <Ay 2 -2
Hane HZH(ane é%1—’_( ane é>e2

: N

2 2,78
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1 1 A 2 A 1 1 - 2 -2
< [‘ a, ¢ .,é‘Jr a, ¢ éhz [‘ a le ..éM o[l .,é‘].

V2 V2

1
g 1 A, (X,F%xy) 2 A (X4-Xy)

o, e “gﬁ[‘“n 4, AP
Therefore,
e } 1 e ) e ) )
Z‘anex“éu < [ Zlan e Gt | 2‘2% R 1
n=1 2 n=1 n=1

Theorem 4.4: The Bicomplex Dirichlet series f(§) = Ean e™" converges absolutely in the region
n=l
1 — 2 —
A={EEC,:Re(&)>c, andRe("E)>0,} .
Definition 4.3: Region of Absolute Convergence of Bicomplex Dirichlet Series

The region of absolute convergence of Bicomplex Dirichlet series f(&) = 2 a, e is the region
n=1
{£E€C,:Re('€)>6,andRa(’E) >, } isdenoted as R .

Definition 4.4: Region of Conditional Convergence
A region in which the Dirichlet series is convergent but not absolutely convergent will be called the Region of conditional
convergence of the Dirichlet series.

In the following we take,

) ) .. 0. . 0 . 0 .. 0
E=x,+ix, +i,x;+iji,x,, § =X, +i;x, +i, x5 +1iji, X,
X, = ' X, = °X, = X, = ‘

17 X=Xy, Ay T Xy =Xy, Ay TX-X5, Ay T XXy

0, and 0, aredefinedas X, - X, =tan 0, (X, +X,), X, + X, =tan6,(X,-X,)

Under these notation we prove the following theorem

2 A = =L . . .
Theorem 4.5: If Eocn € ¢ converges for £ =&, then EOLn € X converges uniformly in the region
n=1

n=1

U= g Cyifarg(6-'g) | <5< and |areCe-"g)| <8< 7 ) =g =C, o, <5< 7 and o] <5< 7

g

Corollary 4.2: If the series f(£) = Za, e is convergent for & = &, and has the sum f(&o), thenf (&) — f(&,) when
n=1

T T
& — &, along any path which lies entirely within the region {§ & Czi‘arg(lé - Iio)‘ <6< Eand ‘arg ( 2& - 2§0)‘ <5< 5} .

ACKNOWLEDGMENTS

I am heartily thankful to Mr. Sukhdev Singh, Lovely Professional University, Punjab, Dr. Mamta Nigam, University of Delhi,
Mrs. Jaishree, Miss Anjali and all staff of Govt. Degree College, Raza Nagar for their encouragement and support during the
preparation of this paper.

REFERENCE

[1] G. B. Price, 1991 “An introduction to multicomplex space and Functions” Marcel Dekker

[2] MLE. Luna-Elizarraras, M. Shapiro, D. C. Struppa, A.Vajiac, 2015 “Bicomplex Holomorphic Functions:The Algebra,
Geometry and Analysis of Bicomplex Numbers” Springer International Publishing.

[3] Rajiv K. Srivastava, 2008 “Certain Topological Aspects of Bicomplex Space” Bull. Pure & Appl. Math,: 222-234.

[4] Jogendra Kumar, 2018 “On Some Properties of Bicomplex Numbers *Conjugates *Inverse *Modulii”Journal of Emerging
Technologies and Innovative Research (JETIR), Vol. 5(9), 475-499.

[5] G. H. Hardy and M. Riesz, 1915 “The General Theory of Dirichlet Series” Cambridge University Press.

[6] E. C. Titchmarsh, 1960 “The Theory of functions” Oxford University press.

[7] T. M. Apostol, 2010 “Introduction to Analytic Number Theory” Springer.

[8] D. Rochon, 2004 “A Bicomplex Riemann Zeta Function”Tokyo J. of Math., 27(2), (), 357-369.

[9] Jogendra Kumar, 2006 “A Study of Bicomplex Riemann Zeta Function” M. Phil. Dissertation, Dr. B. R. A. Univ., Agra

[10] Jogendra Kumar, 2010 “A Study of Bicomplex Dirichlet Series” Ph.D. Thesis, Dr. B. R. A. Univ., Agra.

[11] Jogendra Kumar, 2015 “A Generalized Bicomplex Riemann Zeta Function” VSRD Int. J. of Tech. & Non-Tech. Res.,
VI (VII),193-197.

JETIR1810721 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org 165



