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Abstract

New properties and result of upper and lower z-perfectly continuous multifunction are
formulated. The relationship with the Hausdroff space with the upper (lower) z-perfectly
continuous multifunctions is discussed. The distinctiveness of upper (lower) z-perfectly
continuous multifunction is illustrated through examples.
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1 Introduction

The notion of perfectly continuous function was first introduced by Noiri [24] and its properties
are further established in [16]. The class of strongly continuous function as defined by Levine
[22] is contained in the class of function (class of cl-supercontinuous) as defined by R.

Vamanamurthy [27].

In this paper, we further study the strong and weak variants of continuity of function and

multifunctions (as defined in [3], [4], [5], [6], [7], [8], [9], [10], [11], [13],
[20], [23], [24], [25], [27], [30D.

This paper extends the concept of upper (lower) z-perfectly continuous multifunctions. the

preliminaries and basic definations are discussed in Section 2.

The concept of upper (lower) z-perfectly continuous multifunctions is stated in Section 3. In
Section 4 the properties of upper z-perfectly continuous multifunctions are extended to the union of
multifunctions, restriction to a subspace and passage to the graph multifunctions. Section 5 deals

with the properties and result of lower z-perfectly continuous multifunction.
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2 Preliminaries and Basic Definitions

Definition 2.1 ([14]). A multifunction ¢ : X Y from a topological space X into a topological

space Y is said to be
(1) strongly continuous if $7*(B) is clopen in X for every subsetB c Y.
(2) upper perfectly continuous if $71(V ) is clopen in X for every open setV cY.

(3) lower perfectly continuous if ¢™1(V) is,clopen in X for every open set V cY.

(4) upper completely continuous if ¢71(V ) is regular open in X for every open set
Vcy.

(5) lower completely continuous if ¢71(V )is regular open in X for every open set
Vcy.

Definition 2.2. A multifunction ¢ : X —Y form a topological space X into a topological space Y is said
to be

(1) upper z-supercontinuous [4] if for each x € X and each open set V containing

#(x ), there exists a cozero set U containing x such that ¢(U ) c V.

(2) lower z-supercontinuous [4] if for each x € X and each open set V with ¢(x) NV & @, there

exists a cozero set U containing x such that ¢(z) NV /&= ¢ for each z € U.

(3) upper D-suppercontinous [2] if for each x € X and each open set V containing

@#(x ), there exists an open Fs-set U containing x such that ¢(U ) c V.

(4) lower D-supercontinuous [2] if for each x € X and each open set V with ¢(x )NV = @, there
exists an open Fo-set U containing x such that ¢(z) NV &~ ¢ foreach z € U.

Definition 2.3. A multifunction ¢ : X —Y from a topological space X into atopological space Y is said
to be

(a) upper (lower) perfectly continuous (respectively almost perfectly continuous, respectively
quasi perfectly continuous, respectively o-perfectly continuous)
[10]if¢72(U ) (¢ (U )) is clopen in X for every open (respectively regular
- +

open, respectively 6 -open, respectively 6-open) subset U of Y .

(b) upper quasi z-supercontinuous ([13]) if for each x € X and each 6-open set V containing ¢(x ),

there exists a cozero set (regular Fo-set) U containing x such that ¢(U) cV.

(¢) lower quasi z-supercontinuous (Ds-supercontinuous) ([13]) if for each x € X and each 6 -open
set V with ¢(x ) N VA& ¢, there exists a cozero set (regular Fo-set) U containing x such that
#(z) NV~ @ foreachz € U.
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Definition 2.4. A multifunction ¢ : X —Y from a topological space X into a topological space Y is said
to be

(a) upper (almost) cl-supercontinuous ([9], [11], [15]) (respectively z- supercontinuous ([4],
[17]), respectively Ds-supercontinuous [5], respectively strongly 6 -continuous [21]) at x € X if
for each open (regular open) set V with ¢(x) cV, there exists a clopen set (respectively cozero

set, respectively regular Fo-set, respectively 6-open set) U containing x such that ¢(U) cV.

(b) lower (almost) cl-supercontinuous ([9], [11], [15]) (respectively z- supercontinuous ([4], [17]),
respectively Ds-supercontinuous [5], respectively strongly 6 -continuous [21]) at x € X if for
each open (regular open) set V with ¢(x ) N V /A~ ¢, there exists a clopen set (respectively
cozero set, respectively regular Fs-set, respectively 6 -open set) U containing x such that
#(z)NV /= @; foreachz € U.

(c) upper supercontinuoue (0-continuous) [1] if for each x € X and each open (regular open) set

V containing ¢(x ), there exists a regular open set U containing x such that ¢(U ) cV.

(d) lower supercontinuous (6-continuous) [1], if for each x € X and each open (regular open) set
V with ¢(x ) NV~ ¢, there exists a regular open set U containing x such that ¢(z) N VA~ o,
for eachz € U.

Definition 2.5. A multifunction ¢ : X —Y from a topological space X into a topological space Y is said
to be

(i) upper (almost) completely continuous [12] if ¢7*(V ) is regular open in X for
every (regular) opensetV cY.

(i) lower (almost) completely continuous [12] if ¢™*(V ) is regular open in X for

every (regular) opensetV cY.

(iii) upper (almost) perfectly continuous [12] if ¢ *(V ) is clopen in X for every

(regular) open subset V of Y .

(iv) lower (almost) perfectly continuous [12] if $71(V ) is clopen in X for every

(regular) open subset V of Y .

(v) upper (almost) z-supercontinuous ([4], [13]) at x € X if for each open (regular open) set V

with ¢(x) cV, there exists a cozero set U containing x such that ¢(U) cV.

(vi) lower (almost) z-supercontinous ([4], [13]) at x € X if for each open (regular open) set V with

#(x) NV £ @, there exists a cozero set U containing x such that ¢(z) NV &~ ¢ each z € U.

(vii) upper supercontinuous (6-continuous) [3] if for each x € X and each open (regular open) set

V containing ¢(x ), there exists a regular open set U containing x such that ¢(U ) cV.
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(viii) lower supercontinuous (6-continuous) [3] if for each x € X and each open (regular open) set
V with ¢(x ) NV /A~ @, there exists a regular open set U containing x such that ¢(z) NV~ ¢
foreachz € U.

(ix) upper almost cl-supercontinuous [11] if for each x € X and each regular open set V in Y

containing ¢(x ) there exists a clopen set U in X containing xsuch that ¢(U) cV.

(x) lower almost cl-supercontinuous [11] if for each x € X and each regular open set V in Y with
#(x ) NVE @, there exists a clopen set U in X containing x such that ¢(x ) NV & ¢ for each
X €U.

3 Upper and lower z-perfectly continuous

Definition 3.1 ([26]). A multifunction ¢ : X =Y from a topological space X into a topological

space Y is

(a) [26] upper z-perfectly continuous at x € X if for each cozero set V with

#(x) cV, 7 aclopen set U in X containing x such that ¢(U ) c V.

The multifunction is said to be upper z-perfectly continuous if it is upper z- perfectly continuous

ateachx € X.

(b) [26] lower z-perfectly continuous at x € X if for each cozero set V with ¢(x ) N VA ¢, there
exists a clopen set U in X containing x such that ¢(x) NV & ¢ for each x € U.

The multifunction is said to be lower z-perfectly continuous if it is lowe z- perfectly continuous

ateachx € X.

Examples

Example 3.1. Let X = R set of real number with upper limit topology 1 and let

Y = R with usual topology U. Define a multifunction¢ : (X, 7) — (Y,U) by

¢(x) = x ¥ x € X. Then clearly ¢ is upper (lower) cl-supercontinuous. But for ¢72(A,b) = (A,
b) = ¢71(A,b) is not clopen in X. So ¢ is not upper (lower)

perfectly continuous.

Example 3.2. Let X = R, set of real number with usual topology U and let Y be endowed
with the topology r = {@, {1}, R}. Then the identity mapping ¢: (X,U) — (Y, 1) defined by ¢(x) =

{x} ¥ x € X is upper z-perfectly continuous but not continuous.
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4 Properties of upper z-perfectly continuous multi- functions

Theorem 4.1. Let ¢ : X = Y be A multifunction AND @ : X < X xY defined by (x) = (X, ¢(x))
for EACH x € X, be the GRAPH function. If g is upper z-perfectly continuous then so is ¢.

Proof. Suppose that the graph function g : X — X x Y is z-perfectly continuous. Consider the

projectionmappy : XxY — Y.

Since it is continuous it is z-continuous, so upper z-continuous. Hence by [26], the function ¢ = py

o  is upper z-perfectly continuous. O

Definition 4.2. The graph I, of multifunction ¢ : X — Y is said to be clopen z- closed with respect to
X if for each (x, y) £ I’y there exists a clopen set U containing x and a cozero set V containing y such
that (UxV) NI, = .

Definition 4.3 ([19]). A topological space X is called functionally Hausdorff if any two distinct
points of X can be separated by disjoint cozero sets, if every pair of distinct points, x and y in X,

there exists a continuous function f: X — [0, 1] such that f(x) = o and f(y) = 1.

Theorem 4.4. If ¢ : X = Y AND @ : Y - Z ARe two upper z-perfectly continuous multifunctions
then ¢ v w: X - Y defined by (¢ v -@)(x) = ¢(x) v w(x) for EACH X € X, is upper z-perfectly
continuous.

Proof. Let U be a cozero set in Y . Since ¢ and y are upper z-perfectly continuous so ¢*(U ) and

¢ (U ) are clopen sets in X .
Since (puyw)1(U) = ¢ (U)Nyw (V) and since finite intersection of clopen sets is

clopen, (¢U @) (U) isclopenin X. Thus ¢ Uyis upper z-perfectly continuous. [J

In general intersection of two upper z-perfectly continuous multifunction, need not be upper z-
perfectly continuous. However, in the forthcoming theorem we formulate a sufficient condition for

theintersection of two multifunction tobe upper z-perfectly continuous.

Theorem 4.5. Let ¢, v : X < Y be upper z-perfectly continuous multifunction into A FUNCTIONALLY
HAUSDORFF SPACE Y such THAT ¢(x ) is COMPACT for EACH X ¢ X AND the GrRAPH [, Of g is clopen z-closed

with respect to X. Then the multifunction ¢ N  defined by (¢ N w)(x) = ¢(x) N w(x) for EACH X ¢
X is upper z-perfectly continuous.
Proof. Let xo € X and V be a cozero set containing ¢(xo) N w(Xo).

It is sufficient to find a clopen set U containing X, such that (¢ N w)(U) cV.IfV 25¢(x0), then

since ¢ is upper z-perfectly continuous, 7 a clopen set U containing X, such that ¢(U ) cV

If not then consider the set K = ¢(xo) \ V which is compact. Now foreach yeK,yeY\
W(Xo). This implies that (xo, y) € X x Y \ [,. Since the graph of y is clopen z-closed with
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respect to X, these exists a clopen set Uy containing x, and a cozero set Vy containing y such that
Iy N(Uy xVy) = @. Therefore for each x € Uy, w(x) NVy = .
Since K is compact, there exist finitely many points yi, ys, . .., ya in K such that
Sn
Kc V.

B i
=1

S
LetW = i=1Vyi Then V U W is an open set containing ¢( X,)Since ¢ is upper
z-perfectly continuous, there exist a clopen set U, containing X, such that ¢(U,) <
Vu -

n
\I/Jvt U =Uo N Uy .Then U isa clopen set containing Xo. Hence for eachz €U ,
€ i=1

#(z) cVUuWand w(z) NW = ¢.
Therefore (¢(z) N w(z)) Nw = ¢ foreachz €U.
This proves that ¢ N y is upper z-perfectly continuous at Xo. O

Corollary 4.6. Let v : X — Y be A multifunction from A SPACE X iNnto A FUNCTIONALLY COMPACT
HAUSDORFF SPACE Y such THAT the GRAPH I, of g is clopen z-closed with respect X . Then g is upper z-
perfectly continuous.

Proof. Let the multifunction ¢ : X — Y be defined by ¢(x ) = Y for each x € X . Now applying the

previous theorem we get the desired result. O

Theorem 4.7. If ¢ : X — Y is upper z-perfectly continuous multifunction AND @ : Y — Z is
upper z-supercontinuous multifunction then their composition ¢ ¢ is upper cl-supercontinuous

Proof. Let V be an open set in Z . Since y is upper z-supercontinuous, (V) is

z-opensetin Y andso g ™(V ) = Vg where each V, is a cozero set.
aEN

Since ¢ is upper z-perfectly continuous, each ¢™*(Vs) is a clopen set.
2

°S S
Hence (W ¢)(V) = o (¢ (V))=¢" Vo = ¢7(Va) iscl-open.

acN aen

So w ° ¢ is upper cl-supercontinuous.
5 Properties of lower z-perfectly continuous multi- function

Theorem 5.1. Let ¢ : X — Y be A multifunction AND @ : X — X xY define by @(x) = x, ¢(x))
for EACH x € X, be the GraPH function. If g is lower z-perfectly continuous then so Proof. Suppose
that the graph function g : X — X x Y is lower z-perfectly continuous. Consider the projection map
py : XxY — Y. Since it is continuous, it is z-continuous, so lower z-continuous. Hence byrTheorem

5.3 the function ¢ = py ey is lower z-perfectly continuous.

Theorem 52. If ¢ : X = Y AND v : X — Y ARe lower z-perfectly continuous multifunction,

JETIR1811C76 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | 200


http://www.jetir.org/

© 2018 JETIR November 2018, Volume 5, Issue 11 www.jetir.org (ISSN-2349-5162)

then the multifunction ¢ vy : X — Y defined by (¢ U w)(x) = ¢(x) Uw(x) for EACH X €X is
lower z-perfectly continuous.

Proof. Let U be a cozero set in Y . Since ¢ and y are lower z-perfectly continuous, So (¢™*(U)) and
w(U)areclopensetin X. Since (¢ up) ™ (U) = ¢™1(U) Ny (U)

and since finite intersection of clopen sets is clopen, (¢ v @)™(U ) is ¢clopen in X.

+ + +

Thus ¢ U y is lower z-perfectly continuous. O

Theorem 5.3. If ¢ : X — Y s lower z-perfectly continuous multifunction AND @ : Y — Z is
lower z-supercontinuous multifunction then their composition - ¢ is lower cl-supercontinuous

Proof. Let V be an open set in Z . Since y is lower z-supercontinuous, @™ (V) is

S
z-open setin Y and so ¢ (V) = _ Vo, where each Vq is a cozero set.
ac

Since ¢ is lower z-perfectly continuous, each ¢™(Vs) is ¢lopen set.
z

°S S
Hence (- ¢)*(V) 5 ¢ (o7 (YD) = ¢ L Ye = ¢'(Va) ig cl-open.

aEN

]
So y ° ¢ is lower cl-supercontinuous.

Proposition 5.4. If ¢ : X — Y is lower z-perfectly continuous multifunction AND @ : Y — Z is
lower ALMOST z-supercontinuous, then their composition  ° ¢ is lower ALMOST cl-supercontinuous.

Proof. Let V be a regular open set of Z . In view of lower almost z-supercontinuity of y, (V) is

cozero in Y and since ¢ is lower z-perfectly continuous, therefore ¢ (¢ ™*(V )) is clopen in X . Now
(wed)™(V) =,¢"(p(V)) isclopenin X. A A

So w ° ¢ is lower almost cl-supercontinuous. O
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