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Abstract: In fixed point theory, the study of common fixed points under various types of contractive mappings is the
centre for vigorous research activity. In this direction, J.R.Morales, E.M.Rojas and R.K.Bisht have introduced the
new class of contractive conditions having functions as contractive  parameters. The main objective of this paper
is to generalize this class of contractive mappings to a new type of weakly contractive mappings and subsequently

obtain some fixed point results in metric space which generalizes many recent fixed point results.
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1. INTRODUCTION AND PRELIMINARIES

The existence of fixed point was established through Banach-contraction principle, which is the fundamental result
of metric fixed point theory. This principle was generalized by Jungck [1] by considering two commutative maps.
Since then, many results on the existence of fixed points of various types of contractive mappings under the weaker
forms of commutativity like compatibility, R-weak commutativity, weak compatibility etc. have come through by
various authors. In this direction R.K.Bisht et al.[5] have introduced the class of  — (a, 8, y) contractive mappings
with functions as contractive parameters satisfying the stability condition at zero and obtained results under weak

compatibility.

In this paper, the weaker form of { — (a, B, y) contractive mappings called (i, ¢ ) — (a, B,y) weakly contractive
mappings will be introduced and some fixed point theorems will be proved by employing this new form of
contractive condition and the notion of absorbing maps[8], which are neither a class of compatible maps nor a subclass
of non compatible maps, asthey do not enforce commutativity at its coincidence points unlike weakly compatible maps.

Thus these results extend and generalizes the result of R.K.Bisht et al.[5] and many more results in the literature.

Definition 1.1. [2] Let f and g be two self maps defined on a metric space (X,d). Then the pair (f,g) is said to satisfy
the (E.A) property, if there exist a sequence {x,} in X suchthat

lim fx, = lim gx, =t for somete X.
n—oo

n—-oo

Definition 1.2. [3] Let f and g be two self maps defined on a metric space (X,d). Then the pair (f,g) is
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said to satisfy the Common Limit in the Range of g (CLRg) property, if there exist a sequence {x,} in X such that

lim fx, = lim gx, = gt for somete X.
n—-oo n—-oo
Definition 1.3. [8] A pair of self mappings (f,g) of a metric space (X, d) is called g-absorbing, if there exist some

real number R > 0 such that d(gx, gfx) < Rd(fx, gx) forall xin X.

Definition 1.4. Let (f,g)and (S, T) be two pairs of self mappings of a metric space (X,d). Then we say that (f,g)and

(S,T)satisfies the common (E.A) property, if there exist two sequences {x, } and {yn}in X suchthat

lim fx, = lim gx, = lim Sy, = lim Ty, =t forsomete X.
n—oo n—oo n—-oo n—oo

Definition 1.5. [5] Let (X, d) be a metric space and f ,g be self maps on X. The pair (f,g) is called
Y — (a, B,y) contractive, if V x,y € X
w(d(fx fy)) < a(d(gx.9y))y(d(gx.gy)) + A(d(@x,9y))w(d( fx,gx))
+y(d(gx.9y))w(d(fy, gy)),
where a, 3,y : [0,00) — [0,1) satisfying a(t)+ A(t) + y(t) < 1 for all t € [0,00) and

Jim, i <1 forallte][0, ),

w . [0,00) — [0,%0) is a continuous function such that y(t,) — 0 implies that t, — 0.

2. MAIN RESULT
Now the weaker form of ¢ — (a, B, ) contractive mappings will be defined and by employing this definition some

theorems are proved.

Definition 2.1. Let (X,d)be a metric space and f,g be self maps on X. The pair (f,g)iscalled (¥, ) —
(a, B,7) weakly contractive if
y(d(fx fy)) <a(d(gx.9y)[w(d(gx.9y)) —e(d(gx,gy))] + A(d(gx,gy))[w(d( f x,gx)) —¢(d(gx,gy))]
+y(d(9x,9y)) [y (d(fy.gy))— ¢ (d(gx,9y))] V XYy EX,
where o, 8,y : [0,00) — [0,1) satisfying a(t)+ g(t) + y(t) <1 forall t €[0,00) and

. a(x)+Bx)
xll)rggr sup 17) <1 forallt €[0, o),
w, ¢ [0,0)— [0,00) are both continuous functions such that y(t),p(t)>0 forallt € (0,.0)and y(0) =

»(0) =0.

Theorem 2.2. Let (X,d) be a metric space and f, g be two self mappings on X satisfying (E.A) property. Let the pair
(f,g) be a (v, p)— (0, B,y) weakly contractive pair. If g(X) is closed, then f and g have a unigque point of coincidence.
Further, if f is g-absorbing then they have a unique common fixed point.

Proof: Given that ( f,g) satisfies (E.A) property. Then there exists a sequence {X,} in X such that
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lim fx, = lim gx, =t forsometeX.
n—-oo

n—-oo

Since g(X) is closed, t € g(X ) which implies t = gu for some u in X .
Now we prove that t = f u: Suppose that t #f u, then consider
w(d(f Xns1, FU)) < a(d(gXn+1,9u)) [y (d(gXn+1,9u)) — ¢ (d(gXne1,9u))]
+ A(d(@%n+1,9u)) [ (d( f Xne1,9%n41)) —(d(gXn+1,9U))]
+ (d(9%n+1,gu)) [w(d( fu,gu)) = (d(gXxn+1,9u))],
letting n — cowe obtain w(d(t, fu)) <w(d(fu,t)), a contradiction. Therefore fu=t =gu. Thustisa
point of coincidence of fand g.
Now f is g-absorbing, implies there exists R > 0 such that
d(gx,9fx) <R d(fx,gx) forall xe X.Sinceu € X
we get fu=gfu. i.e., fuisa fixed point of g.
Now we prove that f f u = f u: Suppose f f u #f u, then consider
y(d(fu, ffu)) <a(d(gu,g fu))lw(d(gu.g fu)) —e(d(gu.g fu)l
+ A(d(qu.g fu))[y(d(fu,gu)) —e(d(gu.g fu))l
+(d(gu,g fu))[yw(d(ffu,gfu)) —e(d(gu.g fu)l.
Thus w(d( fu, ffu)) <w(d(ffu, fu)), acontradiction. Therefore ffu =fu=gfu. Hence fu isacommon fixed
point of fand g.

The unigueness of the fixed point can be proved easily.

The above theorem is illustrated by the following example.
Example: Let X =[0,1] and d be the usual metricon X. Define f,g: X — X by fx = %and gx = g all xin X.

Let a,f,y : [0,00) — [0,1) defined by

1

a(®) =555 PO = 1z

10(t+1)

1
10(t+1)

, ¥() = Vte [0, «)

Let w, ¢ : [0,00)— [0,00)be continuous maps  defined by w(t)=t? and p(t) =§

Note that f and g satisfies all the conditions of Theorem 2.2 and have a unique common fixed point at
x=0.

Theorem 2.3. Let (X,d) be a metric space and f, g,S,T be four self mappings on X such that
(1) (f,g) and (S,T) satisfies common (E.A) property.

(2) gXand TX are closed and
p(d( fx,Sy)) <a(d(gx Ty))[w(d(gx,Ty)) —¢(d(gx,Ty))]
+ A(d(gx, Ty))[w(d( f x,9%)) —(d(9x,Ty))]
+y(d(9x, Ty)[w(d(Sy,Ty))— o (d(gx,Ty))] vXxyE€X.
Then (f,g) and (S,T) have a unique point of coincidence. Further, if f is g-absorbing and S is T-absorbing, then they
have a unique common fixed point.
Proof. Given that (f ,g) and (S,T ) satisfies common (E.A) property. Then there exist two sequences
{xn} and {yn} in X such that

lim fx, = lim gx, = lim Sy, = lim Ty, =t forsomet eX.
n—-oo n—-oo n—-oo n—oo

Since gX and TX are closed, there exist u,v € X such thatt = gu = Tv.
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Now we prove that f u = gu:

Suppose that gu # f u, then consider
y(d( fu,Syn)) < a(d(gu, Tyn))[yw(d(gu,Tyn)) —¢(d(gu,Tyn))]

+ A(d(gu, Tyn))[w(d( f u,gu)) —e(d(gu,Tyn))]
+p(d(9u, Tyn)) [w(d(Syn, Tyn)) —o(d(gu,Tya))],

letting n — oo we obtain, yw(d( fu, gu)) < w(d( f u,gu)), a contradiction.

Therefore f u =t = gu. Thus t is a point of coincidence of f and g. Similarly we can prove that

Tv=Sv=t Thusfu=gu=Sv=Tv=t.

Now f is g-absorbing, implies there exists R > 0 such that

d(gx,gfx) <Ri d(fx,gx) forall x eX.

Sinceu eXwegetfu=gfu.i.e.,fuisafixed point of g.
Now we prove that f f u = f u: Suppose f f u # f u, then consider
p(d(ffu,Sv)) <a(d(g fu,Tv))[w(d(g fu,Tv))—e(d(g fu,Tv))]
+ (g fu,TV))[w(d(ffu,gfu)) —e(d(g fuTv))]
+y(d(@fu, TV))[w(d(Sv,Tv))—¢(d(gfu,Tv))].
Thus w(d(f fu, fu)) <w(d(f fu,fu)), a contradiction. Therefore ffu=fu=gfu.
Hence f u is a common fixed point of f and g. Similarly we can prove that SSv = TSv = Sv. Since
fu=_Sv=t,tisthe common fixed point of f, g, Sand T .

The uniqueness of the fixed point can be proved easily.

Now we present an example to illustrate Theorem 2.3.

Example: Let X =[0,1]and d be the usual metric on X. Define f,9,S,T : X — X by
fx = % ,gx =x, Sx = 1x—0 and Tx = g all x in X. Let a, 8,7 : [0,00) — [0,1) defined by

a(t) ==, f(t) == = y(t) for allt €[0, »)

Letw,¢: [0,00)— [0,00) be continuous maps  defined by y/(t) =t and ¢(t) =§

Here f,g,S and T satisfies all the conditions of Theorem 2.3 and have a unique common fixed point at

x=0.

Theorem 2.4. Let (X,d) be a metric space and f, g,S be three self mappings on X such that

(1) (f,g) and (S,g) satisfies Common (E.A) Property.

(2) gXis closed and
w(d( fx,Sy)) <a(d(gx,9y))[w(d(gx,9Y)) —¢(d(gx.9y))]
+ B(d(gx,gy)) [w(d( f x,9x)) —¢(d(gx,gy))]

+(d(9x,9y)[w(d(Sy.gy)) — ¢ (d(gx,9y))] VXxy€eX.
Then (f,g) and (S,g) have a unique point of coincidence. Further, if f and S are g-absorbing, then they have a unique

common fixed point.

Proof. Put T =g in the proof of Theorem 2.3.

In Theorem 2.3, if we replace the property (E.A) by CLRg 1y property then the closeness of the range of mappings can
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be relaxed.

Theorem 2.5. Let (X,d) be a metric space and f, g, S, T be four self mappings on X satisfying CLR )
property and
y(d( fx,Sy)) <a(d(@x, Ty)[w(d(gx,Ty)) —o(d(@x,Ty)]
+ Ad(@x, TY)) [y (d( f x,9x)) —¢(d(gx,Ty))]
+7(d(gx, Ty)) [y (d(Sy. Ty)) — ¢ (d(gx, Ty))] Vxy€eX.
Then (f,g) and (S,T) have a unique point of coincidence. Further, if f is g-absorbing and S is

T-absorbing, then they have a unique common fixed point.
Proof. Given that f,g,S and T satisfies CLR 1) property. Then there exist two sequences {x.} and
{yn} in X such that

lim fx, = rlll_r)glo gX, = Tlll_r){)lo Sy, = Tllglgo Ty, = t where t = gu = Tv for some t,u, v € X

n—oo
The rest of the proof follows easily from the proof of Theorem 2.3.

By restricting f, g, S, T suitably, one can derive the corollaries involving two as well as three self mappings as

follows:

Corollary 2.6. Let (X,d) be a metric space and f, g,S be three self mappings on X satisfying CLRy Property and
w(d(xSy)) < a(d(9x,9y))[w(d(gx.9y)) —¢(d(gx.9y))]
+ A(d(gx,9y)) [y (d( fx,9x)) —¢(d(gx,9y)]
+7(d(9x,9Y))[w(d(Sy.gy))— ¢ (d(9x,9y))] VXy€EX.
Then (f,g) and (S,g) have a unique point of coincidence. Further, if f and S are g-absorbing, then they have a unique
common fixed point.

Proof. Follows from Theorem 2.5 by setting T =g.

Corollary 2.7. Let (X,d) be a metric space and f, g be two self mappings on X satisfying CLRy Property

and
p(d(fx fy)) <a(d(gx.9y))lw(d(gx.9y)) —¢(d(gx.gy))]
+ A(d(gx,9y)[w(d(fx,9x)) —e(d(gx,ay))]
+y(d(9x,9y)) [w(d(fy.gy)) = (d(gx.9y))] VXy€EX.
Then (f,g) has a unique point of coincidence. Further if f is g-absorbing then they have a unique common fixed
point.

Proof. Follows from Theorem 2.5 by setting S=fand T =g.
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