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I. Introduction 

Dr. P.Chandra defined a trijection operator in his Ph.D. thesis titled ”Investigation into the theory of 

operators and linear spaces”[1]. An operator E is defined a projection if 𝐸2 = 𝐸 as given in Dunford, N. 

and Schwartz, J. [2], p.37 or Rudin [3], p.126.E has been defined a trijection operator if 𝐸3 = 𝐸 and is 

generalisation of projection operator. Navin Kumar Singh [4] has defined a (3,2)-jection operator if 𝐸3 =

𝐸2 in his Ph.D. thesis of V.K.S. University Ara of 2019. I had previously defined E to be a 𝜆-jection if 𝐸3 +

𝜆𝐸2 = (1 + 𝜆)𝐸, 𝜆 being a scalar. 

To generalise these operators, I have defined E to be a (𝜆, 𝜇)-jection if 𝜆𝐸3 + 𝜇𝐸2 = (𝜆 + 𝜇)𝐸 

𝜆, 𝜇 being scalars. We see that 

When 𝜆 = 1, 𝜇 = 0 𝑡ℎ𝑒𝑛 𝐸3 = 𝐸, a trijection 

When 𝜆 = 0, 𝜇 = 1 𝑡ℎ𝑒𝑛 𝐸2 = 𝐸, a projection 

When 𝜆 = 1, 𝜇 = −1 𝑡ℎ𝑒𝑛 𝐸 𝑖𝑠 𝑎 (3,2)-jection 

When 𝜆 = 1, 𝜇 = 𝜆 𝑡ℎ𝑒𝑛 𝐸 𝑖𝑠 𝑎 𝜆-jection 

 

II. Main Results 

 

Theorem 1 

Let E be an operator defined on 𝑅2 by 

𝐸(𝑥, 𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + 𝑑𝑦) with a,b,c,d in R 

We find out conditions for E to be a (𝜆, 𝜇)-jection 

Proof: 

Let 𝐸(𝑥, 𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + 𝑑𝑦) 

Then 𝐸2(𝑥, 𝑦) = 𝐸(𝐸(𝑥, 𝑦)) = 𝐸(𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + 𝑑𝑦) 

= (𝑎(𝑎𝑥 + 𝑏𝑦) + 𝑏(𝑐𝑥 + 𝑑𝑦), 𝑐(𝑎𝑥 + 𝑏𝑦) + 𝑑(𝑐𝑥 + 𝑑𝑦)) 

= ((𝑎2 + 𝑏𝑐)𝑥 + 𝑏(𝑎 + 𝑑)𝑦, 𝑐(𝑎 + 𝑑)𝑥 + (𝑏𝑐 + 𝑑2)𝑦) 

= (𝐴𝑥 + 𝐵𝑦, 𝐶𝑥 + 𝐷𝑦) 

where 𝐴 = 𝑎2 + 𝑏𝑐, 𝐵 = 𝑏(𝑎 + 𝑑), 𝐶 = 𝑐(𝑎 + 𝑑), 𝐷 = 𝑏𝑐 + 𝑑2 

Let 𝑎𝑑 − 𝑏𝑐 = 𝑚 𝑎𝑛𝑑 𝑎 + 𝑑 = 𝑛. 𝑇ℎ𝑒𝑛 𝑑 = 𝑛 − 𝑎 

Hence 𝑎(𝑛 − 𝑎) − 𝑏𝑐 = 𝑚 ⇒ 𝑎𝑛 − 𝑎2 − 𝑏𝑐 = 𝑚 

So, 𝐴 = 𝑎2 + 𝑏𝑐 = 𝑎𝑛 − 𝑚 𝑎𝑛𝑑 𝑏𝑐 = 𝑎𝑛 − 𝑚 − 𝑎2 

Also 𝐵 = 𝑏𝑛, 𝐶 = 𝑐𝑛 

𝐷 = 𝑏𝑐 + 𝑑2 = 𝑏𝑐 + (𝑛 − 𝑎)2 = 𝑎2 + 𝑏𝑐 − 2𝑎𝑛 + 𝑛2 = 𝑎𝑛 − 𝑚 − 2𝑎𝑛 + 𝑛2 

= 𝑛2 − 𝑎𝑛 − 𝑚 

 

Then, 

𝐸3(𝑥, 𝑦) = 𝐸(𝐸2(𝑥, 𝑦)) = 𝐸(𝐴𝑥 + 𝐵𝑦, 𝐶𝑥 + 𝐷𝑦) 
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= (𝑎(𝐴𝑥 + 𝐵𝑦) + 𝑏(𝐶𝑥 + 𝐷𝑦), 𝑐(𝐴𝑥 + 𝐵𝑦) + 𝑑(𝐶𝑥 + 𝐷𝑦)) 

= ((𝑎𝐴 + 𝑏𝐶)𝑥 + (𝑎𝐵 + 𝑏𝐷)𝑦, (𝑐𝐴 + 𝑑𝐶)𝑥 + (𝑐𝐵 + 𝑑𝐷)𝑦) 

= (𝐴1𝑥 + 𝐵1𝑦, 𝐶1𝑥 + 𝐷1𝑦) 

Where 𝐴1 = 𝑎𝐴 + 𝑏𝐶 = 𝑎(𝑎𝑛 − 𝑚) + 𝑏𝑐𝑛 = 𝑎2𝑛 − 𝑎𝑚 + (𝑎𝑛 − 𝑚 − 𝑎2)𝑛 

= 𝑎𝑛2 − 𝑚𝑛 − 𝑎𝑚 

𝐵1 = 𝑎𝐵 + 𝑏𝐷 = 𝑎𝑏𝑛 + 𝑏(𝑛2 − 𝑎𝑛 − 𝑚) = 𝑏(𝑛2 − 𝑚) 

𝐶1 = 𝑐𝐴 + 𝑑𝐶 = 𝑐(𝑎𝑛 − 𝑚) + (𝑛 − 𝑎)𝑐𝑛 = 𝑐(𝑛2 − 𝑚) 

𝐷1 = 𝑐𝐵 + 𝑑𝐷 = 𝑐𝑏𝑛 + (𝑛 − 𝑎)(𝑛2 − 𝑎𝑛 − 𝑚) 

= (𝑎𝑛 − 𝑚 − 𝑎2)𝑛 + 𝑛3 − 𝑎𝑛2 − 𝑚𝑛 − 𝑎𝑛2 + 𝑎2𝑛 + 𝑎𝑚 

= 𝑛3 − 𝑎𝑛2 − 2𝑚𝑛 + 𝑎𝑚 

 

Hence 

𝜆𝐸3(𝑥, 𝑦) + 𝜇𝐸2(𝑥, 𝑦) = (𝜆 + 𝜇)𝐸(𝑥, 𝑦) 

gives 

𝜆(𝐴1𝑥 + 𝐵1𝑦, 𝐶1𝑥 + 𝐷1𝑦) + 𝜇(𝐴𝑥 + 𝐵𝑦, 𝐶𝑥 + 𝐷𝑦) = (𝜆 + 𝜇)(𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + 𝑑𝑦) 

We equate coefficients of x,y in both co-ordinates and get 

𝜆𝐴1 + 𝜇𝐴 = 𝑎(𝜆 + 𝜇), 𝜆𝐵1 + 𝜇𝐵 = 𝑏(𝜆 + 𝜇) 

𝜆𝐶1 + 𝜇𝐶 = 𝑐(𝜆 + 𝜇), 𝜆𝐷1 + 𝜇𝐷 = 𝑑(𝜆 + 𝜇) 

Now consider 

𝜆𝐴1 + 𝜇𝐴 = 𝑎(𝜆 + 𝜇) 

⇒ 𝜆(𝑎𝑛2 − 𝑚𝑛 − 𝑎𝑚) + 𝜇(𝑎𝑛 − 𝑚) = 𝜆𝑎 + 𝜇𝑎 

⇒ 𝑎𝜆(𝑛2 − 𝑚) − 𝜆𝑚𝑛 + 𝜇𝑎𝑛 − 𝜇𝑚 − 𝜆𝑎 − 𝜇𝑎 = 0  —------------------------------ (1) 

Consider 

𝜆𝐵1 + 𝜇𝐵 = 𝑏(𝜆 + 𝜇) 

⇒ 𝜆𝑏(𝑛2 − 𝑚) + 𝜇𝑏𝑛 = 𝑏(𝜆 + 𝜇) 

Assuming 𝑏 ≠ 0, 

𝜆(𝑛2 − 𝑚) = 𝜆 + 𝜇 − 𝜇𝑛  —---------------------------------- (2) 

𝑛2 − 𝑚 = 1 +
𝜇

𝜆
−

𝜇

𝜆
𝑛 

Using (2) in (1), 

𝑎(𝜆 + 𝜇 − 𝜇𝑛) − 𝜆𝑚𝑛 + 𝜇𝑎𝑛 − 𝜇𝑚 − 𝜆𝑎 − 𝜇𝑎 = 0 

⇒ −𝜆𝑚𝑛 − 𝜇𝑚 = 0 

⇒ 𝑚(𝜆𝑛 + 𝜇) = 0 

⇒ 𝑚 = 0 𝑜𝑟 𝜆𝑛 + 𝜇 = 0 i.e. 𝜆𝑛 = −𝜇  —--------------------------- (3) 

Consider 𝜆𝐶1 + 𝜇𝐶 = 𝑐(𝜆 + 𝜇) 

⇒ 𝜆𝑐(𝑛2 − 𝑚) + 𝜇𝑐𝑛 = 𝑐(𝜆 + 𝜇) 

Assuming 𝑐 ≠ 0, we have 

𝜆(𝑛2 − 𝑚) + 𝜇𝑛 = 𝜆 + 𝜇 

Which is same as relation (2) above, and we get (3) 

Finally consider 

𝜆𝐷1 + 𝜇𝐷 = 𝑑(𝜆 + 𝜇) 

⇒ 𝜆(𝑛3 − 𝑎𝑛2 − 2𝑚𝑛 + 𝑎𝑚) + 𝜇(𝑛2 − 𝑎𝑛 − 𝑚) = (𝑛 − 𝑎)(𝜆 + 𝜇) 

⇒ 𝜆𝑛3 − 𝑎𝜆(𝑛2 − 𝑚) − 2𝜆𝑚𝑛 + 𝜇(𝑛2 − 𝑎𝑛 − 𝑚) = 𝑛(𝜆 + 𝜇) − 𝑎(𝜆 + 𝜇) 

⇒ 𝜆𝑛3 − 𝑎𝜆(𝑛2 − 𝑚) − 2𝜆𝑚𝑛 + 𝜇(𝑛2 − 𝑚) − 𝜇𝑎𝑛 = 𝑛(𝜆 + 𝜇) − 𝑎(𝜆 + 𝜇) 

Using (2) in above relation, 

𝜆𝑛3 − 𝑎(𝜆 + 𝜇 − 𝜇𝑛) − 2𝜆𝑚𝑛 + 𝜇(1 +
𝜇

𝜆
−

𝜇

𝜆
𝑛) − 𝑎𝜇𝑛 = 𝜆𝑛 + 𝜇𝑛 − 𝑎𝜆 − 𝑎𝜇 

⇒ 𝜆𝑛3 − 2𝜆𝑚𝑛 + 𝜇 +
𝜇2

𝜆
−

𝜇2

𝜆
𝑛 − 𝜆𝑛 − 𝜇𝑛 = 0   —---------------------------- (4) 

From (3), let m=0 and use in (4) 

Then 𝜆𝑛3 + 𝜇 +
𝜇2

𝜆
−

𝜇2

𝜆
𝑛 − 𝜆𝑛 − 𝜇𝑛 = 0 

⇒ 𝜆𝑛3 − 𝑛(
𝜇2

𝜆
+ 𝜆 + 𝜇) + 𝜇 +

𝜇2

𝜆
= 0 

This is a cubic in n, whose roots are easily found to be 
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1,
𝜇

𝜆
 𝑎𝑛𝑑 − (1 +

𝜇

𝜆
) 

So when m=0, then n assumes the above values. 

 

Theorem 2 

Let m=0, n=1, then 

𝐸(𝑥, 𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + (1 − 𝑎)𝑦), 𝑤ℎ𝑒𝑟𝑒 𝑏𝑐 = 𝑎 − 𝑎2 

In this case 𝐸2 = 𝐸 i.e, E is a projection. 

Proof:- 

From (2), 

𝜆(1 − 0) = 𝜆 + 𝜇 − 𝜇 = 𝜆, true for all values of 𝜆 𝑎𝑛𝑑 𝜇. 

𝑚 = 0 ⇒ 𝑎𝑑 − 𝑏𝑐 = 0 

𝑛 = 1 ⇒ 𝑎 + 𝑑 = 1 ⇒ 𝑑 = 1 − 𝑎 

Hence 𝑎(1 − 𝑎) − 𝑏𝑐 = 0 

⇒ 𝑎 = 𝑎2 + 𝑏𝑐 = 𝐴 𝑎𝑛𝑑 𝑏𝑐 = 𝑎 − 𝑎2 

Also 𝐵 = 𝑏𝑛 = 𝑏, 𝐶 = 𝑐𝑛 = 𝑐 

𝐷 = 𝑛2 − 𝑎𝑛 − 𝑚 = 1 − 𝑎 = 𝑑 

So in this case, 

𝐸(𝑥, 𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + (1 − 𝑎)𝑦) 𝑤ℎ𝑒𝑟𝑒 𝑏𝑐 = 𝑎 − 𝑎2 

and 𝐸2(𝑥, 𝑦) = (𝐴𝑥 + 𝐵𝑦, 𝐶𝑥 + 𝐷𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + 𝑑𝑦) = 𝐸(𝑥, 𝑦) 

Thus 𝐸2 = 𝐸 i.e.- E is a projection. 

 

Theorem 3 

Let 𝑚 = 0 𝑎𝑛𝑑 𝑛 =
𝜇

𝜆
. Then 

𝐸(𝑥, 𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + (−
1

2
− 𝑎)𝑦) 𝑤ℎ𝑒𝑟𝑒 𝑏𝑐 = −

1

2
𝑎 − 𝑎2 

Also 𝐸2 = −
1

2
𝐸 

Proof:- 

Let 𝑚 = 0 𝑎𝑛𝑑 𝑛 =
𝜇

𝜆
 

Due to (2), 

𝜆(
𝜇2

𝜆2) = 𝜆 + 𝜇 − 𝜇 ∗
𝜇

𝜆
 

⇒
𝜇2

𝜆
= 𝜆 + 𝜇 −

𝜇2

𝜆
 

⇒ 2
𝜇2

𝜆
= 𝜆 + 𝜇 ⇒ 2𝜇2 − 𝜆𝜇 − 𝜆2 = 0 

⇒ (2𝜇 + 𝜆)(𝜇 − 𝜆) = 0 ⇒ 𝜇 = −
𝜆

2
 𝑜𝑟 𝜆 

⇒ 2𝜇 = −𝜆 𝑜𝑟 𝜇 = 𝜆 ⇒
𝜇

𝜆
= −

1

2
 𝑜𝑟 1 

i.e. 𝑛 = −
1

2
 𝑜𝑟 1 

We have already considered the case 𝑚 = 0, 𝑛 = 1 in Theorem 2. 

So let 𝑚 = 0, 𝑛 = −
1

2
 

Then 𝑎 + 𝑑 = −
1

2
⇒ 𝑑 = −

1

2
− 𝑎 

Also 𝑏𝑐 = 𝑎𝑛 − 𝑚 − 𝑎2 = −
𝑎

2
− 𝑎2 

So, 𝑎2 + 𝑏𝑐 = −
1

2
𝑎, 𝑏(𝑎 + 𝑑) = −

𝑏

𝑑
, 𝑐(𝑎 + 𝑑) = −

𝑐

2
 

𝑏𝑐 + 𝑑2 = 𝐷 = 𝑛2 − 𝑎𝑛 − 𝑚 =
1

4
+

𝑎

2
= −

1

2
(−

1

2
− 𝑎) = −

1

2
𝑑 

Hence in this case 

𝐸(𝑥, 𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + (−
1

2
− 𝑎)𝑦) 𝑤ℎ𝑒𝑟𝑒 𝑏𝑐 = −

1

2
𝑎 − 𝑎2 

and 𝐸2(𝑥, 𝑦) = (−
1

2
𝑎𝑥 −

1

2
𝑏𝑦, −

1

2
𝑐𝑥 −

1

2
𝑑𝑦) = −

1

2
𝐸(𝑥, 𝑦) 
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Hence 𝐸2 = −
1

2
𝐸 

 

Theorem 4 

Let 𝑚 = 0 𝑎𝑛𝑑 𝑛 = −(1 +
𝜇

𝜆
) 

Then 𝐸(𝑥, 𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + (−(1 +
𝜇

𝜆
) − 𝑎)𝑦) 

where 𝑏𝑐 = −(1 +
𝜇

𝜆
)𝑎 − 𝑎2 

In this case 𝐸2 = −(1 +
𝜇

𝜆
)𝐸 

Proof: 

Let 𝑚 = 0 𝑎𝑛𝑑 𝑛 = −(1 +
𝜇

𝜆
) 

Using (2), 

𝜆(1 +
𝜇

𝜆
)2 = 𝜆 + 𝜇 + 𝜇(1 +

𝜇

𝜆
) = 𝜆 + 2𝜇 +

𝜇2

𝜆
 

⇒ 𝜆(1 +
𝜇2

𝜆2 +
2𝜇

𝜆
) = 𝜆 + 2𝜇 +

𝜇2

𝜆
 

⇒ 𝜆 +
𝜇2

𝜆
+ 2𝜇 = 𝜆 + 2𝜇 +

𝜇2

𝜆
 

which is true for all 𝜆, 𝜇 except when 𝜆 = 0 

Hence 𝑛 = 𝑎 + 𝑑 = −(1 +
𝜇

𝜆
) ⇒ 𝑑 = −(1 +

𝜇

𝜆
) − 𝑎 

Also 𝑏𝑐 = 𝑎𝑑 = 𝑎[−(1 +
𝜇

𝜆
) − 𝑎] = −(1 +

𝜇

𝜆
)𝑎 − 𝑎2 

⇒ 𝐴 = 𝑎2 + 𝑏𝑐 = −(1 +
𝜇

𝜆
)𝑎, 𝐵 = 𝑏𝑛 = −(1 +

𝜇

𝜆
)𝑏 

𝐶 = 𝑐𝑛 = −(1 +
𝜇

𝜆
)𝑐 

𝐷 = 𝑏𝑐 + 𝑑2 = 𝑛2 − 𝑎𝑛 − 𝑚 = 𝑛2 − 𝑎𝑛 = 𝑛(𝑛 − 𝑎) = 𝑛𝑑 = −(1 +
𝜇

𝜆
)𝑑 

So in this case, 

𝐸(𝑥, 𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + (−(1 +
𝜇

𝜆
) − 𝑎)𝑦) 

where 𝑏𝑐 = −(1 +
𝜇

𝜆
)𝑎 − 𝑎2 

and 

𝐸2(𝑥, 𝑦) = (−(1 +
𝜇

𝜆
)𝑎𝑥 − (1 +

𝜇

𝜆
)𝑏𝑦, −(1 +

𝜇

𝜆
)𝑐𝑥 − (1 +

𝜇

𝜆
)𝑑𝑦) 

= −(1 +
𝜇

𝜆
)(𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + 𝑑𝑦) = −(1 +

𝜇

𝜆
)𝐸(𝑥, 𝑦) 

or 𝐸2 = −(1 +
𝜇

𝜆
)𝐸 

An interesting case is when 𝜇 = −1, 𝜆 = 1. 𝑇ℎ𝑒𝑛 𝜆 + 𝜇 = 0Then E is a 

Then E is a (3,2)-jection [4] and 𝐸2 = 0. Then 𝐸3 = 0 also. 

 

Theorem 5 

Let 𝑛 = −
𝜇

𝜆
 and m is arbitrary. 

Then 𝐸(𝑥, 𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 − 𝑎𝑦) 𝑤ℎ𝑒𝑟𝑒 𝑏𝑐 = 1 − 𝑎2 

Also 𝐸2 = 𝐼 

Proof: 

Here 𝑛 = −
𝜇

𝜆
 

Using (4), 

−𝜆
𝜇3

𝜆3
+ 2𝜆𝑚

𝜇

𝜆
+ 𝜇 +

𝜇2

𝜆
+

𝜇2

𝜆
∗

𝜇

𝜆
+ 𝜇 +

𝜇2

𝜆
= 0 

⇒ 2𝑚𝜇 + 2𝜇 + 2
𝜇2

𝜆
= 0 ⇒ 𝑚𝜇 + 𝜇 +

𝜇2

𝜆
= 0 

⇒ 𝜇(𝑚 + 1 +
𝜇

𝜆
) = 0 ⇒ 𝜇 = 0 𝑜𝑟 𝑚 = −(1 +

𝜇

𝜆
) 

If we choose 𝜇 = 0 𝑡ℎ𝑒𝑛 𝑛 = 0 𝑎𝑛𝑑 𝑚 = −1 

Then 𝑎 + 𝑑 = 0 ⇒ 𝑑 = −𝑎 
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𝑏𝑐 = 𝑎𝑛 − 𝑚 − 𝑎2 = 1 − 𝑎2 

Then 𝐴 = 𝑎2 + 𝑏𝑐 = 1, 𝐵 = 𝑏𝑛 = 0, 𝐶 = 𝑐𝑛 = 0 

𝐷 = 𝑏𝑐 + 𝑑2 = 𝑏𝑐 + 𝑎2 = 1 

Thus in this case 

𝐸(𝑥, 𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 − 𝑎𝑦) 𝑤ℎ𝑒𝑟𝑒 𝑏𝑐 = 1 − 𝑎2 

Also 𝐸2(𝑥, 𝑦) = (𝑥, 𝑦) 𝑖. 𝑒. 𝐸2 = 𝐼 

 

Theorem 6 

Let 𝑚 = −(1 +
𝜇

𝜆
) 𝑎𝑛𝑑 𝑛 = −

𝜇

𝜆
 

Then 𝐸(𝑥, 𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 − (
𝜇

𝜆
+ 𝑎)𝑦) 

where 𝑏𝑐 = 1 +
𝜇

𝜆
−

𝑎𝜇

𝜆
− 𝑎2 

Then 𝐸2 = −
𝜇

𝜆
𝐸 + (1 +

𝜇

𝜆
)𝐼 

Proof:- 

Due to (2), 

𝜆(
𝜇2

𝜆2 + 1 +
𝜇

𝜆
) = 𝜆 + 𝜇 +

𝜇2

𝜆
, true for all 𝜆, 𝜇 (𝜆 ≠ 0) 

Here 𝑎 + 𝑑 = −
𝜇

𝜆
⇒ 𝑑 = −

𝜇

𝜆
− 𝑎 

⇒ −𝑑𝜆 = 𝜇 + 𝑎𝜆 

Now 𝐴 = 𝑎𝑛 − 𝑚 = −
𝑎𝜇

𝜆
+ 1 +

𝜇

𝜆
 

𝐵 = 𝑏𝑛, 𝐶 = 𝑐𝑛 

𝐷 = 𝑛2 − 𝑎𝑛 − 𝑚 = 𝑛(𝑛 − 𝑎) − 𝑚 = 𝑛𝑑 − 𝑚 = −
𝑑𝜇

𝜆
+ 1 +

𝜇

𝜆
 

𝑏𝑐 = 𝑎𝑛 − 𝑚 − 𝑎2 = −
𝑎𝜇

𝜆
+ 1 +

𝜇

𝜆
− 𝑎2 = 1 +

𝜇

𝜆
−

𝑎𝜇

𝜆
− 𝑎2 

Hence 

𝐸(𝑥, 𝑦) = (𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 − (
𝜇

𝜆
+ 𝑎)𝑦) 

where 𝑏𝑐 = 1 +
𝜇

𝜆
−

𝑎𝜇

𝜆
− 𝑎2 

and 𝐸2(𝑥, 𝑦) = (𝐴𝑥 + 𝐵𝑦, 𝐶𝑥 + 𝐷𝑦) = ((𝑎𝑛 − 𝑚)𝑥 + 𝑏𝑛𝑦, 𝑐𝑛𝑥 + (𝑛𝑑 − 𝑚)𝑦) 

= (𝑎𝑛𝑥 − 𝑚𝑥 + 𝑏𝑛𝑦, 𝑐𝑛𝑥 + 𝑑𝑛𝑦 − 𝑚𝑦) 

= (𝑎𝑛𝑥 + 𝑏𝑛𝑦, 𝑐𝑛𝑥 + 𝑑𝑛𝑦) − 𝑚(𝑥, 𝑦) 

= 𝑛(𝑎𝑥 + 𝑏𝑦, 𝑐𝑥 + 𝑑𝑦) − 𝑚(𝑥, 𝑦) 

= 𝑛𝐸(𝑥, 𝑦) − 𝑚𝐼(𝑥, 𝑦) 

Hence 𝐸2 = 𝑛𝐸 − 𝑚𝐼 

= −
𝜇

𝜆
𝐸 + (1 +

𝜇

𝜆
)𝐼 

 

Theorem 7 

Let 𝑏 = 𝑐 = 0 i.e. 𝐸(𝑥, 𝑦) = (𝑎𝑥, 𝑑𝑦) 

In this case a and d both takes values in the set {0,1, −
(𝜆+𝜇)

𝜆
} i.e. 9 possibilities 

Proof: 

In this case, 

𝐸(𝑥, 𝑦) = (𝑎𝑥 + 𝑑𝑦) 𝑤ℎ𝑒𝑟𝑒 𝑏𝑐 = 0 

Hence 𝐸2(𝑥, 𝑦) = (𝑎2𝑥, 𝑑2𝑦), 𝐸3(𝑥, 𝑦) = (𝑎3𝑥, 𝑑3𝑦) 

So substituting in condition for (𝜆, 𝜇)-jection, 

𝜆(𝑎3𝑥, 𝑑3𝑦) + 𝜇(𝑎2𝑥, 𝑑2𝑦) = (𝜆 + 𝜇)(𝑎𝑥, 𝑑𝑦) 

⇒ (𝜆𝑎3𝑥 + 𝜇𝑎2𝑥, 𝜆𝑑3𝑦 + 𝜇𝑑2𝑦) = (𝑎(𝜆 + 𝜇)𝑎𝑥, 𝑑(𝜆 + 𝜇)𝑦) 

Comparing coefficients of x,y 

𝜆𝑎3 + 𝜇𝑎2 = (𝜆 + 𝜇)𝑎 

𝜆𝑑3 + 𝜇𝑑2 = (𝜆 + 𝜇)𝑑 

Now 𝜆𝑎3 + 𝜇𝑎2 − (𝜆 + 𝜇)𝑎 = 0 

⇒ 𝑎[𝜆𝑎2 + 𝜇𝑎 − (𝜆 + 𝜇)] = 0 

⇒ 𝑎[𝜆(𝑎2 − 1) + 𝜇(𝑎 − 1)] = 0 

http://www.jetir.org/


© 2020 JETIR March 2020, Volume 7, Issue 3                                                                    www.jetir.org (ISSN-2349-5162) 

JETIR2003422 Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org 792 
 

⇒ 𝑎(𝑎 − 1)[𝜆(𝑎 + 1) + 𝜇] = 0 

⇒ 𝑎 = 0,1, −
(𝜆 + 𝜇)

𝜆
 

Similarly, 𝑑 = 0,1, −
(𝜆+𝜇)

𝜆
 

Considering these values of a and d, forms for E(x,y) are given by 

When 𝑎 = 0, 𝑑 = 0, 𝐸(𝑥, 𝑦) = (0,0) 𝑖. 𝑒. 𝐸 = 0, 𝑧𝑒𝑟𝑜 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 

When 𝑎 = 0, 𝑑 = 1, 𝐸(𝑥, 𝑦) = (0, 𝑦) 𝐻𝑒𝑟𝑒 𝐸2 = 𝐸 

When 𝑎 = 0, 𝑑 = −
(𝜆+𝜇)

𝜆
, 𝐸(𝑥, 𝑦) = (0, −

(𝜆+𝜇)

𝜆
𝑦) 

In this way other possibilities are 

𝐸(𝑥, 𝑦) = (𝑥, 0) 𝐻𝑒𝑟𝑒 𝐸2 = 𝐸 

𝐸(𝑥, 𝑦) = (𝑥, 𝑦) 𝑖. 𝑒. 𝐸 = 𝐼 

𝐸(𝑥, 𝑦) = (𝑥, −
(𝜆 + 𝜇)

𝜆
𝑦) 

𝐸(𝑥, 𝑦) = (−
(𝜆 + 𝜇)

𝜆
𝑥, 0) 

𝐸(𝑥, 𝑦) = (−
(𝜆 + 𝜇)

𝜆
𝑥, 𝑦) 

𝐸(𝑥, 𝑦) = (−
(𝜆 + 𝜇)

𝜆
𝑥, −

(𝜆 + 𝜇)

𝜆
𝑦) 𝑖. 𝑒. 𝐸 = −

(𝜆 + 𝜇)

𝜆
𝐼 
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