© 2020 JETIR May 2020, Volume 7, Issue 5 www.jetir.org (ISSN-2349-5162)

SOME NEW RESULTS ON NON-NEGATIVE
MAJORITY TOTAL DOMINATION IN
GRAPHS

B. Boomadevi*!, Dr. V. Gopal

Assistant Professor, Professor
Department of Mathematics,
Rajeswari college of Arts and Science for women, Puducherry-605104.

Abstract: For a simple graphG = (V;E), a two valued function h:V - {—1,1} is called a non-negative
majority total dominating function if the sum of its function values over at least half the open neighborhoods
is at least zero. A non-negative majority total domination number of a graph G is the minimum value of
Yvev(c) h(v) over all non-negative majority total dominating functions f of G and it is denoted by y“mtaj(G).

In this paper, we have obtained y&taj(G) of some classes of graphs.

Index Terms: Non-negative majority total domination number, majority total domination
number, majority domination function, majority domination number.

I. INTRODUCTION

All graphs considered here are simple, finite and undirected graphs. For basic definition and notation
we follow [1,2].

The study of domination is one of the well-studied areas within graph theory. A subset L of vertices is
said to be a dominating set of G if every vertex in V either belongs to L or is adjacent to a vertex in L.
The domination number y(G) is the minimum cardinality of a dominating set of G. An excellent
survey of advanced topics on domination parameters are given in the book edited by Haynes et al.

For a real valued function h: V' = R on V, weight of h is defined to be w(h) = Y.,¢y h(v). Further, for
asubset S of V we let h(S) = Y ,es h(v). Therefore w(h) = h(V).

A two valued function h: V —{-1, 1} is called a signed majority dominating function if the sum of its
function values over at least half the closed neighbourhoods is at least one. A non-negative majority
total domination number of a graph G is the minimum value of Y,cy ) f(v) over all non-negative
majority total dominating functions f of G and it is denoted by y;;‘};j(c). Broere et al. introduced
Majority domination in [3] and this concept is further studied in [4]. Later, Hua-ming xing et al. [5]
introduced and studied the following concept. A function h:V —{-1, 1} is called a signed majority
total dominating function if h(N(v)) = 1 for at least half of the vertices in graph G. The signed
majority total domination number of G, is denoted by y,";laj(G), and is defined as

y,";laj (G) = {w(h)|h is a signed majority total dominatingfunction of G}.

In 2017, Sahul Hamid and S. Anandha Prabhavathy [6] introduced non-negative majority total
domination of a graph G which is defined as follows: a two valued function h:V — {—1,1} is called a
non-negative majority total dominating function if the sum of its function values over at least half the
open neighbourhoods is at least zero. A non-negative majority total domination number of a graph G
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is the minimum value of Y.,ey () h(v) over all non-negative majority total dominating functions f of G
and it is denoted by y,'}l’;j(G), see Figure 1. So for exact values of y,’,‘l’;j(G) are known only for
complete graph, complete bipartite graph, path, cycle and star.

Before we get into results, we define some notation which we have used throughout the paper. If h is a
minimum non-negative majority total dominating function, then

o V,={veV(G):h(v)=+1};
e V. ={veV(G):h(v) =-1}and
e Ny,={veV():N(h®)=o0}

—1

+1 41

Figure 1: The graph G with y;i5;(G) = —2.

Il. NON-NEGATIVE MAJORITY TOTAL DOMINATION NUMBER OF COMPLETE
GRAPH MINUS A PERFECT MATCHING.

Theorem 1 Let G = K,, — M, where M is a perfect matching in a complete graph K,,. Then
Vimaj(G) = =2.

Proof: Let V(K,,) = {vq, vy, ..., . }. Consider a perfect matching of K, is M =
{vlvz,vg,v‘,, ) v2a_1v2a}.

Define a function h: V - {—1,1} by

+1ifl1 <i <a+1
—1 otherwise

h(v,) = {
It is easy to verify that h(N(v)) = 0 for at least half of the vertices in G. Further, w(h) = —2.

Thus we have y7:(6) < —2.

+1 +1

Figure 2: The Graph Ks — M with v, :(G) = —2.
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Let h be a non-negative majority total dominating function of G. Then |V, |+ |V_| = 2a and |V, | —
|V_| = h(V). Consider a vertex v,;_4,1 <i < a, of G with N(v,;_,) = 0. Since G is 2a — 2 regular,

h(V) = h(N(vyi—1)) + h(vyi_1) + h(vy) 20 —-1—1= 2.
Thatis, |V, | = |V_| = —2.
It follows that [V,.| = a—1and |V_| = a + 1 and hence we have
Vimaj (G) = —2.
Thus we have y;.,;(G) = —2. Hence the theorem.

I11. NON NEGATIVE MAJORITY DOMINATION NUMBER OF PATH AND CYCLE
RELATED GRAPHS

We start this section with definitions.

Definition 1 An m — fan, denoted by F,, and V(E,,) = {v,, v4, ..., U}, IS the graph that contains the
path B,, = v;, vy, ..., U, and the vertex v, is adjacent to all vertices of B,,.

Definition 2 An m — wheel, denoted by W,,, and V(W,,) = {v,, 4, ..., U;n}, IS the graph that contains
the cycle C,,, = (v4,v,, ..., V) and the vertex v, is adjacent to all vertices of B,,.

Definition 3 The (m,n) — tadpole graph, denoted by T, ,,, m = 3 and n > 1, is the graph obtained
by joining a cycle C,,, = (v4, V3, ..., Uy, and a path B, = uy, u,, ..., u, by a bridge v, u;.

Definition 4 The m — sunlet,m = 3, is the graph on 2m vertices obtained by attaching m pendant
edges to a cycle C,, We denote it by S,,.

We make use of the following theorem which is proved in [6].

Theorem 2 For m > 3, Yma] Cn) = yma](Pm) =V [ ] m.

—1if mis an odd integer

Theorem 3[5] For = 3, y#mf(Pm) - { 0if mis aneveninteger’

Theorem 4[5] For m > 3,

3if misanodd integer

n —
Vmaj(Cn) = { 0if mis an even integer "

Theorem 4 For m = 3,y :(Fn) = Vo j(P) + 1.
Proof: LetV (E,) = {vy, V1, ..., i }. Define a function h: V - {—1,1} by

1i70 <i < [Z]+[2] and i = 2(mod 3
h(vl-)={+ if _l_[7]+[zl and i = 2(mod 3)
—1 otherwise
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One can easily verify that h(N(v)) = 0 for at least half of the vertices with weight w(h) = 2 [%] +
1-m= yma](Pm) + 1.

Hence vy, (Fn) < ¥imaj(Bn) + 1.
+1

-1 +1 -1 -1 +1 -] |
Figure 3: The graph F, with )/ma] (F;) = —

To prove reverse inequality, let h be a non-negative majority total dominating function of E,. Then
Vil + V| =m+1and |V, | —|V_| = h(V).

Case 1: v € Ny,
Since v, € Ny, and degree of v is m, |V..| = [%] and V.| < |%]
Hence ¥ (F) = Vo] — V.| — 1
= [5-5]-1
Azl -3 -1=2f5]+1-m
Vmaj(Fn) = Viaj(Pn) + 1.— == — (1)
Case 2: vy & Nj,.

Itis clear that either vy = —1 or v, = 1.

Let v, = 1. Since h is the minimum non-negative total dominating function of E,, and v, = 1,
By Theorem 2, we have
yma](Fm)_Yma](Pm)-Fl—Z[ ]+1 m————(Z)

Let vy = —1and H = F,, — v, = B,,. Because of the choice of v,, a vertex v € N,, if and only if the
sum of the weight of the N (v) of H must be at least one. Consequently,

Vinaj(Fn) = Vimaj(Pn) + 1.
By Theorem 3, it is clear that
Vonaj Fn) 2 Vinaj(Br) + 1 2 v i(B) + 1.— — = = (3)
From (1), (2) and (3), we have yma] (Ey) = yma] (B,) + 1.

Thus yma](Fm) = yma](P )+ 1.

Theorem 5 For m > 4, yma] W, = Vmaj (By) + 2.
Proof: Let V(E,,) = {vy, v4, ..., Uy, }. Define a function h: V — {—1, 1} by
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lifi=1and0 <i < |=|+[=| and i = 2(mod 3

h(vi)={+ ifi=1lan _l_[?]-i-[zlan i = 2(mod 3)
—1 otherwise

Clearly, h(N(v)) =0 for at least half of the vertices with weight w(h) :2[%]+2—m=

Vo (Pr) + 2.

Hence yma](Wm) < Vma] (B,) + 2.

+1

Figure 4: The graph Yma] (w,) <0.

To prove equality, let h be a non-negative majority total dominating function of E,,. Then |V, | +
V.| =m+ 1and |V,| - |[V_| = h(V).

Case 1: v € N,
Since v, € Ny, and degree of vy is m, |V..| > [%] and V| < |2]
Hence ypo i (W) = V.| = V2| =1
= 551
aslzl -5l -1=2[f+1-m
Yonaj W) 2 Vi j(Br) +2.— = — = (1)
Case 2: v, & Ny,

Itis clear that either vy = —1 or v, = 1.

Let v, = 1. Since h is the minimum non-negative total dominating function of W,,, and v, = 1,
yma] W) = yma] (By) + 2.
By Theorem 2, we have

Letvy =—-1and H = W, — v, = C,,. Because of the choice of v,, a vertex v € N,, if and only if the
sum of the weight of the N (v) of H must be at least one. Consequently,

Voaj W) = Vg (C) + 1.
By Theorem 4, it is clear that
Vinaj (Fn) = Vimaj(Cn) + 1 2 vy j(Py) + 2.— = = = (3)
From (1), (2) and (3), we have yit . (W) = YR i(Pn) + 2.

Thus Vma] W) = Vma] (Bn) + 2.
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Theorem6 Form > 3andn > 2,

yma} (Tm n) Vma] (Cm) + Vmaj (Pn)

Proof: Let V(C,,) = {vq, vy, ..., v} and V(B,) = {uq, uy, ..., u,}. Let e = vyu, be the bridge joining
Cpm and B, Then V(Tpn) = V(Crn) UV (BY).

Define a function h: V - {—1,1} by

. . m m .
h(v;) = {"‘1 if0 <i < [?] + [Z] and i = 2(mod 3)
—1 otherwise

h(u) = {"‘1 if0 <i < [E] + [Z] and i = 2(mod 3)
—1 otherwise

It is not difficult to check that h(N (v)) = 0 for at least half of the vertices with weight
m n
w(i) = 2 (| 7|+ |7]) = 1) = v, (o) + iy (B).

Hence yma} (Tm n) < Vma] (Cm) + yma] (Pn)

1 +1 —1 —=] +1

Figure 5: The graph Ty 5 Withy,’,‘,';j(Te,s) =-

On the other hand, let h be a non-negative majority total dominating function of T;,, ,. Let G = T,, ,, —
e = Cp U P,. By Theorem 2, we have vy i(Tinn) = Vi j(Cn) + Vomaj(Py). Hence yie i(Ton) =
Vmaj (Cm) + Vima; (Po).

We make use of the following theorem which is proved in [].
Theorem 7 If G has m vertices, then

om— 2Am

d+A
Ymai (6 Z 3 s A1 - 2m)

d+A

if miseven

if misodd

Theorem 8 For m > 3,y i(Sy,) = [%] —2m.

Proof: Let V(S,,) = {v1, V2, ..., Um} U {uy, Uy, ..., Uy, }, Where degree of u; = 1.

Define a function h:V — {—1, 1} by
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+1if i =1(mod 2)
h(v;) =
(i) {—1 otherwise

h(u;) = —1 for alli.

and

From the above function, it guarantee that at least half the vertices of S, has h(N(v)) = 0.

Hence, we have y.,i(Sm) < [%] —-2m.————(1)

t

Figure 6: The graph Sg withy,,,:(S¢) = —6

For equality, let h be a non-negative majority total dominating function of S,,,.
Let N, = U U V, where U contains the vertex of degree one.
Clearly, § = 3,A= 3 and |V (S,,)| = 2m.
By Theorem 7 we have
—mif mis even

no(S.,) = {1—2m ————(2
Ymaj(Sm) M if s odd (2)

From (1) and (2), we have

Vimaj(Sm) = [gl — 2m.
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