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Abstract: This article is focused to introduce and explore the idea of a new class of homeomorphism called gg&

homeomorphism and zs g ¢ — homeomorphism using ¢5' g closed sets and study their basic properties.

IndexTerms-$° 9 closed, $° 9 open, 5 9 continuous, ¢© 9 irresolute.

. INTRODUCTION

The idea of generalized homeomorphism and gc-homeomorphism was introduced and studied by H. Maki et.al [5].The concept
of 0 homeomorphism, semi homeomorphism, ¢ -homeomorphism, s g homeomorphisms were published in [31,[ 2], [6],[4 ] We

introduce ¢s 6 homeomorphism and & gAc -homeomorphism. The association of /& a homeomorphism with various existing
homeomorphism is also studied.

I1. PRELIMINARIES
Definition 2.1
Asubset Aof (X,z,¢) is ¢s gclosedset [1]if ¢, (A) cU whenever ACU and Uis o openin (X, z, ¢ ).
Definition 2.2
A function T 1 O%. 7. &) = (Y. 0.€) 5 €59 continuous (¥9 9 irresolute) if T ) is =r open(‘fda open) in
(X,7,<7) for every open set (99 open) Vin (Y: <) :

¢6 g Homeomorphism
Definition 3.1

A function f :(X,z,¢&) — (Y,0,¢) iscalledan §o g closed (resp ¢6 g open) map if for every closed subset A

of X, f(A)is o gAj closed (resp o 61 open) in (Y, o,<)-
Definition 3.2

A bijection f : (X, z,¢) — (Y, o, <) issaid to be {6 g homeomorphism if f is both g&é continuous and O ¢

closed.
Theorem 3.3

Every O -homeomorphismis & g homeomorphism and the reverse is false.
Proof:

Proof is direct by “every & continuous map is {8 g continuous and every 6 open map is O ¢ open.
Example 3.4
Let X = Y = {uvw} with z={g X {u}{v.W}}o={aY {u},{w},{u,w} {v,w}}

¢ =X {u}, {wk{u, v} {v,w} {u,w}tLet f:(X,7,8)—>(Y,0,4) be an identity map. Clearly f is Cé'é

homeomorphisms but not & homeomorphisms. For the closed set {uv} in Y f {u,v}={u,v}is not & closed in X. This

implies fis not O continuous.
Remark 3.5

¢o g homeomorphisms is independent of {o&r homeomorphism, semi- homeomorphism, ¢ -homeomorphism and S
homeomorphism.
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Theorem 3.6

The composition of two {6 g homeomorphism fails to be a {6 g homeomorphism and is given in the example.

Example 3.7
Let  X=Y=Z= {uv,w}  with  topologies 7 =2, X, N Au VAV Wi o =42, Y. {V}{W}.{V. W}}
77 =4, Z,{W}{u,Vvi} & ={X, 00 wWhAu, Wiy & =X, O3 WAV, WH{ULWR S et (X, 72.8) — (Y. o, ¢)

and 9:(V.0.8) —>(Z.77.¢) pe an identity map. Clearly f and g are ¢ 9 homeomorphisms .For the closed set {w} in X

go F({WH ={} isnot $9 9 closed in 2,50 9° T isnot <5 9 homeomorphism.

1. o gc -HOMEOMORPHISM
Definition 4.1

Abijection ¢ . (x, -, &) —» (v, o, o) iSsaidtobe ¢o gc -homeomorphisms if both fand ¢ - are 5 g irresolute.
Theorem 4.2

Every £o gAc homeomorphismisan & g homeomorphism.
Proof:

Let f:(X,7,8)—>(Y,0,{)bea (5 gc homeomorphism. Then f, f " are ¢85 girresolute and f is bijection.

Thus fand f *are & g continuous. Hence fis ¢5 g homeomorphism.

Remark 4.3
The converse is false is shown in the example.
Example 4.4

Let X=Y={u,v,w} with topologies 7 ={¢, X v} Wk {v, Wi} & ={X,{v}{v,w} {u, w}}’
o ={#.Y AWV, Wi} » & =X W v, Wi {u, w3} Let f:(X,7,&) —(Y,o,¢) beanidentity map. Then fis

&S a homeomorphism but f is not s §C homeomorphism because the subset {w} is 5 g closed in X but f{{w} ={w} is not

¢o gclosedin.
Theorem 4.5

i T 1 (X, 7,8) = (Y, 0,¢) he &5 96 —homeomorphism then &5 9— LT “(B)]= f '[¢5 g—cl(B)] for all B < Y.
Corollary:4.6

Let f: (X , T é’) [N (Y, o, é’) is &S gAC -homeomorphism then &S éi cl[ f(B)]= f[<S 67 cl(B)]
forallB<= X

Theorem 4.7

The composition of two &5 gA] c — homeomorphism is ¢ é c — homeomorphism.
Proof:

Let g:(X,7,. &) —>(Y,o,¢) ad h:(Y,o, &) — (Z,m7.8)be &5 é c — homeomorphism. Let S be acs g open
setin (z,7,¢) .Since his a§5€] -irresolute,
h=*({S})is o 6 opensetin (v, o, ¢).Since gisa o E] -irresolute and bijective map,
g i(h{s})is §O é open setin (X,z,¢).Thatis (hog) (V) =g (h{v})is¢o gA; open in (X,7,4) .This implies
that ho g is £O é -irresolute. Let T be a(éé open set in (X, z,¢) .Since g s ;56 -irresolute, (g7) 7 (T) is o é
open in (v, o, ). Thatis g (T) is ;56 open in (Y,o, &) .Since h™is &5 g -irresolute, (h*)*(f(T)) is &5 é open
in (z,7,¢) Thatis h(g(T)) is §o a open in (z,#,¢) . Therefore (ho g)(T) is (56 open in (Z,7,<) .This implies that

((heg) )y *(T) IS ¢ g open in (Z,7,¢).Thus the mapping (hog)™*:(Z.7.&) —> (X, z,&) 1S GO g -irresolute.
Hence the composition of map ho g isacs g c — homeomorphism.
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