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Abstract: The Herglotz space wave functions in R? wher is consist of all the solutions to the Helmholtz equation of Fourier's
transform in R? analysis of the scale of support in a circle with a density L2(S1). This space has the construction of a Hilbert space
while reproducing the kernel. In this article we study the Toeplitz operators with some nonnegative and limited radial symbols,
which are compact Toeplitz operator of compressed and his belonging to Schatten classes s, ..
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Introduction:

Theory of the Toepliz operators in the Bergmann spaces of the homogeneous functions it have played many important role in the
operators of the theory of complex analysis for many years. We can answer natural questions such as those that describe to us a
characterization of symbols that show compact Toeplitz operators or that are limited to different values, but the Toepliz operators
in Bergmann spaces for Halomorphic functions and as in the spaces of harmonic functions and kernel creation. ( [1] and [2],[3].[4]

We needed from this paper to study those toeplitz operators by the spaces of all Herglotz wave functions in R?,The Herglotz
wave function in R™ which are solutions to the Helmutz equation.
Au+u=0 Q)
From R™ it can be represented by Fourier transform in R™ and the measure @dy, where @ € L2(S™ 1) and A is the Lebesgue
measure in S™. And from the Herglotz wave function write as

u(x) = [n e*00(w)dA(w) )

It has been given a number of descriptions of the Herglotz wave functions, ([5],[6],[7]). Such as the necessary and sufficient
conditions the Herglotz wave functions, which is

1

im (5 ealu@OPdx)” < oo @

Referring to W2 in relation to the Herglotz space functions in R™.
Through the intrinsic relationship of the harmonic analysis, we find that the functions of Herglotz waves have a role in the acoustic
dispersion of nonheterogeneous obstacles and media in that some of the Herglotz wavelength functions determine whether some
patterns of the far field are dense in L2 (S™1). [8], which leads to dispersal of elastic waves [9], We can say that the whole function
u is a solution to the equation of the Helmholtz in R™. The space W2 from equation (3) is the Hilbert space and the map in (2) is
called the expansion operator, it gives the similarity isomorphism L2(S™"1) onto W2,

Through the dimensions n = 2 in [10] that is the extension operator @ — @d#, That is an isomorphism from L2(S') to space
represents the complete solution to u of the Helmholtz equation which is given by

ull? = [ (@I + [85uC)|?) W (x)dx, (4)

If W(X) = 1+|1—x|3

Helmholtz equation (3) is equivalent to (4) and thus provides us with a new characterization of the functions of the Herglotz wave
in R2, and we find that the space of all entire functions as in u, is |Ju|| < oo.

1
dou = V.’lcx—l.xl = (—x,,%,) and d@ is to be Lebesgue measure on S* [11]. So from the set of solutions of the

From all this we confirm that the result is in [1], which means that W?2 is in R2.

From the W?2 elements such as the Newmann series can be expanded

u(x) = ez anfn (r)e™ ®)
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when x = re'® = r(cos@ + isin@) and ¥,,cz|a,|? < o, that where J,,(r) is the Bessel function to order n € Z , [6].
If we consider the W2 space associated with the Hilbert space of L?(S1) as space taking into account the kernel output mentioned
in [10,11].
When w(r) = 1:T3 for r > 0, if H? it contains space that consists of all distributions u € D'(R?\{0}) such that u,g—u € L2(w),
2]

then can write L2(w) for L2(R?\{0}, Wdx) .

H? That | mentioned in the base ||. || in (4) is a Hilbert space and W2 it is that element space u € H? who extends R? and extends
Helmholtz equation.

If e W2, then

2 2
llully, 2~ Znezlan|2~||®||L2(31)l

when @ =¥, c;a,e™ and u = @d6 .
Denote F,(re'®) = J,(r)e™, then {e, },cz With e, = F,/||F,l,y2 It is the orthogonal basis to W2 Let B, = ||, Iz, in [6].

B = J, * + DR Mwdr~ [ (* + DJE () G ~1. ©)

we can take P:H? - W?

is orthogonal projection. A reproducing kernel to W?2 it is a closed subspace of H? is, K(x,y) = Y ezen (X)e,(y) =
in(6-¢) . .
ez W, when x = re'® and y = Se®. The kernel K (x, y) is real and,

Pu() = (K@, Dz = foo (KGoy)u®) + 9,K (6, 7)9,u() ) W ()dy.

I that [|K Cx, )I12,2 = 3, 229 1, hence , [11].

2=
w B2

Tne)a() =1 ()

From studying the Topolitz operators in W?2 for nonnegative radial symbols, p;, the Topolitz operators previously mentioned by
Ty, and previously mentioned in the classic holorporphic numbers can be defined as
Tp]. (w) = P(pju).
We can study the continuity of Toeplitz operators is function p; defined on [0, ) is a Carleson symbol if that, w? - sz,- it
be continuous if Wpi. is to be defined by replacing the measure as W (x)dx when p;(x)W (x)dx, at definition of W2
We can prove the a nonnegative p; € L([0, ), w(T)), the Toeplitrz operator Tp]. is bounded in W2 if p; is a Carleson symbol this
is also the boundary of the sequence,
@+ [ ROp0w)dr} .
We find that in [12] of weights adapted to Helmholtz equations, we want to replace the Basel functions in the above
characterization and they hide the geometric meaning of the Carlison symbols, the main result gives a sufficient condition in the

integration of symbols that relate to a group of one-parameter with logical weights that do not involve special functions.
Definition 1. We can Given a radial function p; = p;(|x| = 0) and Q = R2\{0}, the Toeplitz operator can be defined with

T, u(x) = P(p;u) () = [ (KGo, 1)) + 9, K (6, )9,u() ) p; 1y DW (3)dly,
that u is the linear of span of {e,},cz.
It can be seen that all symbol p; € L (0, o), from the definition of abounded Toeplitz operator on W?, Also T is to be a multiplier

acting on W2
ij (Z anen) = Z YnGnén
where
2
Yn=V-n= ZH(Z%H) n (8)
and
An = fgwfgj(r)pj(T)W(r)dr. o)

This can be seen in a note for x = re’® = r(cos@ + isinf

m © (2 n n in(6-¢) m ime
Tp]. (;—m) x) = fo fon(zn/ ™)J (;); )1 (;3:1 d(ppj (s)w(s)ds

0 2 Jn(M) Jn(s)eE-®) Tm(s)eim?
A O ey e L G e LIOIOLE
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= (P [ Ao (ws)ds) 22 () = i 22 ().

And that also follows T is limited if and only if {y,,},, is limited
It follows immediately that Ty, is bounded if and only if {y, },, is bounded, that is, provided in

Iy BT, (r)w(r)dr <—— (10)
And in particular by (7) we can have that p; € LY ([0,00), w(r)) if ij is bounded. But the converse is not true from Remark 9.
Definition 2. it call p; a Carleson symbol if it

fz (lu(x)l2 + |6¢,u(x)|2)pj(x)W(x)dx < sz (lu(x)l2 + |6¢,u(x)|2) W (x)dx
R R
that any u € W2, that can be, if the identity, W? - sz,-

is acontinuous, when W2 where defined by replacing the measure W (x)dx by p;(x)W (x)dx by definition of W2,
1/2
Pj

From operator notice T / it can be a densely defined if, T, /Zu =2nYp

Ifu=Y,czane, is the Imear of span of {e,, }nez-
Such that u,

iy = fie (luCOP + [9uCol”) o, COW G)dx
= fwfzn |Z M| dow(s)p;(x)ds + foo fzn | dow(s)p;(x)ds

- an Zn(n + 1)MW(S)pJ(X)dS - ZnZnyn Il;nZl =C ||T1/2 | w2

aneTU

anm]n(s)e ne

Proposition3. From the followmg equivalence statements:
1- p; this is a Carleson symbol,
2- Tp]. this is bounded.
In order for us to complete, we must have an estimate for the Basel functions, as these estimates can be summarized in the following
elements.
Lemma4. Letu >0, g > land a > 1, If there is a constant € and it depends on 1 + ¢ and a, like that

1“5‘%2’" 1210-59) < fu”|]”(r)| “dr < Cu%‘%zy;{} /(1)

when ,u§~2M .

Lemmab5. If u = 1/2, if there exists a universal constant A > 0, then:
1-forr = u + u'/3, it have,

1 cosO(u,r)

Ju) =

=+ h(u, 1), (11)
and

2 22 H_ T
O(u,r) = (r*—us): —parcos——- 12)
also

A( - l) ifu+ut?<r<2u
Ih(ur)l <4 \e2-p2a 7

é if r=2u.
2- p Bl M|~Aifp — P <r <p+p'd

3- if We choose a constant ao independent of , 0 < a, < 1/2, represent this t, we can defined it by equation u when

(13)

ay = 1 — tou'/?, such as = ,u2/3 <t, < aiu??
where
(@) forusecha =pu—tu*?and1 <t <t, we have
e—,u(a—tanha)
|]M('u sec ha)l <A ul/3e1/4 7

(b)for1 < psucha <pu o < fesuch a, we have
e —u(a—tanh a)

|]M(,usecha)| <A 7

4- Forr = 2u
Ju () z\g(cos(r_iz&_f)+0(f))

that is auniformly in p.

Proof: In part 1 of Lemma (5) we get it from using fixed methods in [13,14] and part 2 and 4 its proved in [15] and part 3 in [16].
Lemma6. If 1 < r < u— u'/3, then: @(r) = a(r) — tanh a(r), when a(r) given by the equation usecha(r) = r. Such as

I (o

1- @ is to be a decreasing function with @' (r) = o

2- @(usechay) = By > 0,
3-0(1) <log(2u) — —”Z_l
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Theorem?. Let p; is nonnegative function L([0, ), w(r)dr) so for each p, > 0,

sup fﬂ TG p;(Mw(r)dr < co. (14)

U>po
Which means p; it is called a Carleson symbol in (14) takes replacing p, if its takes a positive number.
The above condition is almost necessary, as was mentioned in Remark12 and Proposition13. Where the proposals is proved in
Carlson symbols p; from the integrals mentioned in (8) for the sake of u have been proven and it reflects the weakness of theorem7
and this is an open question that can change the record in proposition13.
In order to prove that theorems we can use sharp asymptotics of the Bessel functions J,,, With the control on the dependence in the
parameter u, contained in Lemmas (5,6,7).
We can study the compactness of the Toeplitz operators. A compactness of ij that is that is equivalent to corresponding pressures
that include W2 - sz,- for the determining that change of the type of Prizin specialized to study of factors belonging to the Schatten
of that types of classes s, .. That can be using a Berezin transform, we can characterize all the Hilbert-Schmidt and Trace Class
Teeplitz operators.
From this paper p; will can fined a nannegative radial function. It can write A~B for two nonnegative quantities 4, B, that is positive
constants C;, C, when as C;,A < B < C,A . Such as C it denote a positive constsnt for any change in each occurrence.
Proof: From conditions in equation (14) is a independent of u, can provided p; € L'([0,00),w(r)dr). Let p; €
L([0, ), w(r)dr) satisfying in equation(14). Define by

_ 2
H(rl ‘Ll) - ”2/3+T1/2|T:#|1/2'

We can have H(r,u)~H(r,u), when

~ ,114/3 re [# - l~l1/3:l~l e #1/3]

H(r,p) = u?

ul/2(r-p1/2
and uniformly for r > p — /3 and u > p,.
Notce it from equation (14) it follows that there exists u; > 0 such as

sup [” 10 H(r, 1) py(w(r)dr < o,

H>pq
In the fact if we put u, largere enough then u — u/3 <r < uwhen u > p;, we have yu — u*/3~r~u . Then so

H(r,p) = u*® < CH(r,u — pu*’?)

r>p+pt3

and
sup [ s H(r, 1) py (w(r)dr <
u>pq
C sup f ui/3 H(T,#_Hl/S)pj(T')W(T)dT < oo

This is together with (14) implies that
pj(r)
Sup,u f +#1/3WW(T)(17' < oo
and

ppt/

Sup“4/3f /3 ,01(7") w(r)dr < c. (15)

u=0 #=
Now we can prove the sequence {y;,},, when corresponding to p; is bounding. the end of this we decompose for n > 1

o) h 1/3 + o
T2 Do oW dr = [ [T [ 2t S =B
any integration can be estimated according from Lemma6
That can be [/.(")] < C/m, wher 7 € [0,nsechao), like
dh < Lfooo pjw(r)dr < L,

n? n?
Into J3, that can be Un(M1~n""? jn [n = n'/3], there
+
o < [P0 piryw(r)dr < €
n2/3 nZ

C
To consider Ja, we can know that Un (M| < S7a—s7 if 7 € [+ n'/3,2n] this means that Js < <.
TLZ

-1/2

For Js, that can be |/, ()| < €72 then

© 5 dr o r1/2(r n)1/2 dr pj(r) dr
fz.n]n (T),Dj(r) 2 < fnrrl/z(r n)1/2 p}'(r) 2 < onrl/z(r n)1/2 2 < Lz
n

In the end we estimate J2, we split it [nsechag,n —n'/3] _ UM, with
J

I ={r_n—snt%2 <s<2+}and M= [log,(1 — sech ag)n®/?] for each I;
. =

e—n(a(r)—tanh(r))
V(M| < s

Whenr = nsecha
then:

p;r)= < _c__
Z] f ]n( )p]( ) r2 Z} 21/2n2/3 Z] 2j/2€12/3 sup,_ )
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The idea is simply
Y@) =p—u'and o) = p+u'? (16)

The function @ " is exists in [0, oo[- Put & such as ¢(Mj) =n—2/*'n*3 \We can have (#j)~ﬂj~n .
g, W =5, S war

r/2(r—g ()" 2(p(ug) 1)
</, %p](r)w(r)dr + flj %pj(r)w(r)dr =Ly + 1Ly,

< (2i/2p2/3 _ A < (2i/2p2/3-2
L, <C2//%n f¢(#j)r1/2(r_uj)1/2W(r)dr_Cz n ,

however (fp(ﬂj) - Mj)l/z”li/6 this means

L, < Cn?/3-2
in the last from Lemma7 the sup e~2n(@(M-tanha®) < gxp(—22//3) then
I
—2n(a(r)—tanha(r)) < <

n2

c
J2 <53 supe
I

Example8. Each function p; € L1([0, 00), w(r)dr) like p;(r) = is constant if r > 7, is the a Carleson symbol as u > 7,
0 ~ 00 ~ d = da
[ G p(Iwdr < [T AW G < C (P +2f7 L =) < €,
when H is defined in the proof of Theorem7. Speciallyat,
1
p]'('f') = m){(a’m)(r) ,a > 0,0<ax<1

is a Carleson symbol which boundless.
In effect,

1
pj(r) < oy X (@a+1) () + X(a+1,00 ().
Remarka9.
1-Put p; > 0 so that the sequence 4, is defined as
Ay = inf{pj(r):r € [g,yn]},
such as y > 1 is boundless. Then p; is not define it a Carleson symbol. When as

n? [ J2p;w@mdr 2 n? [ ) pyrIw@dr ~A, [1) JR(r)dr ~Ay
hence the Lemma5 f;’; J2(r)dr such that a constant
And in the particular, a Carleson measure p; is not satisfy a condition such as

. pj(n)
lim === > 0.
r—oo logr

2- we noticed that if p; like

{fnzn p]T(T) dr}nEN

which boundless sequence, such p; that is not a Carleson symbol. Indeed that by Leama6, if r > 2(n + 1) then

e R e MR G

n? f0°° (1[22](7,) +][22]+1(r)) p;Mw(r)dr = n? fnz" <][2;_1](r) +][2n] (r)) p;()w(r)dr ~ J‘Zn p;r(r) dr

3- The definition of the Toeplitz operators can be extended by using radial symbols in the location function p; of the positive
Basel standard v in [0, o) that allows as

T = [ (K yuw) +0,K(63)0,u()) ws)dv(s)dg
R2

Hance

Then immediately, if v = §, we have this T,, is the diagonal operator diag(y,,) which is basical related {e,,} with W2 and y,, =
2"(11;2’” )]n( Yw(a). Then ||Ts,, || uniformly limited a > a, > 0 in equation (30).

Examplel0. By studying these examples and believing that the Carlson symbols are not too big for the values in r. The
following example shows the opposite. Thus, it is difficult to know that p; defines the Carlson symbols by

pi(r) = Xjla——=xM;(r),
(-2}
when M; = (21 125,20 + 21 )
We review the following suggestions on the importance of the condition (8).
Proposition1l. Let p; be a Carlesson symbol, where (15) holds

2 [ Pj(r)
Zﬂ—rl/z(r_ml/zw(r)dr <C,

where u > .

(17)

0!
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Proof: Put p; to be a Carleson symbol. hence mentioned, for > 2(n + 1) we have

2 1
)+ S~ 2(1+0(5))
Then
oo Pj('f') ]Z(r)+]Z+1(T)
fZ(n+1)r_3 r=<C fz(n+1)nr—2n
This is proves that

0 pj(r) c
f2u 13 dr <_2

C
Pj(’”) dr < C(an + an+1) < nZ

So

o pj(r) o pj(r)
e z;zr—l/Z(;—#)l/z w(r)dr < p? fzu_]ﬁ dr<C
and (17) holds.

If n € N, then by Lemma 6 can find
[, oy wr)dr ~n? [ 2 py (rw () dr < o

n-—

if  big, proving equation (15) at that case. Let © =n + a wheren € Nand 0 < @ < 1. Put ¢ (x) and () in equation (16). Then
equation (15) which comes from the previous state from that time
[, o] c [Ym), oMU [P+ 1),en + D). (18)

Remark12. To note from the Proposition11 and assuming that p; satisfies that

1 f2u pj(r)
EB;P ut/2 f#+#1/3 (r-w)1/2 dr <G, (19)

so p; is a Carleson symbol if and only if (8) its holds.
So, quite simply, we find the radial functions p; such that

sgp%f;”b pj(r)dr < C (20)

then
Q={pabu=p,u+p® <a<2u,p®<b<pu}
with u, > 0 and C is absolute constant makes in (19).
And especially if it is a fixed b > 0
sup%f;w p;(r)dr < o, (21)
a>1

then p; satisfies in (20).
Here we can study the question of how far condition (19) then to be (8) it to being nessary for p; its a Carleson symbol. We can
prove the following result that
LIZ/.L Pj(r)
ul/2 u+ul/3 (r—w)1/2
that its an order log u if p; is a Carleson symsboll.
Lemmal3. Let y, and M € N and this 2¥=1 < 2y < 2M,
([l + 2‘111/3,2‘11) c Uy=_11[,u. + 2jH1/3’M + 2j+1M1/3]_
Suchthatr € (u+ 2/u/3, u + 2f’r1 1/3) and j € {1,2, ..., M — 1} it can have

2
Z<lown-o(u+tzzr)| <22 (22)
Therefore
2
cos 22 <COS|9([1,T)— (y+2]/2, )| < cos % (23)
Proof : We put f(¢) = 0(t,r) = (r? — t)z —tcos™ 1;—% T >t
such that f(t) = — s‘lf
Ifthat r € (u+ 2/p/3, u + 27+1u1/3) and some of t € (u,u + ]/2) then
1/3
1/3 U+ == 1/3 1/3 t 1/3
R os-1 212 _ Lo | DY 1o H 1 K
272 ¥ = |9(“' r-0 <“ tog T )| T 55z 08 S 577z €08 Wt 2y
4. _ (1 1
Then cos™ x = [ e
then we have
1/3 1/3 (1 1/3 1/2
1 LM I (2172 I .
5772 €08 ,u+21'+1us21'/2f u (1—-t*) dt<22]/2 1 H7+2j+1# < 2V2
ut2Jty
/3 pl+-L
-1 j/2 2
In a similar way WCOS u+22f/2u NG
Proposition14. Assume that p; its a Carleson symbol, so there is p, then
2u P](T)
oy K T0gh 1/2109# Juwwrn - o dr =G, (24)

there is C is the a universal constant.
When we need to prove the propostion14, requires a sharp study of the function 6 (u, ) in lemmal3, when a control to the zeros of
Bessel functions in the transition interval [y + ut/3, 2,u]. More clearly, we can use the fact of that

JETIR2008345 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | 325


http://www.jetir.org/

© 2020 JETIR August 2020, Volume 7, Issue 8 www.jetir.org (ISSN-2349-5162)

2

C

U@+ as®| 2—r,
*o7 (r? —u?)2

When 7€ (p+ 2/p23, u+ 27 1u13) ,j € {1,2,...,M — 1}, and 2M~p?/3
Proof: Let u, > 3 and j, € N satisfy that

16A210gu0 SAZ] 11- Cosfg
Ho - 4m
8A2 1 1—cosﬁ
RN
; ogy
¢) Ja< —1000
when A is a constant in (14).
That it is enough to prove that
pr2Myl3 pir)
sup f pt2JAp1/3 mdr < ClOg‘Ll., (25)
In the correct number M from lemmal4.
Whether p; is a Carleson symbol it is a complete

a) max [

2

+2M,1/3 +2j+1 1/3
Jrtsianas @I o ydr + BG4 I s @ py (dr < €. M~Clog (26)
2]/2
In other words it can by using
la+bJ2 = ~|al? — |b]?
We can fine
2
+2My1/3 2J+1y1/3
:+21A”1/3|]u(r)| P;(T)dr+21 =jA :_,_21#1/3 ]# 1/3(7‘) P}(T)dr
2]/2

pt+2Mpt/3 2 /3 pj(™)
1 JAf +2/u1/3 (COS O(u,1) + cos®d (‘u t o 202" ))(r u2)1/2 dr
w+2M /3 put2i+1,1/3
_f+2jAu1/3|h(ll'7”)|2Pj(T)dT Z] =jA u+2Jipt/3

u
2
" h(,u+ 2]/z,r)| p;(r)dr.
From the Lemma6 we can assume that in paragraph (b) above, then

u+2 ut 2 2 4 u+2M 1/3 1 ,Dj(T) 2A2 u+2Mu /3
w24 1/3|h(,u,r)| PJ(T)dT < 24%u f+2]A 13 72_,2)3 (rz_uz)uz fu+2]A 1/3 P](T)dr
2 4aM—1 pu+2IFIu3 1 pj(r) 2A pt+2Mpis3
< 24 u Z] =ja fﬂ+2]ﬂ1/3 (T+#)3(r—ﬂ)3 (rz_”Z)l/z lH'ZJA 1/3 p](T)dT'
2eM—1 1 p+20*u13 0 pir) 84% u+2Mu3 pj()
=24 ZJ':J'A 231f +2/ul/3 G2_p2)i/z dr + " fu+2fAu% (r2—p2)i/2 dr
/.L+2M 1/3 p](r) u+2M”1/3 p]-(r) 11- cos‘/_ 2M#1/3 pj(T)
< 231A u+2JApu1/3 (r2—p2)1/2 + u I»¢+2}AI¢1/3 (r2—p2)1/2 dr < Z 41 u+2jA#1/3 (r2—p2)1/2 dr. (27)
In the same way it can be prove
1 2 2 1
+2J+1,1/3 3 1 1-cos = +2M 3 (1)
S T R (w+ )| i dr < s —E [ Ay (28)
u+2/pu3 22 4 4rm u+2J4u3 (r?-u?)

From the Lemmal4
ul/3

cosZG(,u,r)+coszt9(,u+2]/2, )=1+cos(|9(u,r)— (,u+2j/2, )D cos(|9(u,r)+9(,u+ 7 )|)21—cos %.
Then

p+2J*t pj(r) 1- COS( u+2Mul/3  pi(r)
2= ]Af +2]ﬂ1/3 (COS 0(u, 1) + cos?6 (u +— 2]/2, )) (rz_luz)l/z dr = b2iAy1/3 (T’Wdr.
From that and equations (26), (27) follows it (25).
then by Proposition 11 and Proposition 13 we can obtain
Remark15. Let p; be a Carlesson symbol, hence
5 1 I
; dr + — ; dr; < oo.
v W G — i OV O o J W G e IO < e

(u—00)—(u+u/3,2u) (n+ul/32y)
We remmber that any Toeplitz operator Ty, its a diagonal operator {y,,},,ez With y,, where in (9) when respect to the basis {e,,} is

defined that. Then T, ; is a compact if and only if limy, = 0. For the estimate in [15].
n
r2
|]ﬂ (r) | W e 4 )
We can see that any function p; € L'([0, ), w(r)dr) with the bounded support defines a compact Toeplitz operator. and with
there are a compact Toeplitz operators where is symbols have not bounded support where is in Proposition 21.
Proposition16. When Tp], € L1([0,0), w(r)dr). Where Tp]. is a compact in W2 implying W? - sz is compact.

Proof : From the sufficiency, we can discuss by contradiction. Let as W? — WTZP‘ is compact. When ij is not compact there are
J

a subsequence {ynk}keZ such as {ynk}keZ > ¢ for any £ > 0. Wich a corresponding sequence {enk}kez it will have approximate
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equivalence in W7 . This is impossible since {enk}kezis orthogonal in W7 and ”enk”W =¥, = &. Hence {y,, }ez IS converges
J

Pj
to 0.

We assume that y,, — 0. Put {u,, },,cz is can a bouunded sequence in W?2. We can see that easily
Up = Ykez Onk€k
R 2 R . . R .
from the convergence in W2. Then sup Zkez|an,k| < oo, from this there is an incremental chain {l,,},,cz in N and a sequence of
nez

the complex numbers {a; }xez such that 711_1)210 ay,, = ax forany k € Z. From Lemma Fatou’s we can Yrezlak]? < oo and if we put
u =Y, a.e, € W2, we can have that
2
“uln - u“Wz = ZkEZyk|an,k - ak|
Pj

is converges to 0, gives proof of the inclusion W? — szj is a compact.
To characterize the Hilbert- Smidt and Trace Class Toeplitz operators we define a Berezin type transform for the Toeplitz operators
onw?2,
Put

R, = W(Zne%(n +1)Y2F (x)en(x))
we can see there positive constant such that

¢ < |IRelly2 < C, (29)
forany x € R2. Actually, from (6) we have

D+ DIE@PE =) (0% + DJEE) = Y Ji@) = Y nE0) = 1+ ) n3()

i nez i nezZ nez n+0 n+0
By the summation formula in [15]

Jo(lx — yI) = YnezJn (1) Jn(s)e™@=),
x =re? y=se® we havegotx Yy
6-p) _ _ ]1(|X ) J2(lx=y) 182
Tz () ($)emO P = Ty (lx = yl) = LIy g BEID (12
It can follows Y,,.on%JZ(r) =r2J;(0) = r?/2, and
ez + DJE)~A +717), (30)
From (29) above.
Definition17. In order to get the a symbol p; € L1([0, 00), w(r)dr) we can define the transform of Berezin
Bpj(r) 1412 (Znel(n + 1)yn]n(r))
We can notice that for any x € R? hence
Bp;(r) = (T,;Rx. Ry.).
Rremark18.
a) Assuming that p; is the Carlson symbol, so the Berezin transform Bp; is limited.
b) Assuming that ij is the compact operator, so lim Bp;(r) = 0.
Tr—00

Proof: In actuality Assuming that Tp]. is a bounded operator, then from (29) then can have (Tp].Rx, Rx) is bounded in R? that
meens (a). Assuming that ij is the compact, then can have (y,,) is converges to 0. If given & > 0, then from (30)

> 0%+ DR R0 | S| DL @2 D) < ce

In|>M In|>M

1+r2

if the M large enough. Then

lim supBp;(r) = lim sup (Z + Z ) (@ + Dy Ji(r) | < Ce
In|lsM  |n|>M
Thus 1!1_{1;10 Bp;(r) = 0.

Now we can study the Toeplitz operators where is belonging to the Schatten classes s; .. Remember that the bounded operator
T in a Hilbert space is belongs to the Schatten class s, , . if Tr|T|P < oo, where TrA stands for the trace of the operator A and |T| =
VT*T in [17]. Since T, is a diagonal operator with respect to the basis {e,,},,cz, We can have T, ., € s,,. if and only if {y,} €
€7 (Z). In this case | Tyiells,,, = 1¥ally,,-

Then from the trace class s; and the Hilbert-Schmidt operators s, we can have the following theorems.
Theorem19. InThe following statements are is equivalent:

a) Tiy4e €54

b) p; € L'((1 + r>)w(r)dr)

c) Bp; € L*((1 + rH)w(r)dr)

and the quant|t|es ||T1+e||sl' ”p} ||L1 (1+r2)w(r)dr ” Pj ||L1 (1+r2)w(r)dr)

are the comparable.
Proof : From (30) we have been

>y~ w4 f oy REIWr)dr = f P OREOWEIr Y @ + DRI~ f P + W)
the prog?Zof equglezon (a) and (b) From another side. "
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[ee]

PR DR f (0 + DEOWEIdr = [ Boy(RA + 2w

nez nez 0 0
where the equivalence of (a) and (c) follows.

Theorem?20. Let Ty, € s, if and only if p;Bp; € L*((1 + r*)w(r)dr), moreover ||Ty..l|s, and ||ijp]||1/2

Lt (1+r2)w(r)dr) are the
comparable quantities.

Proof: Then we have

PR ACRE f P RWIdr = f D 1 + DI (PIwr)dr~ f 0B, )1 +rw(r)dr
nez nez 0 nNEZ
This is completes the proof
In general, we have the next part.
Proposition21. Let € = 1. Then

a) If pj € L**¥((1 + r>)w(r)dr), then Ty, € s, then

||T1+‘s”sl+E < C1+g”pj||L1+£((1+r2)w(r)dr)' (31)
b) If Tyye € s34, then Bp; € LY*¢((1 + r¥)w(r)dr) then
1801l e rar2pwirrar) < CMTasellsse (32)

Proof: When
S E@w@dr ~(n? + 1)

we have by jensen's inequality and estimate in (30) that
1+e

o) 1+¢ o)
(JEEwW(dr @R rw(r)dr
Zym < CZ (n? + 1)f p,MEMwmdr | < CZ(fo Py < CZfo Rl

~ ~ o\ [ R@OwE)dr & [T JRw)dr

<c fo Tnez(? + DR w@dr < € [ p, (@) (A + rH)w(r)dr,

Its prove (31).

By (30) we have by jensen's inequality again that

B1*2p;(r) < == (Znexva* (n? + DJA()).

Then to integrating this inequality with respect to (1 + r2)w(r)dr we get (32).

We notice that the Berezin transform Bp; is an integral operator on [0, o) is proofed with the measure (1 + 2w (r)dr with
given by

Bpi(r) = [, M(r,s) p;j(s)(1 + s*)w(s)ds
where M(r, s) its to be the symmetric kernel
2 1
M(s) = g S D )29

Corollary22. The Berezin transform BpJ is to be a bounded integral operator on L1+£((1 + rz)w(r)dr) forl<e < oo,
Proof : Since M is symmetric, that is enough to prove the statement for £ € [0,1]. For £ = 0, this is part of Theorem 19. Now we
prove it for ¢ = 1. In [18].

When p; € LZ((l +r2)w(r)dr), then ij € s, by Proposition 21. If (y,) is the sequence corresponding to T]., then by
Proposition21 and Theorem20, we can have

2 [e9)
||Bpj||L2((1+r2)w(r)dr) = ZnEZ Yr% < Crye fO pj(T)Bpj(T)(l + TZ)W(r)dT < ”‘Dj||L2((1+r2)w(r)dr)||Bpj”L2((1+r2)w(r)dr) :

It can follows that

||Bpj||L2((1+r2)w(r)dr) s Cl"'g||pj||L2((1+r2)w(r)dr)'
In the end, we reach the result € € [0,1] by the inter interpolation.
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