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Abstract. The aim of this paper is to establish fixed point results for the collection of sequence of

mappings by using the concept of weakly compatibility and continuity in complex valued metric
space. Our results generalize the results proved earlier by [4].

1. Introduction

In 2011, Azam et al. [1] introduce the notion of of new space called complex valued metric
space and establishes existence of fixed point theorems under the contraction condition.

Theorem 1.1. ([1]). Let (X,d) be a complete complex valued metric space and S,T : X = X, If Sand T
satisfy
pd(x, Sx)d(y, Ty)

14 d(r.y) (1.1)

for all xy € X, where A,u are nonnegative reals with A + pu < 1. Then S and T have a common fixed point.

d{Sx, Ty) < M, y) 4

In 2012, Rouzkard and Imdad [8] established some common fixed point theorems satisfying
certain rational expressions in Complex valued metric space.

Theorem 1.2. ([8]). If S and T are self mappings defined on a complex valued metric space (X,d)
satisfying the condition

pd(x, Sx)d(y, Ty) + vdly, Sx)d{x, Ty)
1+ dizx. y) (1.2)

for all x,y € X, where A,u,y are nonnegative reals with A + pu +y < 1. Then S and T have a unique common
fixed point.

d(Sz, Ty) = Ad(x, y) +

Later on Sintunavarat W. and Kumam P. [9] extend and improve the condition of
contraction of theorem (1.1) from the constant of contraction to some control functions and
establish the common fixed point theorems which are more general than the result of [1] and
also give the results for weakly compatible mappings in complex valued metric spaces.
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Theorem 1.3. ([1]). Let (X,d) be a complete complex valued metric space and
S,T:X— X if there exists a mappings A,Z : X — [0,1)
(1) A(Sx) < A(x) and E(Sx) < E(x);
(2) A(Tx) < A(x) and E(Tx) < E(x);
B) (A+E)X) <1;
d( Sz, Ty) < Alx)d(x,y) 4 =(z)d(x, b;r}r“:'f’r' 1Y)
1+ d{zx, y) (1.3)

for all xy € X, where A,u are nonnegative reals with A + p < 1. Then S and T have a common fixed point.

In 2014 Hakwadiya et.al. [4], Proved common fixed point theorems for six self mappings as
follows

Theorem 1.4. Let (X,d) be a complex valued metric space and A,B,D,M,S and T be six self mappings in
X satisfying the condition:

(1) S(X) € BD(X) and T(X) c AM(X);

(2) (AM,S) and (BD,T) are commuting pairs;

(3) The pair (AM,S) and (BD,T) are weakly compatible;
(4) Foreachxy € Xandx 6=y,;

(i): If d(Ty,AMx)+d(Sx,BDy)+d(BDy,AMx) = 0. then d(Sx,Ty) =

0;
(ii): If d(Ty,AMx) + d(Sx,BDy) + d(BDy,AMx) 6= 0 than following
identity holds;
d(Sx. Ty) 5 d(AMz, 5} 4 r.i'[B!?Ia;.r]‘jy}ri[_-'LU_f'. Sx)
1 +d(Sx,Ty)

+ Amax{d{AMz, BDy)),d(AMz, Sz),d(BDy, Sx)}
o oy{d(BDy, Ty) + d(Ty, AMx) 4+ d(Sx, BDy)}

" d{Ty, BDy)d(S5r, AMx)
T\ d(Ty, AMx) +d(Sz, BDy) +d(BDy, AMr)

Where a+f3 +2y +n < 1. Then AM,BD,S and T have a unique common fixed point.

2. preliminaries

We recall some basic concept, notion and definition in complex valued metric spaces.

Let Cbe the set of complex numbers and z1,z2 € C. We define a partial order’ ~’ on T as follows:
(A): Two complex number z1,z2 such that 71 = 22 = Re(z) < Re(2)and Im(z1) < Im(z2).

Thuszi = =z if one of the following holds:
(C1): Re(z1) = Re(zz2) and Im(z1) = Im(z2);

(C2): Re(z1) < Re(z2) and Im(z1) = Im(z2);
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(C3): Re(z1) = Re(z2) and Im(z1) < Im(z2); (C4): Re(z1) < Re(z2) and

Im(z1) < Im(z2).

In particular, we will write~! + 721t 21 # 22and one of (C2), (€3), and (C4) is satisfied and we
will write z1 < z2if only (C4) is satisfied.

(B): It follows that,
(1) 0=z 3 22 implies|z| < |z,

(2} 21 % zrand z2 < zzimply z1 < z3; 3] O = 21 = 22 implies |z1] < |22|;

(4)ifab€R 0<a<band = = 2y then @z = b2z forall z1,z2 € C.
Definition 2.1. [1]. Let X be a nonempty set. A mapping d : X x X — C is called a complex valued
metric on X if the following conditions satisfied :

(1) 0=d(xy),forallxy € Xand d(xy) =0if andonlyifx=y;

(2) d(xy) =d(yx) forallxy € X; (3) d(xy) <d(xz) + (zy), forall x,y,z € X.

Then d is called a complex valued metric on X and (X,d) is called a complex valued metric space.
Example 2.2. Let X = C, Define the mapping d: X x X - C by
d(z1,z2) = e7ll|z1- 72|,

where z1,z2 € C. and [ € R Then (X,d) is a complex valued metric space.

Definition 2.3. [9] Let (X,d) be a complete complex valued metric space, {x»} be a sequence in X,

(1) A point x € X is called interior point of a set A € X whenever there exists 0 < r € C such that
B(xr):={y € X|d(xy) <r} € A.

(2) A point x € X is called a limit point of Z whenever for every 0 <r € C{B(x,r) N (A - X)} 6= ¢

(3) Asubset A € Xis called open whenever each element of A is an interior point of A

(4) A subset A € X is called closed whenever each limit point of A belongs to A.

(5) A sub - basis for a Hausdorff topology t on X is a family

Definition 2.4. [9]. Let (X,d) be a complex valued metric space, {x»} be a sequence in X and x € X.

(1) If for every c C, with 0 < c there is N € N such that for all n > N. d(xm,x) < c, then {x»} is said to
convergent, {xn} converges to x and x is the limit point of {x»}. we denote this by limn-cwxn = x.

(2) Iffor every c € C, with 0 < c there is N € N such that for all n > N, d(xn,xn+m) < c, where m € N,
then {x»} is said to be Cauchy sequence.

(3) Ifevery Cauchy sequence in X is convergent, then (X,d) is said to be a complete valued metric
space.

Remark 2.5. (1) If A%is the set of limit points of ‘A and there exist "u’ such that 0 <u <z for each z €

A%thenu =0,

(2)Ifz<Azand0<A<1,thenz=0.

Lemma 2.6. [1] Let (X,d) be a complex valued metric space and {x»} be a sequence in X. Then {xn}
converges to x if and only if |d(x»),x| = 0 as n — oo,

Lemma 2.7. [1] Let (X,d) be a complex valued metric space and let {xn} be a sequence in X. Then {xn}
is a cauchy sequence if and only if |d(xnXn+m)| = 0 as n — oo, where m,n € N
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Definition 2.8. [1] Let s and T be self mappings of a nonempty set X

(1) A point x € X is said to be a fixed point of T if Tx = x.

(2) A point x € X is said to be a coincidence point of S an T if Sx = Tx and we shall called w = Sx =
Tx that a point of coincidence of S and T.

(3) A point x € X is said to be a common fixed point of S and T if x = Sx = Tx.

In 1976, Jungck [5] introduced concept of common mappings as follows:

Definition 2.9. Let X be a non-empty set. The mappings S and T are commuting if TSx = STx, for allx
€ X.

In 1986, [5] introduced the more generalized commuting mappings in metric spaces, called
compatible mappings., which also are more general than the concept of weakly commuting
mappings as follows:

Definition 2.10. Let S and T be mappings from a metric space (X,d) into itself.
The mappings S and T are said to be compatible if

Iimnamd(STXn, TSXn) =0

whenever {x»} is a sequence in X such that limn-cwSxn = limn-«Txn = z for some z € X.

Remark 2.11. In general, commuting mappings are weakly commuting and weakly commuting
mappings are compatible, but the converse are not necessarily true and some examples can be
found in [5].

Example 2.12. Let X = [0,2] with usual metric d where d(x,y) = |x - y| for all x and y in X. We define
" T(x) and S(x) as follows if x € [0,1)
2, ifx€e[1,2]
- { 4 H le [011)
S

2, ifxe[L2]
by choosing®s =1 = . thend#» =1 wandSt: =11 |

one can easily show the commuting mappings are weakly commuting and weakly commuting
mappings are compatible, but the converse are not necessarily true.

In 1996, Jungck introduced the concept of weakly compatible mappings as follows:

Definition 2.13. Let Sand T be self mappings of a non empty set X. The mappings S and T are weakly
compatible if STx = TSx whenever Sx = Tx.

We can see an example to show that there exist weakly compatible mappings which are not
compatible mappings in Djoudi and Nisse.
The following lemma proved by Haghi et al. is useful for our main results:

Example 2.14. Let X = [2,20] with usual metric d where d(x,y) = |x — y| for all x and y in X.We define
T(x) and S(x) as follows
_— f_-}. ., fx=[01)if2zxs5
x-3, ifx>5
S — { 2, if x€2U(5,20]
o 8, if x € (2.5

by choosing*w = Sl l forall n = 1. The map S and T are compatible maps.
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Lemma 2.15. Let X be a nonempty set and T : X = X be a function. Then there exists a subset E € X
such that T(E) = T(X) and T : E = X is one to one.

Definition 2.16. Let f*: X - X, where n = 1,2,3... be a sequence of mapping in topological space X. A
point x € X is said to be a fixed point of the sequence 1./" }i=- il /" converges to x as n — oo.

If fr= f for every n, for some fixed f, then a point is a fixed point of the sequence{ J"HZ, when
and only when it is a fixed point of the mapping f. Also if f? converges to f point wise, then a point is
a fixed point of the sequence'{j'h Foz, when and only when it is a fixed point of the mapping f.

3. Main results

Theorem 3.1. Let (X,d) be a complex valued metric space and S, T be the self mappings and P" and R
be the collection of self mappings in X, such that for all x,y € X.

(1) S(X) € R(X) and T(X) c P(X);
(2) (PnS) and (R"T) are commuting pairs;
(3) The pair (P~S) and (R"T) are compatible;

(4) Foreachxy Xandx6=y,;
(): If d(Ty,Prx)+d(Sx,R"y)+d(R"y,Px) = 0. then d(Sx,Ty) = O;

(ii): If d(Ty, Px)+d(Sx,Ry)+d(R"y,P"x) 6= 0 than following identity holds;

d( Sz, Ty)

| A

d( Pz, Sx) + d{ By, T'y)d(P"x, Sx)
“ ( | +d(Sz, Ty) )
Amax{d(P"z, R"y)),d(P"x, Sz),d{R"y. Sz)}
Hd( Ry, Ty) + d(Ty, P'z) + d(Sx, R"y)}
d(Ty, R"y)d(Sx, P'x)
" ( d(Ty, Prx) + d(Sz, Rvy) + d(Rvy, F“.r})
Omax{d(P"x, St),d(R"y, Tx), d(P"x, R"y), d(Sz, Txz)}(3.1)

+ + + +

Where a + B+ 2y +n + 6 < 1. Then P,R"S and T have a unique common fixed point.

Proof. Let xo € X be arbitrary, Since S(X) € R*(X) and T(X) < P"(X) define for each n = 0 the sequence
{yn} in X by y2n+1 = Sx2n= R"X2n+1 and y2n+2 = Tx2n+1 = P"x2n+2 where n = 0,1,2... then,
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== fi[!}'!u £1y Yany 2:'

= rj[l’f:'drl #1s Wan 3]

Now, |d{y2ns1. Yant2)|

I + + + 4+ A

A TA

= d{Sxon, Tromi1)

d{P"xon, Sitan) + d(R"on i1, Top i1 )d( P 2oy, Siay)
o ( 1 + d(Sxa,, Troneq) )
Bmar{d(P"xan, R"T2n41), d(P 220, Stan), d(R"T20 41, STan )}
Hd(R" w01, Transr) + d(Txa0s1, P22,) + d(Szan, B 02041))

d(Twgn 1, B"wy041)d(Sxa, P 1y

g (ri’(]".trgml._ Prao,) + d(Sxan, B ransr) + d(R%Zon 41, ‘P”‘{'z“])
Bmar{d(P"xoy, Sxap), d{ R roysy, Tway ), d( P ey, B 2on41)
d(Sxon, Txay,)}
ad(Yan, Yor1) + Bd(¥2n, Yoni1) + v (Yans Yons1)
+0d(Yans Y2ni1) + 0d(Yan. Y2nsr)
(a+ B8+ +n+)dyon. yont)
(a+ B+~ +n+0)d(Yan, yont1)
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Similarly,
d(y2ni3, Yonga) = d(STans2, TT2n43)
= n (“’I“’J“J'-_m+z~-5'~!'-zu+z:' + d(R"ronig, Twongs)d( P won o, 5-f'3|.+2])
- 1 + d{Srapia, Trages)
+  Pmax{d(P"ropsa, R Tanis), d P xoni2, Stonas), d{ R Ton g3, STopaa) b
+ AHd( R xapys. Tronya) + A Tranya, Plaonye) + d(Stanyo, R 22,43)}
+ 7 ( d(Txanis, R Tonia)d(SToni2, PPr2u1a) )
Al Txan s, PP Tapga) + d(STanes, B Tanes) + d Bt Tanga, PPron,s)

+ I"J.fri'r-'.-"{""llipn-rjrr 42, STany !:L d{ R ropaa, Ty LE::|~ d( P rans2, R Tany :|-:|
illl|:,5l.i'2h.+j. II.-'l-jrr+';"l]'='

= Yongas Yona) = od(Yango, Yanss) + Bd(Yonso, Yonsa) + vl Yania, Yonra)
+0d(Yons2, Yznta) + O0d(Y2ni2, Yanis)
= (a+ 8+ +n+0)d{¥onie, Y2nyia)
i.e.
ld(Yanss Yonsa)| < (o+ 0 4+54+n+0)|d1a52: Yoris)|
So, AUn:Un+1) 2 (a+ B+ y+n+8)dlyei.ua), Fd=a+F+7v+n+0 <1 then
it can be concluded that
At Yne1) = dd(ynor )
= Ay Ynt1) = Y2 Y1) = 2 0"d(yo), 1)
now for all m > n, we have,
Y ) = 0"y, yr) 4+ 6" d(yo. i) + 6" *dlyosyn) + oo+ 6" d(yo. 1)
= (Y, Yn) = (0" F " 0™ Dy, 1)

. . A
= Jdym, )l = 75 ldlyo. 3]
Hence,
| (gm yn)| < 5 ldlyo, y1)] — 0 as m,n — 00
i.e.

limn-co|d(ymyn)| = 0.

Hence {yn} is a cauchy sequence. Since X is complete so sequence {yn} is converges to some point
z those sub sequence {Sxzn},{R"x2n+1},{Tx2n+1} and
{Pnx2n+2} also converges to z. That is limn-coyn = [imn-wSx2n = limMn-wRnX2n+1
= liMn—>oTX2n+1 = liMn-wP"X2n+2 = Z, there exist some u € X such that y»— uas n - oo,Su = P'u = R"u =
Tu = z and also the pair (P7,S) and
(R, T) are weakly compatible, then they commute at their coincidence point.
Hence Sz = S(P"u) = (P"Su) = (P"z) and R"z = R"Tu = T(R"u) = Tz
CaselI:
Now we shall show that Tz = Sz, put x = z and y = x2n+1in equation 3.1. We have,
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. d(P"z, Sz2) + d(R" 2oy 1. Txapq )d(P" 2, 52)
1[5z, Txo, = —
52 Trznn) % ( L+ d(Sz, Transr)
+ Omax{d(P"z, R"xop41)). d(P" 2, 52), d(R" 22,11, 52) }
+ Hd(R"zoq1, Trager) + d(Tagney, P'2) + d(Sz, R"23,41)}

+ 1 d(Twan 41, B9y )d( Sz, P"z)
i Twapyy, Prz) +d(Sz, B e ) + d( Begy ., Prz)

+Omaz{d(P"z,5z), d(R" 23041, Tz). d(P"z, R"xap41), d(Sz,Tz)} (3.2)

IA

- d 5 I:f:'-'}” s Han J.E‘r:~_r513
= d(5z, Yoni2) ft( (52, 2) + diyanr1, Yant2)dl :')

1+ d{Sz, yany2)
Amax{d(Sz, yani1)), d(Sz, S2), dlyane1, S2) }
Y{d(Yant1, Yansa) + d(yonie, Sz) + d(Sz, yons1 )}
) ( d(gons2, yonin)d(S2, 52) )
d(Yons2, 52) + d(Sz, y2uir1) + d(Yons1, 52)
+8 maxr {d(Sz, Sz), d(yans1, Y1) 1Sz Yo ), Sz Yani1 ) }

+ + +

Iflet n = oo, we get

. (d(Sz,5z2) + d(z, 2)d(52,5z)
d(5z,2) 2 a ( 15 d(S.2) + Bmax{d(Sz, z),d(Sz, 8z2),d(z,52)}
N - d(z,2)d(Sz, 5z)
+ d(z,2) +d(252) +.d(83,2)} £ (d(z,é’:} T d(5z ) +d(z, 5:))

+ HBmaz{d(5z,5z),d(z, z),d(5z, z),d(5z, z) }

=+ d(8z,2) =X Bd(Sz, z) + 2vd(Sz,2) + 0d(Sz, 2
= d(5z,2) =X B+ 2v+0)d(Sz,2)
— |d(Sz,z)] < (B4 2v+0)|d(Sz, z)|

which is the contradiction that (f+2y+6) < 1 therefore Sz = z, since Sz = z then
Prz=8z==Pz=2z
Now we will prove that Tz = z, putting x=y=zin equation 3.1. We have,
e d(P"z,58z) + d(R"z, Tz)d(P"z, Sz)

d(52,Tz) = o ( T+ d(52.T%) )
Smax{d(P"z, R"z)), d(P"z,8z).d(R"z,52)}
Hd(R"2,Tz) +d(Tz, P'z) +d(S5z, R"z)}
_ d(Tz, R"z)d(Sz, P"z)
" (m:-'f‘:,_ Prz) +d(Sz, R"2) + d(R"z, Pz )
Bmax{d(P"z, 5z),d(R"z,Tz),d(P"z, R"z),d(Sz,Tz)}

N (ff-[ﬂ-ﬂ} l"’_;fgjj:jd[“:}) + Bmax{d(z,Tz)),d(z, z),d(T'z, 2) }

+ +

_.I_

_.|_

= d(z,Tz)

+ A{d{T=.7Tz ]+L£'{I z,z) +d(z,Tz2)}
N d(Tz,Tz)d(z, z)
d(Tz, z)+ u'{ Tz)+d(Tz, 2)
+ fBmax{d(z,z),d(T2,Tz),d(z.Tz).d(z,Tz)}

= d(z,Tz) = 8d(z,Tz)+ 29d(z,Tz) + 0d(z,Tz)
= d(2,Tz) =2 (B + 27+ 6)d(2,Tz)
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Then

== |d(z,Tz)| < (B + 2y + 0)|d(2, Tz)|

which is again a contradiction. Therefore Tz = z and this implies Rz = Tz ==
Rnz = z, now we will prove that Pz = z. Putting x = pz and y = z in equation
3.1, we get,

d(S(pz).Tz)

d(P"pz, Spz) + d(R"z, Tz)d(P"pz, Spz)
¥
1+d(Spz,Tz)

+ Amax{d(P"pz, R"z)),d(P"pz, Spz),d(R"z, Spz)}
+ {d(R"z,Tz) +d(Tz, P'pz) +d(Spz, B"2)}
d( Tz, R"z)d[Spz, F'pz)
+ n -
d(Tz, Prpz) + d(Spz, B*z) + d(R"z, P"pz)
+ Hmax{d(P"pz, Spz),d(R"z, Tpz), d(P"pz, R"z).d(Spz, Tpz)}
. d(pz,pz) + d(z, z)d(pz, pz)
fipz,2) = al—
dpz,2) 2 a ( 1 +dipz, z)
+  Bmazx{d(pz, z),d(pz, pz), d(z,pz)}
+ m{d(z, 2) +d(z, pz }+rf[;; .2)}
dz, z)d(pz, pz
+ 5 ( )d(pz, p2) )
d(z, pz) ~+d(pz, z) + d(z, pz)
+ HBmaxr{d(pz, pz),d(z, 2),d(pz, z), d(pz, 2)}

d(pz, z) = fdipz, z)+ 2vd(z, pz) + 0d(pz, 2)
— d(pz,z) = (0424 0)dipz, 2)

Now,
ldpzz)|< (B +2y+0)|dpz2)|

Which is a contradiction, since (f + 2y + 0) < 1, therefore pz=z:P'z=z ==
Pr-1z = z. Now we will prove that Rz zin equation 3.1 we may putx=zand y = Rz
. . d( Pz, 8z) + d{R"(Rz), T(Rz))d(P"z,5z)
d(Sz, T(Rz)) =< a ( S ) )
+ fmax{d(P"z, R"z)),d(P"z,5z),d(R"(Pz), 5z)}
+ Hd(R*(Rz), T(Rz)) + d(T(Rz), P"z) + d(Sz, R"(Rz))}
d(T(Rz). R”I[J’?.:']]ff{h.,.F”:}
* ”(d(:ruf 2}, Poz) + d(Sz R(Rz)) +d[f:’“{H:‘_|.P”:])

tomaz{d(P"z, Sz),d(R"(Rz), T(Rz)), d(P"z, R"(Rz)),d(S=> T(Rz))}
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diz, 2) +d( Rz, Rz)d(z, z)
“ ( 1 +d(z, Rz) )
+ Bmax{d(z, Rz)),d(z, 2),d(Rz, 2)}
b y{d(Rz, Rz) + d(Rz,z) + d(z, Rz)}

{ d( Rz, Bz)dz, z)
T
"\ d(Rz.2) + d(z. Rz) + d(Rz. 2)

b Bmax{d(z, z),d(Rz, Rz),d(z, Rz),d(z, Rz)}

dlz, Rz)

> d(z,Rz) = fBd(z,Rz) 4+ 2vd(Rz,z) + 6d(z, Rz)
— d(z, Rz) = (A+2v+8)d(z, Rz)

now,
|d(zRz)| < (B+2y+0)|d(zRz)|

but, (8 + 2y + 6) <1 which is a contradiction, therefore Rz = z.
Uniqueness:
Let u be another fixed point of S,T,R"and P"then we have
. d(P"z,5z) +d(R*u, Tu)d(P"z,5z)

5% Tu) = ”( I+ d(Sz, Tu) )
+ A max{d(P"z, R"u)d(P"z, Sz)d(R"w, Sz)}
+ Hd(R"u, Tu) + d(Tu, P"z) + d(5z, R"u)}

d(Tu, R"u)d(Sz, P"z)

L (;!{I"u. Pr2) + d(Sz, Rhu) + d( R, P”:h)
+ O max{d(P"z,52), d(R"u, Tu), d(P"z, B™u), d(Sz, Tu)}

. d(z, z) + d(w, w)d(z, z) .
z, = + 3 max{d(z, u)d(z, 2)d(u, z
diz,u) = o ( T d(e ) max{d(z, u)d(z, 2)d(u, z)}
i _kt T d(u, u)d(z, 2)
+  y{d{u,u) +dlu,z)+d(zu)} + 1 (f“‘“‘ A% d, :])

+ O max{d(z,z),d{u,w).d(z,z),d(z, u)}
diz,w) = Gdz,u)+ 2yd(z,u) +0d(z, u)

= d{z,u) < (F+29+0d(z,u)
Now, |d{z,u)] =< (5427 +8)|d(z u)|

which is again a contradiction since ( + 2y + 8) < 1 than z = u is a unique common fixed point of
S, T,R"and Pn. Case II:

We consider the case d(Txzn+1,P"X2n)+d(Sx2n,R"X2n+1)+d(R"X2n+1,P"x2n) = 0 for any ‘no. ==
d(Sx2n,Tx2n+1) = 0. So that y2n = Sx2n = y2n+1 = RnX2n+1 =

Tx2n+1 = Pnx2n+2 = y2n+2 thus we have y2n+1 = Sx2n = Pnx2n = y2nthen there exist n1 and mi such that n1 =
Sm1=Prm1=m.

Similarly yzn+2 = Tx2n+1 = R"X2n+1 = y2n+1 then there exist nzand mz such that n2= Tmz = R"m2 = ma.
Asd(Tmy, Pl )+ d(Smy Bhmg )+ d(BY, Pfmg ) = 0 = that d(Sm1, Tmz) =

0, so that n1 = Smi1 = P'm1 = Tmz = R"'m2 = n2. which in turn yields that n1 = Sni1 = P"m1 = Pn1.
Similarly one can also have nz = Tnz = R"n2. As n1 = nz, implies n1= ST1= Tn1= R"ni, therefore n1=
Sn1= Pn1= Rn1= Tnifor all Pand R". Hence n1= n2is common fixed point.
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Uniqueness:
If v is an another fixed point of S,T,R"and P"then we have v = Sv = Pv = Rv = Tv for even p"and R"

therefore d(Tvi,P"n1) + d(Sn1,R"v1) + d(R"v,P"n1)) = 0 so that d(n1,v1) = 0.

Hence d(Sn1,Tv) = 0 == n1=v1. Hence n1is unique fixed point of S,7,R"and P~.

Corollary 3.2. Let (X,d) be a complex valued metric space and S,T,R and P be four mappings in X
satisfies the condition

(1) S(X) € R(X) and T(X) < P(X);
(2) The Pair (P,S) and (R, T) are weakly compatible;
(3) Foreachxy € Xandx 6=y,;
(i): If d(Ty,Px) + d(Sx,Ry) + d(Ry,Px) = 0. then d(Sx,Ty) = 0;
(ii): If d(Ty,Px) + d(Sx,Ry) + d(Ry,Px) 6= 0 than following identity holds;

e d{Px, Sx)+ dly, Ty)d( Pr, Sx)
i{Sx,1 - af — ' "
d(5z,Ty) = « ( 1 +d(Sx. Ty)

+ Smax{d( Pz, Ry)),d(Px, Sx),d( Ry, Sz)}
+ {d(Ry, Ty) + d(Ty, Pr)+ d{Sxz, Ry)}
d(Ty, Ry)d(Sx, Px)
T ”(ﬂTme}HHEnHMTdUMJH?)
+ Omax{d( Pz, Sx), d(Ry, Tz),d( Pz, Ry),d(Sxz; Tx)} (3.3)
Where a + B+ 2y +n + 6 < 1. Then P,R,S and T have a unique common fixed point.

Theorem 3.3. Let (X,d) be a complex valued metric space and S,T be the self mappings and P" and
R be the collection of self mappings in X, such that for all x,y € X.

(1) S(X) € R(X) and T(X) c P"(X);
(2) (PnS) are compatible, P"or S is continuous and (R",T) are weakly compatible;
(3) (R"T) are compatible, R or T is continuous and (P",S) are weakly compatible;

(4) Foreachxy € Xandx 6=y,;

d( Sz, Ty) =

d(Pte, Sx)+ d{R"y, Ty)d( P"r, Sx)
“ ( 1 +d{ Sz, Ty) )
+ Amax{d(P"x, R"y)),d(P"x, Sz),d(R"y, Sx)}
o {d(R"y, Ty) + d(Ty, P"z) + d(Sx, R"y)}
d( Ty, By )d(Sx, P'r)
! ”(MT%PMj-ﬁHnHw]lﬂijmﬂ)
t Bmax{d(P"x, Sx), d(R"y, Ty).d(P"x, R"y),d(Sz, Tx)} (3.4)

holds where a, S5, v, n and 0 are non-negative real number with a+f+2y+n+6 < 1. Then P,R"S and T
have a unique common fixed point.
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Proof. By Theorem [3.1] {y»} is a Cauchy sequence. Since X is complete, that means {y»} must
converge to some point z (say).Thus subsequence {Sx2n},

{R"x2n+1},{Tx2n+1}, and {P"x2n+2}, also converges to z. that is
Iimn—>ooyn = limn-wSXx2n = limn-coRnX2n+1 = liMmn—wPnXx2n+2

= Iimn—>00TX2n+1 =Z (35)
Assume that S is Continuous,since (PnS) are compatible, we have

limn—oP"(Sx2n+2) = limn-0S(P"X2n+2) = Sz (3.6)

Now putting x = x2n+2, y = x2n+1 then we have

d(P"(Sxni2), Traniq)

<a (.rf{f*’”.t'g,,.l_g, Siopya)+ ff[.jim.!'2“+|,T‘.T-z....+|}EE[IJ“.I'Q,,+Q.S.J'3“+3:|)

- 1+ d(Sronia), Trangr))

+Amaxr{d( P" tanso B oy ), (P T o010, Stanys), d( R %a011), STanga)}

+{d( B Top i1, Toags1) + d(T 20541, P an42) + d(Sxa,40, B 22,11)}

+n ( . d(Tr,41), ﬁ_”"-f'zuﬂ}fl"[-‘J'-F‘-qur_-z- P"73,15) )

d(Taxanyr. PPaangs) + d(Stapag, B ran) + d{iR 00041, PPaogys)
+0maz{d(P"roys2, STapsa) d{R"rops1, Twan gy ), d{ P rapi0, R rap)
(Swoni2, Twansa)} ,d

Let n = oo, in the above inequality and using 3.5 and 3.6, we get

d(Sz.2)  =o (d{':' A+ daef), Az, :}) + Bmax{d(z, z),d(2 2), d(z,2)}

1 +d(z2)
diz,z2),d(z 2 )
) +d(z,2) +d(z,2)

+ofd(z, z) +d(z,2) +d(z,2) + 9 (d{* 1
+imax{d(z, z),d(z,2)). d(z, z),d(z, )}
= d(Sz, 2) =0 that is |d(Sz, z) < 0| hence Sz = =

Now putting x = z, and y = x2n+1 then we have in equation 3.8
P "z, 5z) + d{ ™ Fagyq, T Loy Jd Pz, Sz
d(Sz. Tazmt) < o (r[ )+ d{ B rongq, Tagy g )dl J)

1 +d(Sz, Teanir)
+  fmar{d(P"z, R" v ). d(P"z, Sz), d(R" 22,41, 52) }
+ A d(R"zon41, Twons) + d(Transy, P'2) + d(Sz, R 22,11)}
d(Tray s, B wa, 49 )d( Sz, P"z)
o (f#[T.-!'gH.,.L. P2y 4+ d(5z, Rtang) + d{ B2y, P”:])
+  Bmax{d(P"z,5z),d[R"voys1, Twoni ), d(P"z, R" 9,41 ), d( 52, Tz)}

Let n — oo, in the above inequality and using 3.5 and 3.6, we get

d(z2) < a (:f{f’”:. z) + d(z, 2)d( Pz, ‘J‘J)

1+d(z,z)
+ Omax{d(P"z,z),d(P"z,z),d(z z)}
+ {d(z, 2) +d(z, P'z) + d(z,2)}
+

diz, z)d(z, P"z)
" d{z, P*z) +d(z, z) + d(z, P"z)

+  Omaxr{d(P"z, z),d(z, z),d(P"z, 2),d(z, z)}
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i.e.
0={a+3+~+0}d Pz 2)

Then, |d(P"z,z)| 2 0, hence P"z = z. Since S(x) € R"x, there exist a point w € X such that $z = R'w.
Suppose that R'w 6= Tw. Now to prove that R"w = Tw and given that Sz = z = R"w. From 3.8 putting
x=zandy=w,

we obtain

d(5z, Tw)

IA

d(P"z,5z) + d(R"w, Tw)d(P"z, 5':})
“ 1+ d(Sz, Tw)
+  fmax{d(P"z, R"w)),d(P"z, Sz),d(R"w, 5z)}
+ Hd(R"w,Tw) + d(Tw, P"z) + d(Sz, R"w)}
+
+

d{Tw, R"w)d( 5z, P"z)
T\ d(Tw, Prz) + d(Sz, R*w) + d(R"w, Pz)
Bmaz{d(P"z, 8z),d(R"w, Tw), d(P"z, R"w), d(S5z, Tz){3.7)

. . d(z,z) +d(z, Tw)d(z, 2) T - I
diz, Tw) = a ( 3 d(z Tw) ) + Bmax{d(z, 2)),d(z, 2),d(z, 2)}

d{Tw, z)d(z, z
+ y{d(z, Tw) +d(Tw,2) + d(z, = }+I?(r.f|:Tu_~.z(}-Ijei(.zr_.(:]-i-}rf{:_:])

Omax{d(z, z), d(w, Tw), d(z,2).d(z, z)}

+

dlz, Tw) = +2~vd(z, Tw) + 0d(z, Tw)
= (2v +0)d(z,Tw)
— |d(z,Tw)| < (2v+8)|d(2,Tw) = Tw==:
Therefore Tw = z hence R"w = z = Tw. Thus R"w = Tw. since R"w and T are weakly compatible then
Rnz = R"(Tw) = Tz. Thus z is a coincidence point of

Rrand T, now to prove Tz = z, putting x=zand y =z in 3.8
. I(E"z:8 Rz, Tz)d(P"z, 5z
d(5z,Tz) = a (H: £ 4 Jd(P7z })

1+d(Sz,Tz)
+ -f:uu.r{.rf{P":. R"z)), d(P"z, 5z),d(R"z, 5z)}
+ ~{d(R"z,Tz) +d(T=z, P"z) + d(Sz, R"z)}
(T2 R 2)d(S=. P 2)
(u’f_T:. P2+ d(S5z, R72) 4+ d(R"z, I’”:])
Bmax{d(P"z, 8z),d(R"z,Tz),d(P"z, R"z),d(Sz,Tz)}

d(z,Tz) = f.(” 2) +dlz, ]’f{:‘:}) + Bmaz{d(z, 2)), d(z, 2),d(z, )}

1 4+d(z,Tz)
dl Tz, 2|z, 2
+ Afd(zTz) +d(Tz 2) +d(z,2)} + 1 (d{r;.:g+f!|:1-£ll+}ff'i3-33')

+ fBmax{d(z, z),d(z,Tz),d(z, z),d(2,Tz)}

(2,Tz) =2 29d(z,Tz)+ 0d(z,Tz)

d{z,Tz) = (2y+8)d(z,T=z)
== |d(z,Tz)| < 2y + 0)|d(z,Tz)| == Tz=z
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Uniqueness Let u be an another common fixed point of P%,R%S and T, then we have from 3.8
d( Pz, 8z) + d( R, Tu)d(P"z,5z%)
1 +d{5z, Tu) )
+  Bmax{d(P"z, R"u)), d(P"z,S2),d(R"u, §z)}
+ {d(R"u, Tu) + d(Tu, P"z) + d(Sz, R"u)}
d(Tu, R"u)d( Sz, P"z)
d (n’{Tr:. Prz) 4+ d(Sz, Bru) + d| B u, P ’J)
Bmax{d(P"z, Sz),d(R"u, Tu),d(P"z, R"u),d(Sz,T=z)}

d(Sz,Tu) = f](

diz,u) = n (;f.;;_ 2) + d(u, wd(z, :}) + Omaxdd(z, u), d(z, 2), d(u, z}}

1+ dz u)
d{u, u)dl(z, z)
dluw, z) + d(z, u) + dlu, z)

+ ".{d{n. u) + dlu, z) 4+ dl 2, n’}} + 7 (

b Bmar{d(z, 2),d(u,w), d(z,u);d(z, 2)}

diz,u) = Bdz,u)+ 29d{z, u) + 0d(z,u)
dizou) = (G429 +0)d(z,u)
— |d(z,u)| < (54 29+ 6)|d(z, u)]

i.e.
ld(zu)| < (B+2y+06)|d(zu)]

Which is a contradiction since (f+2y+60) < 1. therefore d(zu) =0==z=u.
Hence z is a common fixed point of P, RS and T.

Corollary 3.4. Let (X,d) be a complex valued metric space and R,P,S and T be reciprocally continuous
self mappings in X, such that for all x,y € X.

(1) S(X) = R(X) and T(X) < P(X);
(2) (P.S) are compatible, P or S is continuous and (R, T) are weakly compatible;

(3) (RT) are compatible, R or T is continuous and (P,S) are weakly compatible;

(4) Foreachxy € Xandx 6=y,;

Y e ) d{Pr,5r) + d{ Ry, Ty)d( Pz, Sx)
diSe,Ty) = a ( 1+d(Sz, Ty) )
+ Amax{d(Px, Ry)),d( Pz, Sx),d( Ry, Sx)}
+ {d(Ry, Ty) + d(Ty, Pz) + d(Sx, Ry)}
d( Ty, Ry)d(Sx, Pr)
b (ri"[T_e;. Px) + d{ 5z, Ry) + d{ Ry. f-‘.r]l)
t @max{d(Pr,Sz),d(Ry, Ty),d( Pz, Ry),d(Sz.Tz)} (3.8)

holds where a, B, v, n and 0 are non-negative real number with a+p+2y+n+60 < 1. Then P,R,S and T have
a unique common fixed point.
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