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Abstract 
A Radio geometric mean 𝐷𝑑-distance labeling of a connect graph 𝐺 is an injective function 𝑓 from the vertex 

set 𝑉(𝐺) to the ℕ such that for two distinct vertices 𝑢 and 𝑣 of 𝐺, 𝐷𝐷𝑑(𝑢, 𝑣) + ⌈√𝑓(𝑢)𝑓(𝑣) ⌉  ≥ 1 +

𝑑𝑖𝑎𝑚𝐷𝑑(𝐺), 𝑤ℎ𝑒𝑟𝑒 𝐷𝐷𝑑(𝑢, 𝑣) = 𝐷(𝑢, 𝑣) + deg(𝑢) + deg(𝑉) , 𝐷𝐷𝑑(𝑢, 𝑣)  denotes the 𝐷𝑑-distance between 𝑢 and 

𝑣   𝑑𝑖𝑎𝑚𝐷𝐷𝑑(𝐺) denotes the 𝐷𝑑-diameter of 𝐺. The radio geometric mean 𝐷𝑑-distance number of 𝑓, 𝑟𝑔𝑚𝑛𝐷𝑑(𝑓) is 

the maximum label assigned to any vertex of 𝐺 . The radio geometric mean 𝐷𝑑-distance number of, 𝑟𝑔𝑚𝑛𝐷𝑑(𝐺)is 

the minimum value of 𝐺,  𝑟𝑔𝑚𝑛𝐷𝑑(𝐺) is the minimum value of 𝑟𝑔𝑚𝑛𝐷𝑑  (𝑓)  taken over all radio geometric mean 

𝐷𝑑-distance labeling 𝑓 of 𝐺. In this paper we find the radio geometric mean 𝐷𝑑-distance number of some basic 

graphs. 
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Introduction 
By a graph 𝐺 =  (𝑉(𝐺), 𝐸(𝐺)) we mean a finite undirected graph without loops or multiple edges. The order 

and size of 𝐺 are denoted by 𝑝 and 𝑞 respectively. Radio labeling (multi-level distance labeling) can be regarded as an 

extension of distance two labeling which is motivated by the channel assignment problem introduced by Hale [4]. 

Chartrand et al [3] introduced the concept of radio labeling of graph.  Chartrand [3] gave the upper bound for the radio 

number of path.  

  The concept of 𝐷𝑑-distance was introduced by A. Anto Kinsley and P. Siva Ananthi  [1]. For a connected 

graph 𝐺, the 𝐷𝑑-length of a connected 𝑢 − 𝑣 path is defined as 𝐷𝐷𝑑(𝑢, 𝑣) = 𝐷(𝑢, 𝑣) + deg(𝑢) + deg(𝑉), The 𝐷𝑑-

radius, denoted by 𝑟𝐷𝑑  (𝐺) is the minimum 𝐷𝑑- eccentricity among all vertices of 𝐺. That is 𝑟𝐷𝑑  (G) =
 𝑚𝑖𝑛{𝑒𝐷𝑑(𝐺) ∶  𝑣 ∈  𝑉(𝐺)}. Similarly the 𝐷𝑑-diameter, 𝐷𝐷𝑑(𝐺) is the maximum 𝐷𝑑-eccentricity among all vertices 

of 𝐺. We observe that for any two vertices 𝑢 , 𝑣 of 𝐺, We have 𝑑(𝑢, 𝑣)  ≤  𝐷𝐷𝑑(𝑢, 𝑣). The equality holds if and only if 

𝑢, 𝑣 are identical. If 𝐺 is any connected graph then the 𝐷𝑑-distance is a metric on the set of vertices of 𝐺. We can 

check easily 𝑟𝐷𝑑(𝐺) ≤ 𝐷𝐷𝑑(𝐺) ≤ 2𝑟𝐷𝑑(𝐺). The lower bound is clear from the definition and the upper bound 

follows from the triangular inequality.   

In [5], Radio geometric mean labeling was introduced by V. Hemalatha et al [6]. A radio  geometric mean 

labeling is  a one to one mapping 𝑓 from 𝑉(𝐺) to ℕ satisfying the condition                                                    

𝑑(𝑢, 𝑣) + ⌈√𝑓(𝑢)𝑓(𝑣) ⌉  ≥ 1 + 𝑑𝑖𝑎𝑚(𝐺), for every 𝑢, 𝑣 ∈  𝐺. The span of labeling 𝑓 is the maximum integer that 𝑓 

maps to a vertex of 𝐺. The radio geometric mean number of 𝐺, 𝑟𝑔𝑚𝑛(𝐺) is the lowest span taken over all radio 

geometric mean labeling of the graph G. The above condition is called radio geometric mean condition.   

Further we are introduced the concept of radio geometric mean 𝐷𝑑-distance. The radio geometric labeling is a 

function 𝑓: 𝑉(𝐺) → ℕ  such that 𝐷𝐷𝑑(𝑢, 𝑣) + ⌈√𝑓(𝑢)𝑓(𝑣) ⌉  ≥ 1 + 𝑑𝑖𝑎𝑚𝐷𝑑(𝐺). It is denoted by 𝑟𝑔𝑚𝑛𝐷𝑑(𝐺). where 

𝑟𝑔𝑚𝑛𝐷𝑑(𝐺) is called the radio geometric mean 𝐷𝑑- distance number. The radio geometric mean 𝐷𝑑-distance 

number of  𝑓, 𝑟𝑔𝑚𝑛𝐷𝑑  (𝑓) is the maximum label assigned to any vertex of 𝐺 . The radio geometric mean 𝐷𝑑-

distance number of, 𝑟𝑔𝑚𝑛𝐷𝑑(𝐺)is the minimum value of 𝐺, 𝑟𝑔𝑚𝑛𝐷𝑑(𝐺) is the minimum value of 𝑟𝑔𝑚𝑛𝐷𝑑  (𝑓)  

taken over all radio geometric mean 𝐷𝑑-distance labeling 𝑓 of 𝐺. In this paper we find the radio geometric mean 𝐷𝑑-

distance number of some basic graphs. 
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Main results 

Theorem 2.1: The Radio geometric mean 𝐷𝑑-distance number of a complete graph 𝐾𝑛,  𝑟𝑔𝑚𝑛𝐷𝑑 (𝐾𝑛)  = 𝑛.        

Proof: Let 𝑉(𝐾𝑛) = {𝑣1 , 𝑣2 , 𝑣3, 𝑣4, … , 𝑣𝑛} be the vertex set and 𝐸(𝐾𝑛) = {𝑣𝑖 𝑣𝑗, 1 ≤ 𝑖, 𝑗 ≤ 𝑛, 𝑖 ≠ 𝑗} be the edge set. 

Its 𝑑𝑖𝑎𝑚𝐷𝑑(𝐾𝑛) = 3(𝑛 − 1). we define the vertex label 𝑓 (𝑣𝑖) =  𝑖, 1 ≤ 𝑖 ≤ 𝑛.  

𝐶𝑜𝑚𝑝𝑢𝑡𝑒 the 𝑝𝑎𝑖𝑟 (𝑣𝑖 , 𝑣𝑗) = 3(𝑛 − 1), 1 ≤ 𝑖, 𝑗 ≤ 𝑛, 𝑖 ≠ 𝑗 𝑎𝑟𝑒 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 

𝐷𝐷𝑑(𝑣𝑖, 𝑣𝑗) + ⌈√𝑓(𝑣𝑖)𝑓(𝑣𝑗) ⌉  ≥ 1 + 𝑑𝑖𝑎𝑚𝐷𝑑(𝐾𝑛) 

𝐻𝑒𝑛𝑐𝑒, 𝑟𝑔𝑚𝑛𝐷𝑑(𝐾𝑛)  = 𝑛. 

Theorem 2.2: The Radio geometric mean 𝐷𝑑-distance number of a star graph 𝐾1,𝑛,       

𝑟𝑔𝑚𝑛𝐷𝑑  (𝐾1,𝑛) =   2𝑛 − 2, 𝑛 ≥ 3.  

Proof: Let 𝑉(𝐾1,𝑛) =  {𝑣0 , 𝑣1 , 𝑣2, 𝑣3, … , 𝑣𝑛} be the vertex set, where 𝑣0  is the central vertex and 𝐸(𝐾1,𝑛)  =  

{𝑣0𝑣𝑖, 1 ≤ 𝑖 ≤ 𝑛}  be the edge set. Its 𝑑𝑖𝑎𝑚𝐷𝑑(𝐾1,𝑛) = 𝑛 + 2. we define the vertex label 𝑓(𝑣𝑖) = 𝑛 + 𝑖 − 2, 0 ≤ 𝑖 ≤

𝑛.         

𝑪𝒂𝒔𝒆(𝒊) ∶ 𝐶𝑜𝑚𝑝𝑢𝑡𝑒 the 𝑝𝑎𝑖𝑟 (𝑣0, 𝑣𝑖) = 𝑛 + 2, 1 ≤ 𝑖 ≤ 𝑛 𝑎𝑟𝑒 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 

𝐷𝐷𝑑(𝑣0, 𝑣𝑖) + ⌈√𝑓(𝑣0)𝑓(𝑣𝑖) ⌉  ≥ 1 + 𝑑𝑖𝑎𝑚𝐷𝑑(𝐾1,𝑛) 

𝑪𝒂𝒔𝒆(𝒊𝒊): 𝐶𝑜𝑚𝑝𝑢𝑡𝑒 the 𝑝𝑎𝑖𝑟 (𝑣𝑖 , 𝑣𝑗) = 4, 1 ≤ 𝑖, 𝑗 ≤ 𝑛 , 𝑖 ≠ 𝑗 𝑎𝑟𝑒 𝑛𝑜𝑛 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 

 𝐷𝐷𝑑(𝑣𝑖, 𝑣𝑗) + ⌈√𝑓(𝑣𝑖)𝑓(𝑣𝑗) ⌉  ≥ 1 + 𝑑𝑖𝑎𝑚𝐷𝑑(𝐾1,𝑛) 

 

Hence, 𝑟𝑔𝑚𝑛𝐷𝑑 (𝐾1,𝑛) =   2𝑛 − 2, 𝑛 ≥ 3. 

Note: 𝑟𝑔𝑚𝑛𝐷𝑑(𝐾1,𝑛) = 𝑛 + 1, 𝑖𝑓 𝑛 = 1,2. 

Theorem 2.3: The Radio geometric mean 𝐷𝑑-distance number of a Subdivision of a star graph 𝑆(𝐾1,𝑛), 

𝑟𝑔𝑚𝑛𝐷𝑑  (𝑆(𝐾1,𝑛)) =   3𝑛 − 2, 𝑛 ≥ 3.  

Proof: Let 𝑉 (𝑆(𝐾1,𝑛)) = {𝑣0 , 𝑣1 , 𝑣2, 𝑣3, … , 𝑣𝑛, 𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑛} be the vertex set, where 𝑣0  is the central vertex 

and 𝐸 (𝑆(𝐾1,𝑛)) = {𝑣0𝑣𝑖, 𝑣𝑖𝑢𝑖1 ≤ 𝑖 ≤ 𝑛}  be the edge set. Its 𝑑𝑖𝑎𝑚𝐷𝑑(𝑆(𝐾1,𝑛)) = 𝑛 + 3. we define the vertex 

label 𝑓(𝑣0) = 1, 𝑓(𝑣𝑖) = 𝑛 + 2𝑖 − 3, 1 ≤ 𝑖 ≤ 𝑛, 𝑓(𝑢𝑖) = 𝑛 + 2𝑖 − 2, , 1 ≤ 𝑖 ≤ 𝑛 . 

𝑪𝒂𝒔𝒆(𝒊) ∶ 𝐶𝑜𝑚𝑝𝑢𝑡𝑒 the 𝑝𝑎𝑖𝑟 (𝑣0, 𝑣𝑖) = 𝑛 + 3, 1 ≤ 𝑖 ≤ 𝑛 𝑎𝑟𝑒 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 

 𝐷𝐷𝑑(𝑣0, 𝑣𝑖) + ⌈√𝑓(𝑣0)𝑓(𝑣𝑖) ⌉  ≥ 1 + 𝑑𝑖𝑎𝑚𝐷𝑑(𝑆(𝐾1,𝑛)) 

𝑪𝒂𝒔𝒆(𝒊𝒊) ∶ 𝐶𝑜𝑚𝑝𝑢𝑡𝑒 the 𝑝𝑎𝑖𝑟 (𝑣0, 𝑢𝑖) = 𝑛 + 3, 1 ≤ 𝑖 ≤ 𝑛 𝑎𝑟𝑒 𝑛𝑜𝑛 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 

 𝐷𝐷𝑑(𝑣0, 𝑢𝑖) + ⌈√𝑓(𝑣0)𝑓(𝑢𝑖) ⌉  ≥ 1 + 𝑑𝑖𝑎𝑚𝐷𝑑(𝑆(𝐾1,𝑛)) 

𝑪𝒂𝒔𝒆(𝒊𝒊𝒊): 𝐶𝑜𝑚𝑝𝑢𝑡𝑒 the 𝑝𝑎𝑖𝑟 (𝑣𝑖, 𝑣𝑗) = 6, 1 ≤ 𝑖, 𝑗 ≤ 𝑛 , 𝑖 ≠ 𝑗 𝑎𝑟𝑒 𝑛𝑜𝑛 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 

 𝐷𝐷𝑑(𝑣𝑖, 𝑣𝑗) + ⌈√𝑓(𝑣𝑖)𝑓(𝑣𝑗) ⌉  ≥ 1 + 𝑑𝑖𝑎𝑚𝐷𝑑 (𝑆(𝐾1,𝑛)) 

 

 𝑪𝒂𝒔𝒆(𝒊𝒗): 𝐶𝑜𝑚𝑝𝑢𝑡𝑒 the 𝑝𝑎𝑖𝑟 (𝑣𝑖, 𝑢𝑗) = 4,1 ≤ 𝑖, 𝑗 ≤ 𝑛 , 𝑖 ≠ 𝑗 𝑎𝑟𝑒 𝑛𝑜𝑛 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 
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 𝐷𝐷𝑑(𝑣𝑖, 𝑢𝑗) + ⌈√𝑓(𝑣𝑖)𝑓(𝑢𝑗) ⌉  ≥ 1 + 𝑑𝑖𝑎𝑚𝐷𝑑 (𝑆(𝐾1,𝑛))  

𝑪𝒂𝒔𝒆(𝒗): 𝐶𝑜𝑚𝑝𝑢𝑡𝑒 the 𝑝𝑎𝑖𝑟 (𝑢𝑖 , 𝑢𝑗) = 6,1 ≤ 𝑖, 𝑗 ≤ 𝑛 , 𝑖 ≠ 𝑗 𝑎𝑟𝑒 𝑛𝑜𝑛 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 

 𝐷𝐷𝑑(𝑢𝑖, 𝑢𝑗) + ⌈√𝑓(𝑢𝑖)𝑓(𝑢𝑗) ⌉  ≥ 1 + 𝑑𝑖𝑎𝑚𝐷𝑑(𝑆(𝐾1,𝑛)) 

 

 𝑪𝒂𝒔𝒆(𝒗𝒊): 𝐶𝑜𝑚𝑝𝑢𝑡𝑒 the 𝑝𝑎𝑖𝑟 (𝑣𝑖, 𝑢𝑖) = 4 ,1 ≤ 𝑖 ≤ 𝑛 , 𝑎𝑟𝑒  𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 

𝐷𝐷𝑑(𝑣𝑖, 𝑢𝑖) + ⌈√𝑓(𝑣𝑖)𝑓(𝑢𝑖) ⌉  ≥ 1 + 𝑑𝑖𝑎𝑚𝐷𝑑(𝑆(𝐾1,𝑛))  

Hence,  𝑟𝑔𝑚𝑛𝐷𝑑 (𝑆(𝐾1,𝑛)) =   3𝑛 − 2, 𝑛 ≥ 3. 

Note: 𝑟𝑔𝑚𝑛𝐷𝑑 (𝑆(𝐾1,𝑛)) = 2𝑛 + 1, 𝑖𝑓 𝑛 = 1,2. 

Theorem 2.4: The Radio geometric mean 𝐷𝑑-distance number of a Fan graph 𝐹𝑛,       

𝑟𝑔𝑚𝑛𝐷𝑑  (𝐹𝑛) = 2𝑛 − 4, 𝑛 ≥ 6.  

Proof: Let 𝑉(𝐹𝑛) =  {𝑣0, 𝑣1 , 𝑣2, 𝑣3, … , 𝑣𝑛} be the vertex set and 𝐸(𝐹𝑛) = {𝑣0𝑣𝑗 , 𝑣𝑖𝑣𝑖+1, 1 ≤ 𝑖 ≤ 𝑛 − 1,1 ≤

𝑗 ≤ 𝑛}  be the edge set. Its 𝑑𝑖𝑎𝑚𝐷𝑑(𝐹𝑛) = 2𝑛 + 2. we define the vertex label 𝑓(𝑣0) = 1, 𝑓(𝑣𝑖) = 𝑛 + 𝑖 − 4,1 ≤ 𝑖 ≤

𝑛.         

𝑪𝒂𝒔𝒆(𝒊) ∶ 𝐶𝑜𝑚𝑝𝑢𝑡𝑒 the 𝑝𝑎𝑖𝑟 (𝑣0, 𝑣𝑖) = 2𝑛 + 2,1 ≤ 𝑖 ≤ 𝑛 𝑎𝑟𝑒 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 

𝐷𝐷𝑑(𝑣0, 𝑣𝑖) + ⌈√𝑓(𝑣0)𝑓(𝑣𝑖) ⌉  ≥ 1 + 𝑑𝑖𝑎𝑚𝐷𝑑(𝐹𝑛) 

𝑪𝒂𝒔𝒆(𝒊𝒊) ∶ 𝐶𝑜𝑚𝑝𝑢𝑡𝑒 the 𝑝𝑎𝑖𝑟 (𝑣1, 𝑣𝑗) = 𝑛 + 5, 2 ≤ 𝑗 ≤ 𝑛 − 1 

 𝐷𝐷𝑑(𝑣1, 𝑣𝑗) + ⌈√𝑓(𝑣1)𝑓(𝑣𝑗) ⌉  ≥ 1 + 𝑑𝑖𝑎𝑚𝐷𝑑(𝐹𝑛)  

 𝑪𝒂𝒔𝒆(𝒊𝒊𝒊) ∶ 𝐶𝑜𝑚𝑝𝑢𝑡𝑒 the 𝑝𝑎𝑖𝑟 (𝑣1, 𝑣𝑛) = 𝑛 + 4, 𝑎𝑟𝑒 𝑛𝑜𝑛 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 

 𝐷𝐷𝑑(𝑣1, 𝑣𝑛) + ⌈√𝑓(𝑣1)𝑓(𝑣𝑛) ⌉  ≥ 1 + 𝑑𝑖𝑎𝑚𝐷𝑑(𝐹𝑛) 

 

 𝑪𝒂𝒔𝒆(𝒗𝒊): 𝐶𝑜𝑚𝑝𝑢𝑡𝑒 the 𝑝𝑎𝑖𝑟 (𝑣𝑖, 𝑣𝑛) = 𝑛 + 5, 2 ≤ 𝑖 ≤ 𝑛 − 1 𝑎𝑟𝑒 𝑛𝑜𝑛 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡  

 𝐷𝐷𝑑(𝑣𝑖, 𝑣𝑛) + ⌈√𝑓(𝑣𝑖)𝑓(𝑣𝑛) ⌉  ≥ 1 + 𝑑𝑖𝑎𝑚𝐷𝑑(𝐹𝑛)  

 

 𝑪𝒂𝒔𝒆(𝒗): 𝐶𝑜𝑚𝑝𝑢𝑡𝑒 the 𝑝𝑎𝑖𝑟 (𝑣𝑖, 𝑣𝑗) = 𝑛 + 6, 3 ≤ 𝑗 ≤ 𝑛 − 1, 2 ≤ 𝑖 ≤ 𝑛 − 1   

 𝐷𝐷𝑑(𝑣𝑖, 𝑣𝑗) + ⌈√𝑓(𝑣𝑖)𝑓(𝑣𝑗) ⌉  ≥ 1 + 𝑑𝑖𝑎𝑚𝐷𝑑(𝐹𝑛) 

 

Hence,  𝑟𝑔𝑚𝑛𝐷𝑑 (𝐹𝑛) =  2𝑛 − 4, 𝑛 ≥ 6.  

Note: 𝑟𝑔𝑚𝑛𝐷𝑑  (𝐹𝑛) = 𝑛 + 1 𝑖𝑓 𝑛 = 1,2,3,4,5.  

Theorem 2.5: The Radio geometric mean 𝐷𝑑-distance number of a bistar graph 𝐵𝑛,𝑛,        

𝑟𝑔𝑚𝑛𝐷𝑑  (𝐵(𝑛, 𝑛)) =   4𝑛 − 2, 𝑛 ≥ 3.  

Proof: Let 𝑉(𝐵𝑛,𝑛) =  {𝑣0 , 𝑣1 , 𝑣2, 𝑣3, … , 𝑣𝑛,  𝑢0,𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑛} be the vertex set, where 𝑣0, 𝑢0  are the central 

vertex and 𝐸(𝐵𝑛,𝑛) = {𝑣0𝑣𝑖, 𝑢0𝑢𝑖, 𝑣𝑜𝑢𝑜, 1 ≤ 𝑖 ≤ 𝑛} be the edge set.                                                     Its 

𝑑𝑖𝑎𝑚𝐷𝑑(𝐵𝑛,𝑛)) = 2𝑛 + 3. we define the vertex label 𝑓(𝑣0) = 3, 𝑓(𝑣𝑖) = 2𝑛 + 𝑖 − 2, 𝑓(𝑢𝑖) = 3𝑛 + 𝑖 − 2 . 𝑓(𝑢𝑜) =

2. 
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𝑪𝒂𝒔𝒆(𝒊) ∶ 𝐶𝑜𝑚𝑝𝑢𝑡𝑒 the 𝑝𝑎𝑖𝑟 (𝑣0, 𝑣𝑖) = 𝑛 + 3, 1 ≤ 𝑖 ≤ 𝑛 𝑎𝑟𝑒 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 

 𝐷𝐷𝑑(𝑣0, 𝑣𝑖) + ⌈√𝑓(𝑣0)𝑓(𝑣𝑖) ⌉  ≥ 1 + 𝑑𝑖𝑎𝑚𝐷𝑑(𝐵𝑛,𝑛),  

 

  𝑪𝒂𝒔𝒆(𝒊𝒊) ∶ 𝐶𝑜𝑚𝑝𝑢𝑡𝑒 the 𝑝𝑎𝑖𝑟 (𝑢0, 𝑢𝑖) = 𝑛 + 3, 1 ≤ 𝑖 ≤ 𝑛 𝑎𝑟𝑒 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 

 𝐷𝐷𝑑(𝑢0, 𝑢𝑖) + ⌈√𝑓(𝑢0)𝑓(𝑢𝑖) ⌉  ≥ 1 + 𝑑𝑖𝑎𝑚𝐷𝑑(𝐵𝑛,𝑛)  

 

  𝑪𝒂𝒔𝒆(𝒊𝒊𝒊) ∶ 𝐶𝑜𝑚𝑝𝑢𝑡𝑒 the 𝑝𝑎𝑖𝑟 (𝑣0, 𝑢𝑖) = 𝑛 + 4,1 ≤ 𝑖 ≤ 𝑛 𝑎𝑟𝑒 𝑛𝑜𝑛 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 

  𝐷𝐷𝑑(𝑣0, 𝑢𝑖) + ⌈√𝑓(𝑣0)𝑓(𝑢𝑖) ⌉  ≥ 1 + 𝑑𝑖𝑎𝑚𝐷𝑑(𝐵𝑛,𝑛)  

 

 𝑪𝒂𝒔𝒆(𝒊𝒗) ∶ 𝐶𝑜𝑚𝑝𝑢𝑡𝑒 the 𝑝𝑎𝑖𝑟 (𝑢0, 𝑣𝑖) = 𝑛 + 4,1 ≤ 𝑖 ≤ 𝑛 𝑎𝑟𝑒 𝑛𝑜𝑛 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 

  𝐷𝐷𝑑(𝑢0, 𝑣𝑖) + ⌈√𝑓(𝑢0)𝑓(𝑣𝑖) ⌉  ≥ 1 + 𝑑𝑖𝑎𝑚𝐷𝑑(𝐵𝑛,𝑛)   

 

                                                  𝑪𝒂𝒔𝒆(𝒗): 𝐶𝑜𝑚𝑝𝑢𝑡𝑒 the 𝑝𝑎𝑖𝑟 (𝑣𝑖, 𝑣𝑗) = 4,1 ≤ 𝑖, 𝑗 ≤ 𝑛 , 𝑖 ≠ 𝑗 𝑎𝑟𝑒 𝑛𝑜𝑛 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 

 𝐷𝐷𝑑(𝑣𝑖, 𝑣𝑗) + ⌈√𝑓(𝑣𝑖)𝑓(𝑣𝑗) ⌉  ≥ 1 + 𝑑𝑖𝑎𝑚𝐷𝑑(𝐵𝑛,𝑛) 

                                                 𝑪𝒂𝒔𝒆(𝒗𝒊): 𝐶𝑜𝑚𝑝𝑢𝑡𝑒 the 𝑝𝑎𝑖𝑟 (𝑢𝑖, 𝑢𝑗) = 4,1 ≤ 𝑖, 𝑗 ≤ 𝑛 , 𝑖 ≠ 𝑗 𝑎𝑟𝑒 𝑛𝑜𝑛 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 

 𝐷𝐷𝑑(𝑢𝑖, 𝑢𝑗) + ⌈√𝑓(𝑢𝑖)𝑓(𝑢𝑗) ⌉  ≥ 1 + 𝑑𝑖𝑎𝑚𝐷𝑑(𝐵𝑛,𝑛) 

𝑪𝒂𝒔𝒆(𝒗𝒊𝒊): 𝐶𝑜𝑚𝑝𝑢𝑡𝑒 the 𝑝𝑎𝑖𝑟 (𝑢0, 𝑣0) = 2𝑛 + 3 𝑎𝑟𝑒 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 

 𝐷𝐷𝑑(𝑢0, 𝑣0) + ⌈√𝑓(𝑢0)𝑓(𝑣0) ⌉  ≥ 1 + 𝑑𝑖𝑎𝑚𝐷𝑑(𝐵𝑛,𝑛) 

Hence,  𝑟𝑔𝑚𝑛𝐷𝑑  ((𝐵𝑛,𝑛)) =   4𝑛 − 2, 𝑛 ≥ 3. 
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